
ISSN 0387 -4086 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 1999. �®¬ 1 (73), N 1. �. 102 { 109��� 532.9 ��������������� ��������������������������������������� ��������������� ���� ����������� �����. �. ��������­áâ¨âãâ £¨¤à®¬¥å ­¨ª¨ ��� �ªà ¨­ë, �¨¥¢�®«ãç¥­® 20.03.98�à¥¤áâ ¢«¥­ë ­¥ª®â®àë¥ ¬ â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ ¢®«­®¢®© £¨¤à®¤¨­ ¬¨ª¨ ¯à¨¡à¥¦­®© §®­ë è¥«ìä  ¨ ç¨á«¥­­ë¥à¥è¥­¨ï, ¤¥¬®­áâà¨àãîé¨¥ ­®¢ë¥ å à ªâ¥à­ë¥ íää¥ªâë ¢§ ¨¬®¤¥©áâ¢¨ï ­¥«¨­¥©­ëå ¢®«­ ­  ¢®¤¥ á ¤®­­ë¬ à¥-«ì¥ä®¬. �áå®¤ï ¨§ â®ç­®© ¤¢ã¬¥à­®© ¯®áâ ­®¢ª¨, ¢ª«îç îé¥© ãà ¢­¥­¨¥ � ¯« á  ¤«ï ¯®â¥­æ¨ «  áª®à®áâ¥©, ­¥-«¨­¥©­ë¥ ãá«®¢¨ï ­  á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ ¨ ãá«®¢¨ï ­  ¤®­­®© ¯®¢¥àå­®áâ¨, ¯®«ãç¥­ë ­¥«¨­¥©­®-¤¨á¯¥àá¨®­­ë¥ á¨¬¯â®â¨ç¥áª¨¥  ¯¯à®ªá¨¬ æ¨¨, ®¯¨áë¢ îé¨¥ à á¯à®áâà ­¥­¨¥ ¢®«­ ­ ¤ ¤®­­ë¬ à¥«ì¥ä®¬. �à¨ íâ®¬ ¯à¥¤¯®-« £ ¥âáï, çâ® ¯ à ¬¥âà ¤¨á¯¥àá¨¨ � ¨ £à ¤¨¥­â ¯®¢¥àå­®áâ¨ ¤­  
 ¬ «ë, ¢ â® ¢à¥¬ï ª ª ¯ à ¬¥âà ­¥«¨­¥©­®áâ¨� ¯à¥¤¯®« £ ¥âáï ¯à®¨§¢®«ì­ë¬ ¢ ®â«¨ç¨¥ ®â è¨à®ª® à á¯à®áâà ­¥­­ëå âà ¤¨æ¨®­­ëå ¯à¨¡«¨¦¥­­ëå â¥®à¨©.�à¥¤áâ ¢«¥­  â ª¦¥ ­¥«¨­¥©­ ï ¬®¤¥«ì ¯à¨¬¥­¨â¥«ì­® ª ¨áá«¥¤®¢ ­¨î ¯¥à¥¬¥é¥­¨ï á®«ñ­®© ¬®àáª®© ¢®¤ë,   â ª¦¥¯¥à¥ä®à¬¨à®¢ ­¨î ¤­  ¯®¤ ¤¥©áâ¢¨¥¬ ¢®«­, à á¯à®áâà ­ïîé¨åáï ­ ¤ ­¥à®¢­ë¬ ¤­®¬. �®®â¢¥âáâ¢ãîé ï ­ ç «ì­®-ªà ¥¢ ï § ¤ ç  à¥è ¥âáï ¬¥â®¤®¬ ª®­¥ç­ëå à §­®áâ¥© ¤«ï § ¤ ­­ëå ¬­®£®ªà â­® ¯à®å®¤ïé¨å ®â ¢å®¤  ¢®«­®¢ëå¨¬¯ã«ìá®¢ â¨¯  ¯®«ãá¨­ãá®¨¤ë. �à®¬¥ â®£®,  ­ «®£¨ç­ ï § ¤ ç  à áá¬ âà¨¢ ¥âáï ­  ®á­®¢¥ ãà ¢­¥­¨ï �¤� ¯à¨§ ¤ ­¨¨ ­  ¢å®¤¥ á®«¨â®­ . �à¥¤áâ ¢«¥­ë à¥§ã«ìâ âë ç¨á«¥­­ëå à áçñâ®¢ ¨ ¨å  ­ «¨§.Some mathematical models of wave hydrodynamics of the shelf zone