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Відновлення базису, що дає представлення групи π2n

на базисі її підгрупи πn×n , і теорема Гаррімана

The proof of Harriman’s theorem [1] is given for arbitrary order reduced density matrix of 
both the clear, and the mixed states of fermions at once. Its essential parts are a Pauli exclu-
sion principle, rotation group symmetry of spin functions and new commutation relations.

Теорема Гарримана [1] доказана для редуцированных матриц плотности чистого и 
смешанного состояний фермионов из принципа Паули, симметрии спиновых функций,
новых следствий из перестановок штрихованных и не штрихованных переменных.

Теорема Гаррімана [1] доведена для редуцироних матриць густини чистого і змішаного 
станів ферміонів з використанням принципу Паулі, симетрії спінових функцій і нових 
наслідків, пов'язаних з переміщеннями штрихованих і нештрихованих змінних

1. Reduced density matrix

Reduced density matrix of arbitrary order p (RDM-p) [2, 3], including transitional 

RDM-p, for fermions states with spin projection values M and M can be written in form [4]

 1 21 2

( ) ( )( ) , ,..., , ,..., ( ) ( )
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     . (1)

Its spin and “conjugated” space components look like
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T h e re a re  c o n ju g a te d u n i ta ry  t ra n s fo rm a tio n c o e f f ic ie n ts     ω μμ γptitip  a n d  

     μtitipωμγp  are appeared in Eqs (2), (3). The contravariant spinors

  1 2 1` 2σ p α( ) α( ) α(  ) β( ) β( ) β( )t p tt
i i i i j j j          , (4)

its conjugated covariant spinors and hermit spin tensors
(p)μ

ω)γ(
€T of a rank ω are ortho-

normalized. Antisymmetry of wave functions of states is concluded in Eq. (1). Therefore for 

antisimmetrizer 2€€ AA  is true  
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 . Both spin 

and space coordinates of particles are designated by its numbers     1, 2,...
t p t

i j p


  .

2.  Recovery of the basis of group π2n representation on its 
subgroup πn×n

Unlike the one-particle contravariant spinors α and β, which connected to spin space ir-

reducible representation (IR) D ½ of rotation group  2SU [5, 6], covariant spinors α+(i) and 

β +(i) belong to the equivalent IR D½* = V ½∙D½∙(V ½) + with unitary matrix [5, page 165]: V ½

=
0 1

1 0

 
 
 

. Then the spinors (V ½)+∙ 











β

α
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α

β
are transforming on space of IR D ½, as 
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well as spin functions 







β

α
. Therefore conjugated to Eq. (4) covariant spinors are equivalent 

to contravariant ones. After replacement every α + (i) on a spinor –β(i) and β + (j) respectively

on α(j) its generate the basis of spinors  σ p 
t

i . It’s belong the same space of a direct pro-

duct 
1

2

1

p

ii
D

 of p identical IR
1

2D of group  2SU , as contravariant spinors (see Eq. (4)),

    1 2 1 2σ p 1 β( ) β( ) β( ) α( ) α( ) α( )
t

p t p tt
i i i i j j j            . (5)

As result, the basis from products of kontra- and of covariant spinors, as the basis of 

spinors of a 2p-rank from products of only contravariant spinors    t t
σ p i σ p i


  , be-

long to the same representation of rotation group. It allows properties of one basis, established 

on the ground of its group-theoretical reviewing, to transfer on properties of equivalent basis.

From theory of IR     ,p p   for permutation group 2p it follows, that the

functions €€
u u uvY Q  and function €

v vY  , where permutation
1€ €

vu uvQ Q substitutes 

numbers of coordinates in Young table of u on numbers from the Young table v [5, 6], as-

similate one IR basis. Instead the permutation uvQ€ connects functions u and v [6]

1€ € € € € €€ € €
uv v uv v uv v uv uv u uv uQ Q Y Q Y Q Q Y Q        . (6)

Call to mind, that both in lines and in columns of standard Young tables [5, 6] the num-

ber of coordinates are ranking from left to right and from top to down according to increase of 

their place number in the initial list. For list 1, 2, …, p-, p-+1,…,p, 1, 2, p-, p-+1′,…,p′

such Young table will be obtained, when the coulombs of Young scheme [p+, p-], where 

