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Àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âðåìåíè
ñ ìîìåíòà îòêàçà äî âûõîäà êîìïëåêñîâ
ñëîæíûõ âîññòàíàâëèâàåìûõ ñèñòåì
èç ìíîæåñòâ íåèñïðàâíûõ ñîñòîÿíèé. II

Ðàññìîòðåíû ïîñëåäîâàòåëüíûå ñîåäèíåíèÿ â êîìïëåêñû ñëîæíûõ âîññòàíàâëèâàåìûõ ñèñ-
òåì ñ ìàðêîâñêèì ïîòîêîì îòêàçîâ ýëåìåíòîâ è èíäèâèäóàëüíîé ôóíêöèåé ðàñïðåäåëåíèÿ
âðåìåíè èõ îáñëóæèâàíèÿ. ×èñëî îáñëóæèâàåìûõ ýëåìåíòîâ ñëîæíûõ ñèñòåì âîçðàñòàåò
îáðàòíî ïðîïîðöèîíàëüíî èíòåíñèâíîñòè èõ îòêàçîâ òàê, ÷òî ñóììàðíàÿ íàãðóçêà íà ñèñòåìó
îáñëóæèâàíèÿ îãðàíè÷åíà ñâåðõó âåëè÷èíîé, ìåíüøåé åäèíèöû, ñ äèñöèïëèíîé îáñëóæè-
âàíèÿ òðåáîâàíèé â ïîðÿäêå èõ âîçíèêíîâåíèÿ. Íàéäåíî àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå
âðåìåíè ñ ìîìåíòà îòêàçà äî âûõîäà êîìïëåêñîâ ñëîæíûõ âîññòàíàâëèâàåìûõ ñèñòåì èç
ìíîæåñòâà íåèñïðàâíûõ ñîñòîÿíèé.

Ðîçãëÿíóòî ïîñë³äîâí³ ñïîëó÷åííÿ ó êîìïëåêñè ñêëàäíèõ âiäíîâëþâàíèõ ñèñòåì ç ìàð-
êiâñüêèì ïîòîêîì âiäìîâëåíü åëåìåíòiâ òà iíäèâiäóàëüíîþ ôóíêöiºþ ðîçïîäiëó ÷àñó ¿õíüîãî
îáñëóãîâóâàííÿ. ×èñëî åëåìåíòiâ ñêëàäíèõ ñèñòåì, ùî îáñëóãîâóþòüñÿ, çðîñòàº çâîðîòíüî
ïðîïîðöiéíî iíòåíñèâíîñòi ¿õí³õ âiäìîâëåíü òàê, ùî ñóìàðíå íàâàíòàæåííÿ íà ñèñòåìó îáñëó-
ãîâóâàííÿ, îáìåæåíå çâåðõó âåëè÷èíîþ, ìåíøîþ çà îäèíèöþ, ç äèñöèïë³íîþ îáñëóãîâóâàí-
íÿ âèìîã ó ïîðÿäêó ¿õíüîãî íàäõîäæåííÿ. Çíàéäåíî àñèìïòîòè÷íèé ðîçïîäië ÷àñó â³ä
ìîìåíòó âiäìîâè äî âèõîäó êîìïëåêñ³â ³ç ÷èñåëüíèõ ñòàí³â íåñïðàâíîñò³.

K ë þ ÷ å â û å ñ ë î â à: ïîñëåäîâàòåëüíûå ñîåäèíåíèÿ â êîìïëåêñû ñëîæíûõ âîññòàíàâëè-
âàåìûõ ñèñòåì.

Ëåììà 6. Ïóñòü ��1 è ñóùåñòâóåò êîíå÷íûé ìîìåíò msk � �. Òîãäà
ïðè N � � ðàâíîìåðíî ïî x � 0

... ( , , ) ... ... ( , ,

� �
� � � �

	 	B x x x dx dx B x x
j

sk sk
j

sk0 1 1 0 1
1 1 x dx dxsk) ...1 0� .

Ä î ê à ç à ò å ë ü ñ ò â î. Âûáåðåì ëþáîå ÷èñëî 
 �0. Èç ëåììû 3 ñëåäóåò,
÷òî ñóùåñòâóåò òàêîå z z� ( )
 , ÷òî äëÿ ëþáîãî z z� ( )


... ( , ) ...

\ ( )� � z

sk skB x x dx dx� � �




1 1
6

. (15)
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Ïîñêîëüêó 
 
( )0 � , èç ëåììû 2 ñëåäóåò, ÷òî äëÿ ëþáîãî x � 0

B x x x B x x
j

sk sk0 1 1
1	 �( , , ) ( , )
 , B x x x B x x

j
sk sk0 1 1

1 ( , , ) ( , )� 
 . (16)

Èç (15) è (16) ñëåäóåò, ÷òî äëÿ ëþáîãî x � 0

... ( , , ) ...