are presented. Corresponding numerical solutionsdemonstrating new characteristic e�ects of the interaction of nonlinear water waves with a bottom relief are obtained.The exact 2-D statement includes the Lapace equation for velocity potential, the nonlinear conditions on the free surfaceand the conditions on a bottom surface. On this basis nonlinear-dispersive asymptotic approximations describing wavepropagation over a bottom relief are obtained. At that, it is assumed that the dispersion parameter � and the boottomsurface gradient 
 are small, while the nonlinear parameter � is arbitrary value unlike widely spreading traditionalapproximate theories. Also, a nonlinear model to investigate a movement of salt sea water, as well as a bottom reformingdue to waves propagating over an uneven bottom are presented. Corresponding initial-boundary value problem is solvedby a �nite-di�erence method for given multiincident wave pulses of the semi-sine form generated at inlet. Moreover, thesimilar problem is considered on the basis of KdV equation when solitons are given at inlet. The results of numericalcalculations and their analysis are presented.�à¥¤áâ ¢«¥­® ¤¥ïª÷ ¬ â¥¬ â¨ç­÷ ¬®¤¥«÷ å¢¨«ì®¢®ù £÷¤à®¤¨­ ¬÷ª¨ ¯à¨¡¥à¥¦­®ù §®­¨ è¥«ìäã ÷ ç¨á¥«ì­÷ à®§¢'ï§ª¨, é®¤¥¬®­áâàãîâì ­®¢÷ ¥ä¥ªâ¨ ¢§ õ¬®¤÷ù å¢¨«ì ­  ¢®«÷ § ¤®­­¨¬ à¥«ìõä®¬. �¨å®¤ïç¨ § â®ç­®ù ¤¢®¢¨¬÷à­®ù ¯®áâ ­®¢ª¨,é® ¢ª«îç õ à÷¢­ï­­ï � ¯« á  ¤«ï ¯®â¥­æ÷ «ã è¢¨¤ª®áâ¥©, ­¥«÷­÷©­÷ ã¬®¢¨ ­  ¢÷«ì­÷© ¯®¢¥àå­÷ © ã¬®¢¨ ­  ¤®­­÷©¯®¢¥àå­÷, ®¤¥à¦ ­÷ ­¥«÷­÷©­®-¤¨á¯¥àá÷©­÷  á¨¬¯â®â¨ç­÷  ¯à®ªá¨¬ æ÷ù, é® ®¯¨áãîâì ¯®è¨à¥­­ï å¢¨«ì ­ ¤ ¤®­­¨¬à¥«ìõä®¬. �à¨ æì®¬ã ¢¢®¤ïâìáï ¯à¨¯ãé¥­­ï, é® ¯ à ¬¥âà ¤¨á¯¥àá÷ù ÷ £à ¤÷õ­â ¯®¢¥àå­÷ ¤­  