ω = 0, 1, …, р, are filling by numbers 1, 1, 2, 2,…, p-, p-, p-+1,…,p, p-+1′,…,p′

1 2 … im … p- p-+1 … p (p-+1)′ … p′

1′ 2′ … i′m … (p-)′

Fig. 1.
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The number of standard Young tables [5, 6] equals to dimension of IR  ,p p  

   
   

2 2 2 2 ! 2 1

1 1 ! !
p p p p

f
p p p p


   

   
             

, (7)

A permutation may be represented by product not intersected cyclical permutations. Its

do not leave invariant variable places from their list. Cycles are representing by product of 

transposition, which are not commute. Such transpositions commutate according to a rule [6]

           , , , , , ,i k k l i l i k k l i l     , (8)

We prove now main assertion according to which it is possible to receive any function 

u simmetrized on the standard Young table u for IR  ,p p   from function v

permuting its arguments only inside each of sets on p variable with the primed or not primed

numbers separately, if in the second line of the “standard” table of Young v the variables of 

one type set only remain, as in the Young table v in a Fig. 1. Clearly, if transition from v to 

u demands rearrangement of primed variables with not primed, then in Eq. (6) 2
€

uv pQ  . 

Really, it is possible to separate exactly uvl transpositions    
1

€ 1 ,uvl

l uv i
Q p i i


  

in 2
€

uv pQ  , conserving after their operation on the table v correct regularity of not primed 

numbers concerning primed both in table lines and in table columns. The number pairs uvl of 

permuted primed and not primed variables is restricted an inequality   min , 2uvl p p  , 

where  2p – the whole part from p/2. 

The factorization of permutations      
€ € € €

u v u v u v l u vQ Q Q Q   re d u c e s  o u r  a s s e r t io n to  th e  

p ro o f  o f  a  p o s s ib il i ty  o f  re p la c e m e n t o f  e a c h  tra n s p o s it io n   km ii  in   
€ €

vl u vQ Y b y  a n  id e n tic a l  

o p e ra tio n  o n €
vY o f p e rm u ta tio n s b e lo n g in g  to  o n ly  a  su b g ro u p p p   :

     
,

€ €€ € €, , 2k m v k m i i i i vi i v m mk kmk
i i Y Y i i A A Y  
     .  ( 9 )

I n  e q u a l i t y ( 9 )  w e  a l w a y s h a v e k < m a n d a s  i n  E q . ( 6 )  Y o u n g  p r o j e c t o r s a r e  e q u a l
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(11)

There €
i iA
       .. . . ..

€ €
p p

S S
  

is p ro d u c t o f  a n tis im m e tr iz e rs a n d o f  s im m e tr iz e rs re -

s p e c tiv e ly , a c t in g o n  th e  c o rre s p o n d in g  s e ts o f  v a r ia b le s , c is  c o n s ta n t to  e n s u re  th a t €
vY 2  =  €

vY .  

D u e  e q u a li ty  (9 )  a n y  o p e ra to r  €
u vQ in  (6 )  m a y  b e  c h a n g e d  o n  e q u a l  o p e ra to r  b u t  o n ly  f ro m  

p e rm u ta tio n s b e lo n g in g  to s u b g ro u p  p p   .  I t c o n s tru c ts g ro u p  2 p b a s is { u } u s in g  

th e  s u b g ro u p o p e ra to rs . If  , . . . ,  k m p
i i


   , . . .k m p

i i


   ,  th e n    ... ...
€ € €

i imk p p
A S S

  


=    ... ...
€ € € 0i imk p p
A S S

    
 and in a right-hand part of Eq. (9) instead of €

i ik k
A 

€
i im m

A  ∙ €
vY the 

transpositions     , , 4k k m mi i i i   will stay, when the definition (10) for €
vY is used:

        

 

... ...
1

,

1€ € € € €
2

p

i i i i i i k k m mm mk k p p

k m

A A A i i i i S S


   




    


     . (12)

Here  ...  
p  and  ...  

p  are the same sets of variables, as in Eq. (10).