\� �� �z

j
sk skB x x x dx dx� �

	 �
0 1 1

1

6



,

... ( , , ) ...

\� �� �z

j
sk skB x x x dx dx� � �

0 1 1
1

6



. (17)

Ñîãëàñíî àêñèîìå íåïðåðûâíîñòè òåîðèè âåðîÿòíîñòåé äëÿ âûáðàííîãî 

ñóùåñòâóåò òàêîå íàòóðàëüíîå ÷èñëî l l� ( )
 , ÷òî äëÿ ëþáîãî l l� ( )


P z l
z

( ( ) )
( )

( )�
�






0
6

� � .

Îòñþäà è èç íåðàâåíñòâà x x zsk1 � � ñëåäóåò, ÷òî

P x l P z l
z

( ( ) ) ( ( ) )
( )

( ) ( )� �
�


 




0 1 0
6

� � � � . (18)

Ïóñòü C l — ñëó÷àéíîå ñîáûòèå, ñîñòîÿùåå â òîì, ÷òî ñîâïàäóò ìîìåí-

òû âîçíèêíîâåíèÿ ïåðâûõ l òðåáîâàíèé äâóõ ïóàññîíîâñêèõ ïîòîêîâ ñ ïàðà-

ìåòðàìè 
 ( )0 è 
 ( )0 	 (âòîðîé ïîòîê ïîëó÷àåòñÿ èç ïåðâîãî ïðîñåèâàíèåì).

Òîãäà P C kNl
l( ) ( )� 	 �	1 11 ïðè N � �. Îòñþäà ñëåäóåò, ÷òî äëÿ âûáðàí-

íîãî 
 �0 ñóùåñòâóåò òàêîå l l� ( )
 , ïðè êîòîðîì äëÿ ëþáîãî l l� ( )


P C
z

l( )
( )

� 	1
6




�
. (19)

Ïóñòü C z l C l� �{ ( ) }( )�
 0 è I C( ) — èíäèêàòîð ñëó÷àéíîãî ñîáûòèÿ C.

Òîãäà

B x x x P x v x x x x
j

sk
j

sk0 1 0 1 0 1 1
1	 	 	� � � 	 � �( , , ) ( , ( ) )�

� � � 	 � �	 	P I C x v x I C x x xj
sk( ( ) , ( ) ( ) )� 0 1 0 1 1

� � � 	 �	 	P I C x v x I C x x xj
sk( ( ) , ( ) ( ) )� 0 1 0 1 1 , (20)

B x x x P x v x x x x
j

sk
j

sk0 1 0 1 0 1 1
1 ( , , ) ( , ( ) )� � � 	 � ��

� � � 	 � �P I C x v x I C x x xj
sk( ( ) , ( ) ( ) )�

0 1 0 1 1

� � � 	 �P I C x v x I C x x xj
sk( ( ) , ( ) ( ) )�

0 1 0 1 1 . (21)
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Èç ïîñòðîåíèÿ ñëó÷àéíîãî ñîáûòèÿ C ñëåäóåò, ÷òî

P I C x v x I C x x xj
sk{ ( ) , ( ) ( ) }�

0 1 0 1 1� � 	 � �

� � � 	 �	 	P I C x v x I C x x xj
sk{ ( ) , ( ) ( ) }� 0 1 0 1 1 . (22)

Ïîñêîëüêó

P I C x v x I C x x xj
sk{ ( ) , ( ) ( ) }�

0 1 0 1 1� � 	 � �

� � � � �P C P l P C
z

l( ) ( ) ( )
( )

( )�
�






0
3

(23)

(çäåñü èñïîëüçîâàíû (18) è (19) ) è

P I C x v x I C x x x P Cj
sk{ ( ) , ( ) ( ) } ( )� 0 1 0 1 1

	 	� � 	 � � �



3 � ( )z
, (24)

èç (20)—(24) ñëåäóåò, ÷òî äëÿ ëþáîãî x � 0

B x x x B x x x
z

j
sk

j
sk0 1 0 1

1 1
2

3

	 	 �( , , ) ( , , )
( )�

. (25)

Ñîãëàñíî ñâîéñòâó èíòåãðàëà ñ ó÷åòîì (25) ïîëó÷àåì

... ( , , ) ... ... (

( ) ( )� �z

j
sk sk

z

j
B x x x dx dx B x� � � �

	 	
0 1 1 0

1 1
1 1, , ) ...x x dx dxsk sk �

� 	� �
	

... ( , , ) ( , , ) ...

( )� z

j
sk

j
sk skB x x x B x x x dx dx

0 1 0 1 1
1 1 �

� �� �...
( )

...

( )�
�

z

sk
z

dx dx
2

3

2

3
1



. (26)

Èç (17) è (26) ñëåäóåò, ÷òî äëÿ ëþáîãî N N� ( )
 è ëþáîãî x � 0

... ( , , ) ... ... ( , ,

� �
� � � �

	 	B x x x dx dx B x x
j

sk sk
j

sk0 1 1 0 1
1 1 x dx dxsk) ...1 �

� �� � � �
	

... ( , , ) ... ...