 ¬ «÷, ¢ â®© ç áïª ¯ à ¬¥âà ­¥«÷­÷©­®áâ÷ � ¯®ª« ¤ õâìáï ¤®¢÷«ì­¨¬ ­  ¢÷¤¬÷­ã ¢÷¤ è¨à®ª® ¯®è¨à¥­¨å âà ¤¨æ÷©­¨å ­ ¡«¨¦¥­¨åâ¥®à÷©. �à¥¤áâ ¢«¥­  â ª®¦ ­¥«÷­÷©­  ¬®¤¥«ì áâ®á®¢­® ¤®á«÷¤¦¥­­ï ¯¥à¥¬÷é¥­­ï á®«®­®ù ¬®àáìª®ù ¢®¤¨,   â ª®¦¯¥à¥ä®à¬ã¢ ­­ï ¤­  ¯÷¤ ¤÷õî å¢¨«ì, é® ¯®è¨àîîâìáï ­ ¤ ­¥à÷¢­¨¬ ¤­®¬. �÷¤¯®¢÷¤­  ¯®ç âª®¢®-ªà ©®¢  § ¤ ç à®§¢'ï§ãõâìáï ¬¥â®¤®¬ áª÷­ç¥­­¨å à÷§­¨æì ¤«ï § ¤ ­¨å ¡ £ â®ªà â­¨å å¢¨«ì®¢¨å ÷¬¯ã«ìá÷¢ â¨¯ã ¯÷¢á¨­ãá®ù¤¨, é®£¥­¥àãîâìáï ­  ¢å®¤÷. �à÷¬ æì®£®,  ­ «®£÷ç­  § ¤ ç  à®§£«ï¤ õâìáï ­  ®á­®¢÷ à÷¢­ï­­ï �¤� ¯à¨ § ¤ ­­÷ ­  ¢å®¤÷á®«÷â®­ . �à¥¤áâ ¢«¥­® à¥§ã«ìâ â¨ ç¨á¥«ì­¨å à®§à åã­ª÷¢ â  ùå  ­ «÷§.���������áá«¥¤®¢ ­¨¥ à á¯à®áâà ­¥­¨ï ¤«¨­­ëå ­¥«¨-­¥©­ëå ¢®«­ { ¯à®¡«¥¬  ¡®«ìè®© ¢ ¦­®áâ¨, ª®-â®à ï à §¢¨¢ « áì ¡®«¥¥ ¢á¥£® ¨ ¯à¥¦¤¥ ¢á¥£® ¢â¥®à¨¨ à á¯à®áâà ­¥­¨ï ­¥«¨­¥©­ëå ¯®¢¥àå­®áâ-­ëå £à ¢¨â æ¨®­­ëå ¢®«­, ­ ç¨­ ï á � £à ­¦ [1] (1781), �â®ªá  [2] (1847), �ãáá¨­¥áª  [3] (1872),�®àâ¥¢¥£  ¤¥ �à¨§  [4] (1895). � á¢ï§¨ á ¡®«ìè¨¬¨âàã¤­®áâï¬¨ ¯®áâà®¥­¨ï  ­ «¨â¨ç¥áª¨å à¥è¥­¨©á®®â¢¥âá¢ãîé¨å ­ ç «ì­®-ªà ¥¢ëå § ¤ ç ¢ â®ç-­®© ¯®áâ ­®¢ª¥ ¡®«ìè®¥ à á¯à®áâà ­¥­¨¥ ¯®«ãç¨-«® à §¢¨â¨¥ ¯à¨¡«¨¦¥­­ëå ¯®¤å®¤®¢ ¨, ¯à¥¦¤¥¢á¥£®, ¯®áâà®¥­¨¥ ¤«¨­­®¢®«­®¢ëå ¯à¨¡«¨¦¥­¨©,ª®â®àë¥ ¯à¥¤áâ ¢«ïîâ á®¡®© ¯® áãé¥áâ¢ã  á¨¬-
¯â®â¨ç¥áª¨¥ ­¥«¨­¥©­®-¤¨á¯¥àá¨®­­ë¥  ¯¯à®ªá¨-¬ æ¨¨ ¨áå®¤­®© § ¤ ç¨.�®áâà®¥­¨î ­¥«¨­¥©­®-¤¨á¯¥àá¨®­­ëå ¯à¨¡«¨-¦¥­¨© ¤«ï ¦¨¤ª®áâ¨ ¯®áâ®ï­­®© ¨ ¯¥à¥¬¥­­®©£«ã¡¨­ë ¯®á¢ïé¥­® ¬­®£® à ¡®â, ®¤­ ª® ®¡§®à ¨å¢ëå®¤¨â §  à ¬ª¨ ¤ ­­®© áâ âì¨. �å à ªâ¥à¨§ã-¥¬ ªà âª® â®«ìª® ®á­®¢­ë¥ ¯®¤å®¤ë.