Take in mind the equality: 

     
       . . . . . . . . . . \ , . . . \ ,

€ € € € .m k m ki i i ip p m mk kp pp p

S S i i S S i i
    

     

   ,  ( 1 3 )

a n d  r u l e s ( 8 ) w e  t r a n s f o r m  e x p r e s s i o n  ( 1 2 )  i n t o a n  o p e r a t o r
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(14)

In Eq. (14) first transpositions are retracted into suitable antisimmetrizers with a change of 

sign, and second are retracted into simmetrizers. Transposition  kmii  will be commutated to 
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left with all operators transforming its. As a result we obtain the left-hand part of identity (9).

For the function        1 2
! ! ... ...M n M n M

n M n M    


 
      [6, 7] we always can 

to give the IR  ,n s n s  basis of group 2n in the following form

    .,€€€€€
21

€€ €€
21

1 2

sMsYQQQQC Mv
Q Q

uvu
Mn Mn

  
  


 


(15)

Here  21
€€QQCuv are simple numerical coefficients and u is a standard Young table.

3. The proof of the Harriman’s theorem

For the given p and  = M – M= t – t ´ in Eq. (3) the number of "independent" space 

components RDM is determined both impossibility of build-up of tensors of a higher rank, 

than ω = p, in p–partial spin space, and Harriman’s theorem, proved for some cases [1]. It de-

fines a possibility to receive all components ( )
( )
p μR   in Eqs. (1), (2) from "standard" component 

with the same  and , which obtained according to a "standard addition schema of the spin 

moments (o)” [5, 6] , that is equivalent Young table v in a Fig. 1. The obtained above results 

(see Eq. 15)) allow us to give the common proof of the Harriman’s theorem.

To build the irreducible tensors Eq. (2) routinely the products of the conjugated spinors 

, ,  and  must be changed by one-particle operators [8],

(0) 1
1 2

€€ €,    ( ),zI S t                   (16a)

( 1) ( 1)
1 12 ,    2 ,S t S t      

         
  

(16b)

μμ2 (μ) (μ) μ
σ σ 1 1 σ 1

€ €€ € €2,    ,    0.
2

Sp I Sp t t Sp t I
      (16c)

Here €I is a unit operator, (μ)
1`
€t are components of one-particle tensor of the first rank. Then 

the complete set of addition schemes {()} may be realized by serial adding the operator €I or 

(μ)
1`
€t to already built irreducible tensor of smaller number of particles. As result, we can define 

the union list from p one-particle operators and from the intermediate values of tensor rank for

addition schema ().
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The operators    σ p p σ
t t

i i


  and the tensor (p)μ
(γ)ω
€T can be transformed on the spi-

nors    σ p σ p 
t t

i i


  , as in Eq. (5), and  
(2p)μ
γ ω

€T depending out of 2p of spin variables.

Then last save the same addition schema [] = (), the moment  and its projection . It is 

true, “as from the permutation operators of spin coordinates of particles commute with the 

spin rotation operators [6] it follows that the dimension Eq. (7) of  ,p p   IR for 

groups 2 p and the number of addition schemes {[]} of ,  spins with same complete val-

ues  and  are equal.” Each such addition schema correspond the line of IR of permutation

group 2 p . Therefore 2p-particle functions  
(2p)μ
γ ω

€T can be numbered by addition schemes of 

one set {[]}. They form basis for IR  ωλ = ,p p   of symmetric group 2 p and ac-

cording to Eq. (15) they can be obtained from a function  
 


pT 2

0

€
.  L e t 's  f in d  m u tu a l c o n fo rm i-

ty b e tw e e n  sp in o r   
 


pT 2

0

€
a n d te n so r   

 


pT
0

€
. It is  ev id en t th e ten so r p ω

(p )μ

(1 ...)ω
T 


w ith  a  sp ec ia l

ad d itio n  sch em a ( o) = (1 p -… )ω g iv es th is  ap p ro p ria tio n . It lo o k s  lik e

( ) 2
(1 )