\ ( ) \ ( )� � � �z

j
sk sk

z

B x x x dx dx B
0 1 1

1

0 1 1
1j

sk skx x x dx dx( , , ) ... �
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� 	� � � �
	

... ( , , ) ... ... (

( ) ( )� �z

j
sk sk

z

j
B x x x dx dx B

0 1 1 0
1 1 x x x dx dxsk sk1 1, , ) ... �

� � � �

 
 




6 6

2

3
.

Îòñþäà è èç îïðåäåëåíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè ñëåäóåò óòâåðæäåíèå
ëåììû 6. Ëåììà 6 äîêàçàíà.

Ëåììà 7. Ïóñòü ��1 è ñóùåñòâóåò êîíå÷íûé ìîìåíò msk � �. Òîãäà
ïðè N � � ðàâíîìåðíî ïî x � 0

J U j j x B x x x dx dxN sk
j

sk sk( , , ..., , ) ... ( , , ) ...1 0 1 1
1	 �� �

�

0.

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ïðîñòîòû ââåäåì îáîçíà÷åíèÿ

J U x J U j j xN N sk( , ) ( , , ..., , )� 1 ,

J U x B U x x x dx dx
N

j j
sk

sk( ) ...
( , ) ... ( , ,..., , ) ...1

1 1
1� � �

�

sk ,

J x B x x x dx dx
N

j
sk sk

( ) ( ) ... ( , , ) ...2

0 1 1
1� � �
	

�

,

J x B x x x dx dx
N

j
sk sk

( ) ( ) ... ( , , ) ...3

0 1 1
1� � �

�

.

Èç ëåìì 5, 6 è 7 ñëåäóåò, ÷òî äëÿ ëþáîãî 
 �0 ñóùåñòâóþò òàêèå íàòó-

ðàëüíûå ÷èñëà N N1 1� ( )
 , N N2 2� ( )
 , N N3 3� ( )
 , ÷òî ñîîòâåòñòâåííî äëÿ

ëþáîãî íàòóðàëüíîãî ÷èñëà N N� 1 è ëþáîãî x � 0

J U x J U xN N
( , ) ( , )( )	 1 � 
 /3,

äëÿ ëþáîãî N N� 2 è ëþáîãî x � 0

J U x J x
N N

( ) ( )( , ) ( ) /1 2 3	 � 
 ,

äëÿ ëþáîãî N N� 3 è ëþáîãî x � 0

J x J x
N N

( ) ( )( ) ( ) /2 3 3	 � 
 .

Ïóñòü N 0 � max{ , , }N N N1 2 3 . Òîãäà äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà N N� 0

è ëþáîãî x � 0 ñïðàâåäëèâî íåðàâåíñòâî

J U x J x J U x J U x J U x J
N N N N N N

( , ) ( ) ( , ) ( , ) ( , )( ) ( ) ( ) (	 � 	 � 	3 1 1 2) ( )x �
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� 	 � � � �J x J x
N N

( ) ( )( ) ( )2 3

3 3 3


 
 


 .

Ëåììà 7 äîêàçàíà.

Ïóñòü j — íîìåð ýëåìåíòà j1 è ïóñòü v wj
j0

0� �� ( ) — ñòàöèîíàðíîå

âðåìÿ ïðåáûâàíèÿ òðåáîâàíèÿ j-ãî òèïà â ÐÎ êîìïëåêñà N
( ),0 0G . Îíî

ñîñòîèò èç äâóõ íåçàâèñèìûõ ñëó÷àéíûõ ñëàãàåìûõ: äëèíû � j òðåáîâàíèÿ

j-ãî òèïà ñ ôóíêöèåé ðàñïðåäåëåíèÿ G x P xj j( ) ( )� �� è ñòàöèîíàðíîãî

âðåìåíè îæèäàíèÿ îáñëóæèâàíèÿ w( )0 â ÐÎ êîìïëåêñà N
( ),0 0G .

Ëåììà 8. Ïóñòü ��1è ñóùåñòâóåò êîíå÷íûé ìîìåíò msk � �. Òîãäà äëÿ

ëþáîãî x � 0

... ( , , ) ...
( )!

(

�
� � ��

	
�

	

B x x x dx dx
t

ks
P v

j
sk sk

t

ks

0 1 1

0

2
1

2
0 0
j t x dxT� � ) ( )
 .