�® ­ áâ®ïé¥£® ¢à¥¬¥­¨ ¡ë«¨ à §¢¨âë ­¥ª®â®-àë¥ ¬¥â®¤ë ¯®áâà®¥­¨ï ­¥á¢ï§ ­­ëå í¢®«îæ¨®­-­ëå ãà ¢­¥­¨© ¤«ï ã¥¤¨­ñ­­ëå ¢®«­, á¬. �à¥­§¥­¨ �¥¢®àªï­ [5] (1985). � ¨¡®«ìè¥¥ à á¯à®áâà -­¥­¨¥ ¯®«ãç¨«¨ á«¥¤ãîé¨¥ ¯®¤å®¤ë: 1) à¥¤ãªæ¨-®­­ë© ¬¥â®¤, à ¢¨âë© � ­¨ãâ¨ ¨ �¥¥¬ [6] (1968)¨ ¯®¤à®¡­® ®¯¨á ­ë© �å â­ £ à®¬ [7] (1979); 2)¬¥â®¤ ¬­®£®¬ áèâ ¡­ëå à §«®¦¥­¨©, à §¢¨âë©102 c
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ISSN 0387 -4086 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 1999. �®¬ 1 (73), N 1. �. 102 { 109� ©ä¥ [8, 9] (1973, 1981); 3) ¬¥â®¤ ãáà¥¤­¥­­®-£® ¢ à¨ æ¨®­­®£® ¯à¨­æ¨¯ , à §¢¨âë© �̈ §¥¬®¬[10] (1967), [11] (1974); 4) ¬¥â®¤ £ ¬¨«ìâ®­®¢®£®ä®à¬ «¨§¬ , ¯à¥¤«®¦¥­ë© � å à®¢ë¬ [12] (1968)¨ à §¢¨âë© � ©«á®¬ [13] (1977), �¨«¤¥à®¬ [14](1977), �¥­¤¦ ¬¨­®¬ ¨ �«¢¥à®¬ [15] (1982).� ¯®á«¥¤­¨¥ ¤¥áïâ¨«¥â¨ï è¨à®ª® ¨áá«¥¤ãîâ-áï ­®¢ë¥ ¡®«¥¥ á«®¦­ë¥ § ¤ ç¨ à á¯à®áâà ­¥­¨ï¢®«­ ­  ¢®¤¥, ¢ â®¬ ç¨á«¥ § ¤ ç¨, å à ªâ¥à¨§ãî-é¨¥áï ­ «¨ç¨¥¬ â¥ç¥­¨©, § ¤ ç¨ ¤«ï ¤¢ãåá«®©­ëå¦¨¤ª®áâ¥©,   â ª¦¥ § ¤ ç¨ ¢ë­ã¦¤¥­­ëå ­¥«¨-­¥©­ëå ¢®«­, £¥­¥à¨àã¥¬ëå ¢§ ¨¬®¤¥©áâ¢¨¥¬ â¥-ç¥­¨© á «®ª «¨§®¢ ­­ë¬¨ ­¥®¤­®à®¤­®áâï¬¨ [16](1990), [17] (1993), [18] (1995), [19] (1996).� ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï ¬®¤¥«¨ ¢®«­­  ¬¥«ª®© ¢®¤¥ ä ªâ¨ç¥áª¨ ¯à¥¤áâ ¢«ïîâ á®¡®©¤«¨­­®¢®«­®¢ë¥  ¯¯à®ªá¨¬ æ¨¨ ¨áå®¤­®© ¬®¤¥«¨£¨¤à®¤¨­ ¬¨ª¨ ¢®«­ [20] (1987). �âªàëâ¨¥ ã¥-¤¨­ñ­­ëå ¢®«­ { á®«¨â®­®¢ �ª®ââ®¬ � áá¥«®¬ [21](1844),   § â¥¬ ¢ë¢®¤ ãà ¢­¥­¨© à á¯à®áâà ­¥­¨ï¢®«­ ¢ ¬¥«ª®© ¢®¤¥ �®àâ¥¢¥£®¬ ¨ ¤¥ �à¨§®¬ [4](1895) áâ¨¬ã«¨à®¢ «¨ ¨­â¥­á¨¢­®¥ ¨ íªáâ¥­á¨¢-­®¥ à §¢¨â¨¥ â¥®à¨¨ ã¥¤¨­ñ­­ëå ¢®«­ ¢ à §«¨ç-­ëå áà¥¤ å. � â®çª¨ §à¥­¨ï ¢®«­®¢®© â¥®à¨¨ {íâ® ¯®áâà®¥­¨¥ ­¥«¨­¥©­®-¤¨á¯¥àá¨®­­ëå  ¯¯à®ª-á¨¬ æ¨©. �®çâ¨ ¢® ¢á¥å à ¡®â å íâ¨  ¯¯à®ªá¨¬ -æ¨¨ ®á­®¢ë¢ îâáï ­  ¡ « ­á¥ ­¥«¨­¥©­ëå ¨ ¤¨á-¯¥àá¨®­­ëå íää¥ªâ®¢, ¯à¨¢®¤ïé¨å ª ãáâ®©ç¨¢®¬ã®¡à §®¢ ­¨î { á®«¨â®­ã, ª®â®àë© å à ªâ¥à¨§ã¥â-áï ¯¥à¬ ­¥­â­®áâìî ¯à¨ à á¯à®áâà ­¥­¨¨, ãáâ®©-ç¨¢®áâìî,   â ª¦¥ á®åà ­¥­¨¥¬ ä®à¬ë ¯à¨ áâ®«ª-­®¢¥­¨¨ ¤¢ãå á®«¨â®­®¢. �¥á¬®âàï ­  íâ®, ¡ë«¨¯à¥¤¯à¨­ïâë ¯®¯ëâª¨ ¯®áâà®¥­¨ï  ¯¯à®ªá¨¬ æ¨©¤«ï á«ãç ¥¢, ª®£¤  ¡ « ­á ­¥«¨­¥©­ëå ¨ ¤¨á¯¥àá¨-®­­ëå íää¥ªâ®¢ á ®¤­®© ¨«¨ ¤àã£®© áâ®à®­ë ­¥¨¬¥¥â ¬¥áâ . � ¯à¨¬¥à, ¥á«¨ ¢ ¤«¨­­®¢®«­®¢®© ¯¯à®ªá¨¬ æ¨¨ ã¤¥à¦¨¢ âì ¢á¥ ­¥«¨­¥©­ë¥ ç«¥-­ë, â® ¯®«ãç ¥¬ ¬®¤¥«ì, ¢ ª®â®à®© ¤¨á¯¥àá¨®­­ë¥íää¥ªâë ¯à®ï¢«ïîâáï á« ¡® ¯® áà ¢­¥­¨î á ­¥«¨-­¥©­ë¬¨ íää¥ªâ ¬¨ [22] (1981), [23] (1989).� ¯®á«¥¤­¨¥ £®¤ë à áá¬ âà¨¢ «áï ¨ ¤àã£®© ¯à¥-¤¥«ì­ë© á«ãç ©, ª®£¤  ¤¨á¯¥àá¨®­­ë¥ íää¥ªâëãç¨âë¢ îâáï ¯®«­®áâìî (â®ç­®),   ­¥«¨­¥©­ë¥íää¥ªâë ¬ «ë [24] (1992). �â®â ¯à¥¤¥«ì­ë© á«ã-ç © §¤¥áì ­¥ à áá¬ âà¨¢ ¥âáï.� ¤ ­­®© áâ âì¥ ­  ®á­®¢¥ à §«®¦¥­¨ï ¢ áâ¥-¯¥­­ë¥ àï¤ë ¯® ¢¥àâ¨ª «ì­®© ¯¥à¥¬¥­­®© ¨  á¨¬-¯â®â¨ç¥áª¨å ®æ¥­®ª ¢ë¢¥¤¥­ë ¤¢  í¢®«îæ¨®­­ëåãà ¢­¥­¨ï, ª®â®àë¥ ¬®¦­® à áá¬ âà¨¢ âì ª ª®¡®¡é¥­¨¥ ãà ¢­¥­¨ï â¨¯  �ãáá¨­¥áª  ¤«ï äà®­-â «ì­® ¯ ¤ îé¨å ¢®«­. � ª¨¥  á¨¬¯â®â¨ç¥áª¨¥¯à¨¡«¨¦¥­¨ï ®ç¥­ì ¢ ¦­ë ¤«ï ¯à¨¡à¥¦­®© §®­ë,£¤¥ å à ªâ¥à­®¥ à ááâ®ï­¨¥ ¤®áâ â®ç­® ¬ «®, â ª

çâ® ¤¨á¯¥àá¨®­­ë¥ íää¥ªâë ­¥ ãá¯¥¢ îâ ­ ª ¯«¨-¢ âìáï, ¢ â® ¢à¥¬ï ª ª ­¥«¨­¥©­ë¥ íää¥ªâë §­ -ç¨â¥«ì­ë. �§ â ª®£® ¯à¨¡«¨¦¥­¨ï ª ª ç áâ­ë¥á«ãç ¨ á«¥¤ãîâ ¨§¢¥áâ­ë¥ ãà ¢­¥­¨ï, ­ ¯à¨¬¥à,ãà ¢­¥­¨¥ �®àâ¥¢¥£  ¤¥ �à¨§  (�¤�) ¨ ãà ¢­¥­¨¥�¥à¥£à¨­ , ®á­®¢ ­­ë¥ ­  ¡ « ­á¥ ­¥«¨­¥©­ëå ¨¤¨á¯¥àá¨®­­ëå íää¥ªâ®¢ (� � � � 1). �ç¥¢¨¤-­®, çâ® à §¢¨â ï ¬®¤¥«ì ¯à¨¬¥­¨¬  ¤«ï ¡®«¥¥ â®ç-­®£® ®¯¨á ­¨ï ­ ª â  ¢®«­ ­  ­ ª«®­­ë© ¯«ï¦ á¡®«ìè¨¬ §­ ç¥­¨¥¬ �, ç¥¬ ¨§¢¥áâ­ë¥ ¬®¤¥«¨ â¨-¯  �¤�, �¥à¥£à¨­ , ¬®¤¥«ì ¢®«­ ­  ¬¥«ª®© ¢®¤¥¨ ¨å ¬®¤¨ä¨ª æ¨¨. � íâ®¬ á«ãç ¥ à á¯à®áâà ­¥-­¨¥ ã¥¤¨­ñ­­®© ¢®«­ë á®¯à®¢®¦¤ ¥âáï ¯®ï¢«¥­¨¥¬å¢®áâ®¢ ¢ ®â«¨ç¨¥ ®â á«ãç ï ¨¤¥ «ì­®£® ª« áá¨ç¥-áª®£® à¥è¥­¨ï, ¯à¥¤áª §ë¢ ¥¬®£® �¤� ¯à¨¡«¨¦¥-­¨¥¬. �  ®á­®¢¥ íâ®£® ã«ãçè¥­­®£® ¯à¨¡«¨¦¥­¨ïç¨á«¥­­® à¥è ¥âáï § ¤ ç  ­ ª â  ã¥¤¨­ñ­­®© ¢®«-­ë ­  ¯«ï¦ ¨ ¯à¥¤áâ ¢«¥­  ­ «¨§ ¯®«ãç¥­­ëå à¥-§ã«ìâ â®¢.�® ¢â®à®© ç áâ¨ áâ âì¨ à áá¬ âà¨¢ ¥âáï ¡ á-á¥©­ ª®­¥ç­®© ¤«¨­ë, ­ ¯®«­¥­­ë© ¯à¥á­®© ¢®-¤®© ¨ ¯à¨¬ëª îé¨© á¢®¨¬ äà®­â «ì­ë¬ á¥ç¥-­¨¥¬ ª ¤®áâã¯ã á®«ñ­®© ¬®àáª®© ¢®¤ë ¨§ ¬®-àï. �®¤¥«ì ®¯¨áë¢ ¥âáï á¨áâ¥¬®© ç¥âëà¥å ­¥-«¨­¥©­ëå ¤¨ää¥à¥æ¨ «ì­ëå ãà ¢­¥­¨© ¢ ç áâ-­ëå ¯à®¨§¢®¤­ëå ¤«ï ç¥âëà¥å ¨áª®¬ëå äã­ªæ¨©:¯à®¤®«ì­®© áª®à®áâ¨, á®«ñ­®áâ¨, ®âª«®­¥­¨ï á¢®-¡®¤­®© ¯®¢¥àå­®áâ¨ ¨ à áå®¤  ¢§¢¥è¥­­ëå ­ ­®-á®¢. �«ï íâ®© á¨áâ¥¬ë ãà ¢­¥­¨© ä®à¬ã«¨àã¥âáï­ ç «ì­®-ªà ¥¢ ï § ¤ ç , ª®â®à ï à¥è ¥âáï ¬¥â®-¤®¬ ª®­¥ç­ëå à §­®áâ¥© ¤«ï ¬­®£®ªà â­® à á¯à®-áâà ­ïîé¨åáï ®â ¢å®¤  ¨¬¯ã«ìá®¢ ¢ ä®à¬¥ ¯®«ã-á¨­ãá®¨¤ë. �­ «®£¨ç­ ï § ¤ ç  à áá¬®âà¥­  ­ ®á­®¢¥ ãà ¢­¥­¨ï �®àâ¥¢¥£  ¤¥ �à¨§  á ¢å®¤­ë¬¨¬¯ã«ìá®¬ â¨¯  á®«¨â®­ . �à¥¤áâ ¢«¥­ë ¨  ­ «¨-§¨àãîâáï à¥§ã«ìâ âë ç¨á«¥­­ëå à áç¥â®¢.1. ���������-�����������������-���������� �����������1.1. �®áâ ­®¢ª  § ¤ ç¨� ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¨å ¨áá«¥¤®¢ ­¨© §¤¥áì à á-á¬ âà¨¢ ¥âáï ¬®¤¥«ì, ¢ ª®â®à®© á­ïâë ®£à ­¨ç¥-­¨ï ­  ¬ «®áâì ­¥«¨­¥©­®£® ¯ à ¬¥âà  � = a=H0(a { ¬ ªá¨¬ «ì­®¥ ®âª«®­¥­¨¥ á¢®¡®¤­®© ¯®¢¥àå-­®áâ¨, H0 { £«ã¡¨­ ). � ª®¥ ¯à¨¡«¨¦¥­¨¥ ¬®¦-­® à áá¬ âà¨¢ âì ª ª ®¡®¡é¥­¨¥ ¢®«­®¢®© â¥®à¨¨¬¥«ª®© ¢®¤ë.� áá¬ âà¨¢ ¥âáï ¦¨¤ª®áâì ¯¥à¥¬¥­­®© £«ã¡¨-�. �. �¥«¥§®¢ 103