€ €€ € € €2 (1 ) (2 ) ( ) ( 1) ( ).
p ω

p ω
p ω ... ω

T I I I p ω S p ω S p


        (1 7 )

It h as th e p red ic ted v a lu es o f ran k s o f th e a ll in te rm ed ia te  ten so rs  fo r an y p an d  a fte r u s in g  

E q s . (1 6 ), (5 ) it is eq u iv a len t to  a  fu n c tio n -sp in o r o f a  ran k  

( 2 )( ) 2

[1 ...]ω
1 1

€ 2 ( ( ) ( ) ( ) ( )) ( ) ( )
p p p

p
p

i j p

T i i i i j j
 






     
 


   

      . (1 8 )

F u n c tio n (1 8 ) is  rea lly s im m etriz ed  u n d er th e  Y o u n g  tab le [6 ] , w h ich co lum n s a re  co m p le ted  

b y  n u m b e rs  1 , 1 , 2 , 2 , … , p - , p -  , … , as  in  a  F ig . 1 , an d  fro m E q . (1 5 )  fo llo w s

 
     

 ( 2 )( 2 ) ( 2 )
[ ]ω [1 .. .]ω€ € [1 ..]ω,

€ € €, .p p pp p
p p

Q Q p p

T C Q Q Q Q T T 
   

    
    

  
(1 9 )

A fte r w e  re tu rn to  te n s o r s  E q . (2 ) , u s in g  E q s . (1 6 ) in  E q s . (1 8 ) , (1 9 ) , th e  s a m e e x p a n -

s io n  re m a in s  v a lid  b o th fo r  th e  h ig h e s t c o m p o n e n t  (p )
( γ )ω

€T  a n d fo r  a l l  c o m p o n e n ts  o f  th e  te n s o r 
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(p)μ
(γ)ω
€T too, as they may be obtained from (p)

(γ)ω
€T  by spin projection decreasing operators €S

 
       

  1€ € €, 1 1p pS T T 
       




        . (2 0 )

A s  o p e ra to rs   
1

€ €
p

i

S S i 


 commute with all permutation operators of particles and with

€ €Q Q 
p p  too, we have general proof of “Garriman’s theorem” in spin space

   
       

 

 
( )( )( )( ) ( )( )

ω 1 ... ω 1 ... ω
.

,

€ €€ € €€,  p p pp p
p p

p pQ Q
T C Q Q QT Q T 

   
 

 




  
    (21)

These tensors may be orthonormalized, as in (1), without change its obtained structure (21).

In this case applying expansion (2), we make up the identity (21) into linear relation-

ships between coefficients      μp p γ ωμt ti i  inside of Eqs. (2), (3). They contain same

factors, as in Eq. (21),

     

 
        1 1

μ
p p ωμ

€ €, p p 1 ... ωμ .μ
,

p p-ω

p p

t t
i i γ

C Q Q Q i Q it t
Q Q

 
 

 


 

     

(22)

Taken into account that the number sets in Eq. (22) and ones at sign factor in Eq. (3) are 

same we shall receive the connection of space components ( )
( )
p μR  

with standard component

RDM-p
( )

(1 ...)

p μ
pR   , which is similar to Eq. (21):

     
       

 

 
( )( ) ( )( ) ( )( )

,ω 1 ... ω 1 ... ω

€ € € €1 ,  
€ € € €,

q q p pp p p
p p

p p

R C Q Q QR Q R
Q Q

  
    

 



 
    

  
  .(23)

where  
 € p

p p     , ( -1 ) q + q ' is s ig n fa c to r  fo r  p e rm u ta t io n  Q ∙Q ' .  M o re o v e r , i t  is  t ru e  th a t  

 
     

   





p
pp

p(p )μ
γ

TxxxxΓS pR €,...,,..., 11  , (2 4 ) 

if  sp in ten so rs  (2 1 ) a re  o rth o n o rm aliz ed . T h is  s im p le p ro cess  a lw a ys  can  b e  ap p lied  to  o b ta in  

ex ac t re su lt typ e  E q . (2 3 )  fo r an y  R D M . It co m p le tes g en era lly p ro o f o f H a rrim an ’s  th eo rem .
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