Ä î ê à ç à ò å ë ü ñ ò â î. Ñäåëàåì â ðàññìàòðèâàåìîì êðàòíîì èíòåãðàëå

çàìåíó ïåðåìåííûõ t x� 1, t x xsk1 1� 	 , t x x t x xsk sk sk sk2 1 1 1 1� 	 � 		 	 	, ..., . Ïîñ-

ëå ýòîé çàìåíû èíòåãðàë ïðèíèìàåò âèä

t t t t

j

sk

P t v t t x dtdt

1 2 1 0 0

0 0 1 1

� � � � �	

� � � � �
... ,

... { , ( ) }� ... dtsk 	 �1

� �
� � �

	

�	

� � �
t t

sk

t

j

sk

dt dt P t v t

1 1 0

1 1

0

0 0

... ,

... ... { , ( )� � �t x dt1 } .

Èç ïðåäåëüíîé òåîðåìû äëÿ ðåãåíåðèðóþùèõ ïðîöåññîâ [1, 2] ñëåäóåò, ÷òî

t

j jP t v t t x dt P v t x T

�
� � � � � � �

0

0 0 1 0 0{ , ( ) } { } ( )� 
 .

Èíòåãðèðóÿ è ïîëàãàÿ t t� 1, èç äâóõ ïîñëåäíèõ ðàâåíñòâ íàõîäèì èñêîìûé

èíòåãðàë

... ( , , ) ...

�
� � �B x x x dx dx

j
sk sk0 1 1

1

� � � �
� � �

	

	

� �
t t t

j
sk

sk

P v t x dt dt T

1 2 1

0 1 1 1 0

...

( )... { } ... 


�
	

� � �
�

	 	

�
t

sk
j

j sk
t

sk
P v t x dtT

E v

sk
0

2

0 0
0

1

2( )!
{ }

[( ) ]

(
( )


	
� �

1
0

)!
( )T


äëÿ ëþáîãî x � 0, òàê êàê ñóùåñòâóåò êîíå÷íûé ìîìåíò msk � � è ��1.

Ëåììà 8 äîêàçàíà.
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Ëåììà 9. Â óñëîâèÿõ ëåììû 8 ïðè N � � ðàâíîìåðíî ïî x � 0

q x
N

tj j j
k

i

i

k

sk

t

sk
sk

0
1 2

1 2
1

0

...
( , , ..., , ) ~

( )

� � �


 �
�

�

	�
�

2

0 0
2( )!

( ) ( )
sk

P v t x dtTj

	
� � 
 ,

ãäå j-íîìåð ýëåìåíòà j1, îòêàçàâøåãî ïåðâûì íà ïåðèîäå ðåãåíåðàöèè èç

ïåðâûõ k ñëîæíûõ ñèñòåì.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñîãëàñíî ëåììå 1 ïîëó÷àåì ðàâåíñòâî

q x
N

J U j
j j j

k

i

i

k

sk N
sk

0
1 2

1 2
1

1
...

( , , ..., , )

( )

( , ,� � �


 �

� �
�

..., , )j xsk .

Èç ëåììû 7 ïðè N � � ðàâíîìåðíî ïî x � 0 âûòåêàåò

J U j j x B x x x dx dxN sk
j

sk sk( , ,..., , ) ... ( , , ) ...1 0 1 1
1	 �� �

�

0,

à èç ëåììû 8 —

... ( , , ) ...
( )!

(

�
� � ��

	
�

	

B x x x dx dx
t

sk
P v

j
sk sk

t

sk

0 1 1

0

2
1

2
0 0
j t x dxT� � ) ( )
 .

Èç ïîñëåäíèõ òðåõ ñîîòíîøåíèé ïðè N � � ðàâíîìåðíî ïî x � 0ïîëó÷àåì

q x
N

tj j j
k

i

i

k

sk

t

sk
sk

0
1 2

1 2
1

0

...
( , , ..., , ) ~

( )

� � �


 �
�

�

	�
�

2

0 0
2( )!

( ) ( )
sk

P v t x dtTj

	
� � 
 .

Ëåììà 9 äîêàçàíà.

Îáîçíà÷èì q x P U xk k
0
12 12... ...( ) { , }� �	� âåðîÿòíîñòü òîãî, ÷òî íà ïåðèî-

äå ðåãåíåðàöèè ïðîèçîéäåò îáû÷íûé îòêàç êîìïëåêñà ïî 1, 2, ..., k-ñëàáî-

ìîíîòîííîìó ìèíèìàëüíîìó ïóòè è êîìïëåêñ áóäåò íàõîäèòüñÿ â íåèñï-

ðàâíîì ñîñòîÿíèè áîëåå äëèòåëüíîå âðåìÿ, ÷åì x. Äëÿ êðàòêîñòè îáîçíà÷èì

v i vl j
0 1 0
( ) � , ãäå j il� 1 — íîìåð ýëåìåíòà, îòêàçàâøåãî ïåðâûì èç ïåðâûõ k

ñëîæíûõ ñèñòåì íà ïåðèîäå ðåãåíåðàöèè, è ýòîò ýëåìåíò èç l-é ñëîæíîé

ñèñòåìû, îòêàçàâøåé íà ïóòè � l , l k�1 2, , ..., .
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Ëåììà 10. Â óñëîâèÿõ ëåììû 8 ïðè N � � ðàâíîìåðíî ïî x � 0

q x
sk

s s

k

k0
12

1

1

1
1 0

1

...