ISSN 0387 -4086 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 1999. �®¬ 1 (73), N 1. �. 102 { 109­ë á ­¥¢®§¬ãé¥­­®© ¢ ¨áå®¤­®¬ á®áâ®ï­¨¨ á¢®-¡®¤­®© ¯®¢¥àå­®áâìî. � íâ®© ¯®¢¥àå­®áâìî á¢ï-§ ­  á¨áâ¥¬  ¯àï¬®ã£®«ì­ëå ¤¥ª àâ®¢ëå ª®®à¤¨-­ â x; y; z â ª, ª ª íâ® ®¯à¥¤¥«¥­® ä®à¬ã«®© (2).� ¤ ç  å à ªâ¥à¨§ã¥âáï á«¥¤ãîé¨¬¨ ª«îç¥¢ë¬¨¡¥§à §¬¥à­ë¬¨ ¯ à ¬¥âà ¬¨:� = a=H0; � = (H0=l)2;
 = tg � = H0=l; Ur = �=� (1)¨ ®¯à¥¤¥«¥­  ¢ ®¡« áâ¨
=�(x; y; z)2R3jx�(x; y)�x<1; �1<y<1;�H(x)�z���(x; t)g ; t2T=ftj0� t� t�g: (2)�¥®¡å®¤¨¬® ­ ©â¨ ¯®â¥­æ¨ « áª®à®áâ¥© '(x; z; t) ¨®âª«®­¥­¨¥ á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ � = �(x; t) ª ªà¥è¥­¨ï § ¤ ç¨�'xx + 'zz = 0 in 
; (3)'z + �Hx'x = 0; z = �H(x); (4)�t + ��x'x � ��1'z = 0; z = ��; (5)�+'t+(�=2)'2x+2(�=�)'2z=0; z=��: (6)� ãà ¢­¥­¨ïå (2)-(6) ¡¥§à §¬¥à­ë¥ ¢¥«¨ç¨­ë ¢¢¥-¤¥­ë ¯® ä®à¬ã« ¬x� = xl ; z� = zH0 ; t� = c0l t = pgH0l t;'� = c0gla'; �� = �a¨ ¯à¨­ïâë á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: x = x� { ¯àï-¬ ï «¨­¨ï ¯¥à¥¤ §®­®© ®¡àãè¥­¨ï, � { ã£®« ­ -ª«®­  ¯«ï¦ , l { å à ªâ¥à­ ï ¤«¨­ , Ur { ç¨á«®�àá¥«« .� á«ãç ¥ ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ á«¥¤ã¥â ¤®-¯®«­¨â¥«ì­® ä®à¬ã«¨à®¢ âì ­ ç «ì­ë¥ ãá«®¢¨ï.� ¤ ç  (3)-(6) ­¥ ¨¬¥¥â  ­ «¨â¨ç¥áª¨å à¥è¥­¨©,­¥á¬®âàï ­  â®â ä ªâ, çâ® ®­  ¤®«£®¥ ¢à¥¬ï ¡ë« ¢ æ¥­âà¥ ¢­¨¬ ­¨ï ¬­®£¨å ¢ë¤ îé¨åáï ãç¥­ëå.� à¥§ã«ìâ â¥, ¤«ï ¯®áâà®¥­¨ï ¯à¨¡«¨¦¥­­ëå à¥-è¥­¨© à §¢¨âë à §«¨ç­ë¥ ¯®¤å®¤ë, ãª § ­­ë¥ ¢®¢¢¥¤¥­¨¨.1.2. �®áâà®¥­¨¥  ¯¯à®ªá¨¬ æ¨©�ë¢®¤ í¢®«îæ¨®­­ëå ãà ¢­¥­¨© ¡ë« ¯à¥¤áâ ¢«¥­¢ [22]. �®íâ®¬ã, §¤¥áì ¬ë ®£à ­¨ç¨¢ ¥¬áï ¯à¥¤-áâ ¢«¥­¨¥¬ â®«ìª® ®ª®­ç â¥«ì­ëå à¥§ã«ìâ â®¢.�á­®¢­ë¥ ¯à¥¤¯®«®¦¥­¨ï á®áâ®ïâ ¢ â®¬, çâ® ¯ à -¬¥âà ¤¨á¯¥àá¨¨ � ¨ £à ¤¨¥­â ¤®­­®© ¯®¢¥àå­®áâ¨


 ¬ «ë, � � 1, 