...............

( ) ~
( )!( !)

	

	 	
�� �

�


 �

k
k

i

i

k

sk
l

k

t

sk l

N
t P v i t x dt

�

�

� �

	�
�

� � � �

�0

1

1 0

2

0 1

( )

( ( ) ) T
( )0 .

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì j j jsk1 2, ,..., -ïîñëåäîâàòåëüíîñòü
îòêàçàâøèõ ýëåìåíòîâ â ïåðâûõ k ñèñòåìàõ, ïðèâåäøèõ ê îòêàçó êîìï-
ëåêñà. Ïóñòü

i i is1
1

2
1 1, , ..., ,

i i is1
2

2
2 2, , ..., ,

................... (27)

i i ik k
s
k

1 2, , ...,

åñòü ïîñëåäîâàòåëüíîñòü íîìåðîâ îòêàçàâøèõ ýëåìåíòîâ 1, 2, …, k-é ñèñòåì,
ïðèâåäøèõ ê îòêàçó êîìïëåêñà. Êàæäûé èç ýòèõ íàáîðîâ îïðåäåëÿåò ìîíî-
òîííûé ìèíèìàëüíûé ïóòü � i (i k�1 2, , ..., ), ïî êîòîðîìó ïðîèçîøåë îòêàç i-é
ñëîæíîé ñèñòåìû. Òàêèì îáðàçîì, j j jsk1 2, ,..., — ïåðåñòàíîâêà èç íîìåðîâ
(27), óêàçûâàþùàÿ ïîñëåäîâàòåëüíîñòü, â êîòîðîé ïðîèçîøëè îòêàçû ýëåìåí-
òîâ â ýòèõ ñëîæíûõ ñèñòåìàõ, è ïðè ýòîì äëÿ êàæäîãî âåðõíåãî èíäåêñà
ñîõðàíÿåòñÿ ìîíîòîííîñòü ïî íèæíåìó èíäåêñó. Ñëåäîâàòåëüíî,

q x qk j j j

k

s
0 0

12

1 0
1

0

1 2...

...............

...
( ) �

�

�

�
�

�

�

�

k

sk

k

j j j

x( , , ..., , )
( , , ..., )

� � �1 2

1 2

� ,
(28)

ãäå q x
j j j

k
sk

0
1 2

1 2
...

( , , ..., , )� � � — âåðîÿòíîñòü îáû÷íîãî îòêàçà êîìïëåêñà è åãî
ïðåáûâàíèÿ â íåèñïðàâíîì ñîñòîÿíèè áîëåå äëèòåëüíîå âðåìÿ, ÷åì x, ïî òà-
êèì 1, 2, ..., k-ñëàáîìîíîòîííûì ïóòÿì, ÷òî îòêàç l-é ñëîæíîé ñèñòåìû ïðî-
èçîøåë ïî ìîíîòîííîìó ìèíèìàëüíîìó ïóòè� l (l k�1 2, , ..., ), à ïåðåñòàíîâêà
j j jsk1 2, , ..., îïðåäåëÿåò ïîðÿäîê îòêàçîâ ýëåìåíòîâ èç ïåðâûõ k ñëîæíûõ ñèñ-
òåì. Èç ëåììû 1 è îïðåäåëåíèÿ óñëîâíîé âåðîÿòíîñòè B U x x x

j j j
sk

sk1 2
1

...
( , , ..., , )

â ñèëó äèñöèïëèíû îáñëóæèâàíèÿ òðåáîâàíèé â ïîðÿäêå ïîñòóïëåíèÿ ñëå-
äóåò, ÷òî âåðîÿòíîñòü q x

j j j
k

sk

0
1 2

1 2
...

( , , ..., , )� � � íå çàâèñèò îò ïîðÿäêà îòêàçîâ
ýëåìåíòîâ j jsk2 , ..., , îòêàçàâøèõ âñëåä çà ýëåìåíòîì j1 èç ïåðâûõ k ñëîæíûõ
ñèñòåì êîìïëåêñà, à ðàâåíñòâî J U j j j x J U j xN sk N( , , , ..., , ) ( , , )1 2 1� íå çà-
âèñèò îò íîìåðîâ ýëåìåíòîâ j jsk2 , ..., . Ïîýòîìó âî âíóòðåííåé ñóììå (28) äëÿ

êàæäîãî ýëåìåíòà j1 ñ íîìåðîì j il� 1 (l k�1 2, , ..., ) áóäåò ðîâíî
( )!

( )!( !)

sk

s s k

	

	 	

1

1 1

Àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âðåìåíè ñ ìîìåíòà îòêàçà

ISSN 0204–3572. Ýëåêòðîí. ìîäåëèðîâàíèå. 2010. Ò. 32. ¹ 5 51



ðàâíûõ ñëàãàåìûõ, êàæäîå èç êîòîðûõ ïðè N � � ñîãëàñíî ëåììå 9 ðàâíî-
ìåðíî ïî x � 0 ýêâèâàëåíòíî


 �




( )

( )!
( ( ) ) ( )

i

i

k

sk

t

sk
l

N

t

sk
P v i t x dtT�

�

	�
� 	

� �1

0

2

0 1 0
2

.

Îòñþäà ïðè N � � ðàâíîìåðíî ïî x � 0 ïîëó÷àåì

q x
j j j

k

j j j

sk

sk

0
1 2

1 2

1 2
...

( ... )

( , , ..., , ) ~� � ��

~
( )!( !)

( )

( (
sk

s s N
t P v

k

i

i

k

sk
l

k

t

sk	

	 	
�

� �

	
�

� �
1

1 1

1

1 0

2

0


 �

i t x dtTl
1 0) ) ( )� � 
 . (29)

Èç (28) è (29) ñëåäóåò, ÷òî ïðè N � � ðàâíîìåðíî ïî x � 0

q x
sk

s s

k

k0
12

1

1

1
1 0

1

...

...............

( ) ~
( )!( !)

	

	 	
�� �

�


 �

k
k

i

i

k

sk
l

k

t

sk l

N
t P v i t x dt

�

�

� �

	�
�

� � � �

�0

1

1 0

2

0 1

( )

( ( ) ) T
( )0 .

Ëåììà 10 äîêàçàíà.

Îáîçíà÷èì q x P U x
l l l l l lk k

0
1 2 1 2... ...

( ) ( , )� �	� âåðîÿòíîñòü òîãî, ÷òî íà ïå-

ðèîäå ðåãåíåðàöèè ïðîèçîéäåò îáû÷íûé îòêàç êîìïëåêñà ïî l1, l2, ..., lk -

ñëàáîìîíîòîííîìó ìèíèìàëüíîìó ïóòè è âðåìÿ ïðåáûâàíèÿ êîìïëåêñà

â íåèñïðàâíîì ñîñòîÿíèè áóäåò áîëüøå, ÷åì x (1 1� l , l l lk2 1 1� � �, ...,

� � 	 �l k N1 1 ).

Îáîçíà÷èì P U x( , )� 	 � âåðîÿòíîñòü òîãî, ÷òî íà ïåðèîäå ðåãåíåðàöèè

ïðîèçîéäåò îáû÷íûé îòêàç êîìïëåêñà è âðåìÿ ïðåáûâàíèÿ åãî â íåèñïðàâ-

íîì ñîñòîÿíèè áóäåò áîëüøå, ÷åì x.

Ëåììà 11. Â óñëîâèÿõ ëåììû 8 ïðè N � � ðàâíîìåðíî ïî x � 0

P U x
sk

s s kk
( , ) ~

( )!( !) !
...............

�
�

	
	

�

�
	

	

1

1 1

1 0
1�

�


 �

k
k

i

i

k

sk
l

k

t

sk l

N
t P v i t x

�

�
	

� �

	�
�

� � � �

�0

1

1
1 0

2

0 1

( )

( ( ) ) dtT
( )0 .

Ä î ê à ç à ò å ë ü ñ ò â î. Èç îïðåäåëåíèÿ êîìïëåêñà N â ñèëó îäíî-

òèïíîñòè ñëîæíûõ ñèñòåì, åãî ñîñòàâëÿþùèõ, è òîãî, ÷òî äèñöèïëèíà

îáñëóæèâàíèÿ òðåáîâàíèé â ÐÎ îòêàçàâøèõ ýëåìåíòîâ íå çàâèñèò îò íîìå-

À. Â. Ìàêàðè÷åâ

52 ISSN 0204–3572. Electronic Modeling. 2010. V. 32. ¹ 5



ðîâ ñëîæíûõ ñèñòåì, ãäå îíè îòêàçàëè, ñëåäóåò, ÷òî äëÿ ëþáûõ1 1 2� � �l l ...

...� �l Nk (1 1 11 2 1 1� � � � � 	 �l l l l l k Nk, , ..., )

q x q x
l l l kk

0 0
1 2 12... ...( ) ( )� ,

îòêóäà è ïî îïðåäåëåíèþ P U x N k q xk( , ) ( ) ( )...� 	 � � 	 �1 12
0 . Îòñþäà ñîãëàñíî

ëåììå 10 è ýêâèâàëåíòíîñòè ( ) ~N k N	 �1 ïðè N � � ñëåäóåò óòâåðæäåíèå
ëåììû 11.

Ëåììà 12. Ïóñòü ��1è ñóùåñòâóåò êîíå÷íûé ìîìåíò msk � � �1 . Òîãäà

ïðè N � � P A P U( ) ~ ( ).

Ä î ê à ç à ò å ë ü ñ ò â î. Èíòåãðèðóÿ ïî ÷àñòÿì, çàïèøåì

t

sk l
l sk

t P v i t dt
E v i

sk
�

	
	

� � �
	

0

2

0 1
0 1

1

1
( ( ) )

[ ( )]

( )
.

Èñïîëüçóÿ ýòî ðàâåíñòâî è óòâåðæäåíèå ëåììû 11 ïðè x �0, ïîñëå ñîêðà-

ùåíèÿ íà ( )sk 	1 ïîëó÷àåì ñëåäóþùóþ ýêâèâàëåíòíîñòü:

P U P U
s s kk

( ) ( , ) ~
( )!( !) !

.............

� �
	

	
	

�

�
�

0
1

1 1

1 0
1�
..

( )

( )

[ ( )]

�





 �

k
k

i

i

k

sk
l

k
l sk

N
E v i T

�

�
	

�

	�
�

�

�0

1

1
1

0 1
1

0 .

Îòñþäà è èç ëåìì 10, 14 [3] ïðè N � � ïîëó÷àåì

P A
s s kk

k
k

( ) ~
( )!( !) !

...............

1

1 1

1 0
1

0

	 	
�

�

�
�

�




�

�

( )

[ ( )] ~ ( )( )

�




i

i

k

sk
l

k
l sk

N
E v i T P U�

	
�

	
�

�1

1
1

0 1
1

0 ,

îòêóäà â ñèëó òðàíçèòèâíîñòè îòíîøåíèÿ ýêâèâàëåíòíîñòè ïðè N � �
ñëåäóåò P A P U( ) ~ ( ). Ëåììà 12 äîêàçàíà.

Ïîëîæèì

F x

sk

k
k

i

i

k

( )

( ) ( )

...............

� 	

	
�

�

�
�

1

1

1 0
1

0

1�

�


 �
�

�

� � �
� �

	

�

� �
l

k

t

sk lt P v i t x dt
1 0

2

0 1

1 0
1

( ( ) )

.............
� �

..

( ) [ ( )]

�


 �

k
k

i

i

k

l

k
l skE v i

�

� �

	� � �

�0

1 1
0 1

1

, x � 0.
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Òåîðåìà. Ïóñòü��1è ñóùåñòâóåò êîíå÷íûé ìîìåíò msk � � �1 . Òîãäà ïðè

N � � ðàâíîìåðíî ïî íàòóðàëüíîìó íîìåðó i lim sup { } ( )
x

P x F x
�

	 � 	 �
0

0� .

Ä î ê à ç à ò å ë ü ñ ò â î. Ââåäåì îáîçíà÷åíèÿ äëÿ ñëåäóþùèõ ñëó÷àéíûõ

ñîáûòèé: U i = {i-é îòêàç êîìïëåêñà ÿâëÿåòñÿ îáû÷íûì}; U i = {i-é îòêàç

êîìïëåêñà íå ÿâëÿåòñÿ îáû÷íûì}.

Ïðåäñòàâèì âåðîÿòíîñòü P x{ }� 	 � êàê ñóììó âåðîÿòíîñòåé íåñîâìåñò-

íûõ ñîáûòèé:

P x P U x P U xi i i i i{ } { , } { , }� � �	 	 	� � � � � . (30)

Â ýòîé ñóììå âòîðîå ñëàãàåìîå îöåíèì ñâåðõó:

P U x P U P Ui i i i{ , } ( ) ( )� 	 � � � 	1 . (31)

Âåðîÿòíîñòü òîãî, ÷òî i-é îòêàç êîìïëåêñà ÿâëÿåòñÿ îáû÷íûì, ðàâíà óñëîâ-

íîé âåðîÿòíîñòè òîãî, ÷òî ïðîèçîøåäøèé íà ïåðèîäå ðåãåíåðàöèè îòêàç

êîìïëåêñà ÿâëÿåòñÿ îáû÷íûì:

P U P U A
P U

P A
i( ) ( | )

( )

( )
� � . (32)

Èç ëåììû 12 ñëåäóåò, ÷òî ïðè N � �

P U P A( ) ~ ( ) èëè
P U

P A

( )

( )
�1. (33)

Èç (32) è (33) ñëåäóåò, ÷òî ïðè N � � lim sup [ ( )]
i

i
P U

�
	 �

1

1 0. Îòñþäà è (31)

ñëåäóåò, ÷òî ïðè N � � ðàâíîìåðíî ïî íîìåðó i lim sup { , }
x

i iP U x
�

	 � �
0

0� .

Îòñþäà è (30) ñëåäóåò, ÷òî ïðè N � � ðàâíîìåðíî ïî íîìåðó i

lim sup[ { } { , }]
x

i i iP x P U x
�

	 	� 	 � �
0

0� � . (34)

Âåðîÿòíîñòü òîãî, ÷òî i-é îòêàç êîìïëåêñà ÿâëÿåòñÿ îáû÷íûì è � i x	 � ,

ðàâíà óñëîâíîé âåðîÿòíîñòè òîãî, ÷òî ïðîèçîøåäøèé íà ïåðèîäå ðåãåíå-

ðàöèè îòêàç êîìïëåêñà ÿâëÿåòñÿ îáû÷íûì è âðåìÿ ïðåáûâàíèÿ êîìïëåêñà

â íåèñïðàâíîì ñîñòîÿíèè áîëüøå, ÷åì x:

P U x
P U x

P A
i i{ , }

{ , }

( )
�

�	
	

� �
�

.
(35)
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Èç ëåììû 11 ïðè N � � ðàâíîìåðíî ïî x � 0

P U x
sk

s s kk
( , ) ~

( )!( !) !
...............

�
�

	
	

�

�
	

	

1

1 1

1 0
1�

�


 �

k
k

i

i

k

sk
l

k

t

sk l

N
t P v i t x

�

�
	

� �

	�
�

� � � �

�0

1

1
1 0

2

0 1

( )

( ( ) ) dtT
( ) .0

(36)

Èç ëåìì 10, 14 [3] ïðè N � � âûòåêàåò

P A
s s kk

k
k

( ) ~
( )!( !) !

...............

1

1 1

1 0
1

0

	 	
�

�

�
�

�




�

�

( )

[ ( )] ( )

�




i

i

k

sk
l

k
l sk

N
E v i T�

	
�

	
�

�1

1
1

0 1
1

0 . (37)

Çàìåíÿÿ â (35) ÷èñëèòåëü è çíàìåíàòåëü ýêâèâàëåíòíûìè âåëè÷èíàìè èç
(36), (37), ïîëó÷àåì ïðè N � � ðàâíîìåðíî ïî x � 0 è íîìåðó i

P U x

sk

i i

i

k
k

{ , }

( ) (

...............

�


 �
�

�	

�

�� �

	 �1

1 0
1

0

�

�

) ( ( ) )

........

i

k

l

k

t

sk lt P v i t x dt
� � �

	

�

� � � � �
1 1 0

2

0 1

1 0
1� �

.......

( ) [ ( )]

�


 �

k
k

i

i

k

l

k
l skE v i

�

� �

	� � �

�0

1 1
0 1

1

, x � 0.

Îòñþäà, èç (37) è îïðåäåëåíèÿ ôóíêöèè F x( ) ïðè N � � ðàâíîìåðíî ïî
íîìåðó i

lim sup { } [ ( )]
x

iP x F x
�

	 � 	 	 �
0

1 0� ,

îòêóäà ââèäó ðàâåíñòâà P x P xi i{ } { }� �	 	� � 	 �1 ñëåäóåò, ÷òî ïðè N � �
ðàâíîìåðíî ïî íîìåðó i lim sup { } ( )

x
iP x F x

�

	 � 	 �
0

0� , ãäå

F x

sk

k
k

i

i

k

( )

( ) ( )

...............

� 	

	
�

�

�
�

1

1

1 0
1

0

1�

�


 �
�

�

� � �
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�

� �
l

k

t

sk lt P v i t x dt
1 0

2

0 1

1 0
1

( ( ) )

.............
� �

..

( ) [ ( )]

�
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k
k

i

i

k

l

k
l skE v i

�

� �
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�0

1 1
0 1

1

, x � 0.

Òåîðåìà 1 äîêàçàíà.
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Series connections into sets of complex restorable systems with Markovian failure flows of ele-
ments and individual distribution function of the time of their maintenance have been considered.
The number of maintained elements of complex systems increase in inverse proportion of their
failures intensity in such a way that the total load on the maintenance system is bounded on the
top by the value lower than 1, with discipline of meeting requirements in order of their appear-
ance. Asymptotic time distribution from the moment of failure to the escape of a set of complex
restorable systems from multiple fault conditions was found.
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ìàòèêè Õàðüêîâñêîãî íàöèîíàëüíîãî àâòîìîáèëüíî-äîðîæíîãî óíèâåðñèòåòà. Â 1981 ã. îêîí-

÷èë Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì. Ëîìîíîñîâà. Îáëàñòü íàó÷íûõ èññëåäî-

âàíèé — âîïðîñû òåîðèè âåðîÿòíîñòåé, òåîðèè âîññòàíàâëèâàåìûõ ñèñòåì, îïòèìèçàöèÿ

õàðàêòåðèñòèê íàäåæíîñòè êîìïëåêñîâ ñëîæíûõ âîññòàíàâëèâàåìûõ ñèñòåì.

À. Â. Ìàêàðè÷åâ
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