 � 1, ¢ â® ¦¥ ¢à¥¬ï, ¢ ®â«¨ç¨¥®â ¡®«ìè¨­áâ¢  ¨áá«¥¤®¢ ­¨©, ­¥â ®£à ­¨ç¥­¨© ­ ­¥«¨­¥©­ë© ¯ à ¬¥âà �, ª®â®àë© ¯à¥¤¯®« £ ¥âáï¯à®¨§¢®«ì­ë¬. �ã­ªæ¨ï ' ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥à §«®¦¥­¨ï'(x; z; t) = 1Xn=0(z +H)n�nfn(x; t) : (7)�®¤áâ ¢«ïï ãà ¢­¥­¨¥ (7) ¢ (3)-(6), ¯®á«¥ ¤«¨­-­ëå ¨ £à®¬®§¤ª¨å ¯à¥®¡à §®¢ ­¨© ¯®«ãç ¥¬ á«¥-¤ãîéãî à §à¥è îéãî á¨áâ¥¬ã ãà ¢­¥­¨©:ht + (hu)x = 0; (8)ut + ��u22 �x + �x ���h �h33 [uxt + �(uuxx � u2x)]�x == �ut���xHx + h2Hxx�++��uux���xHx + 32hHxx�+ ��u2xhHx ++��u2���xHxx+h2Hxxx�+O(�2; �m; �2); (9)£¤¥h = H + ��; u = Z ���h 'xdz; m = 2; 3; 4: (10)�®« £ ï � � 1; � � 1,   â ª¦¥, çâ® íâ¨ ¢¥-«¨ç¨­ë ®¤­®£® ¯®àï¤ª  ¬ «®áâ¨ � � �, çâ® á®®â-¢¥âáâ¢ã¥â ç¨á«ã �àá¥««  Ur = O(1), á¨áâ¥¬ã (8),(9) ¤«ï á«ãç ï ¯®áâ®ï­­®© £«ã¡¨­ë ¬®¦­® á¢¥áâ¨ª ª« áá¨ç¥áª¨¬ ãà ¢­¥­¨ï¬ �ãáá¨­¥áª  ¨ �®àâ¥-¢¥£  ¤¥ �à¨§ . � á«ãç ¥ ¯¥à¥¬¥­­®© £«ã¡¨­ë ¯à¨â¥å ¦¥ ¯à¥¤¯®«®¦¥­¨ïå ¨§ ãà ¢­¥­¨© (8), (9) á«¥-¤ã¥â ãà ¢­¥­¨¥ �¥à¥£à¨­  [25]ut + �x + �uux = � �H33 uxxt++HHxuxt + H2 Hxxut�+O(�2): (11)� á«ãç ¥ � � 1 ¨ � � � á¨áâ¥¬  (8), (9) á¢®¤¨â-áï ª ãà ¢­¥­¨ï¬ ¬¥«ª®© ¢®¤ëut + �uux + �x = 0; �t + [(h+ ��)u]x = 0 ; (12)¨§ ª®â®àëå ¯à¨ � � 1 á«¥¤ãîâ «¨­¥ à¨§®¢ ­­ë¥ãà ¢­¥­¨ï ut = ��x; �t = �(hu)x; (13)104 �. �. �¥«¥§®¢



ISSN 0387 -4086 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 1999. �®¬ 1 (73), N 1. �. 102 { 109  ¯à¨ u = @'=@x ®­¨ á¢®¤ïâáï ª ¢®«­®¢®¬ã ãà ¢-­¥­¨î @@x �h@'@x�� @2'@t2 = 0: (14)1.3. � ª â ã¥¤¨­ñ­­ëå ¢®«­ ­  ¯«ï¦ 1�¤¥áì ¯à¥¤áâ ¢«¥­ë à¥§ã«ìâ âë ç¨á«¥­­®£® ¬®¤¥-«¨à®¢ ­¨ï âà ­áä®à¬ æ¨¨ ¢®«­ ¨ ¨å ­ ª â  ­ ¯«ï¦ ­  ®á­®¢¥ ã«ãçè¥­­®© ¬®¤¥«¨, à §¢¨â®© ¢¯à¥¤ë¤ãé¥© ç áâ¨. �â® â¨¯¨ç­ ï § ¤ ç  à á¯à®-áâà ­¥­¨ï ¢®«­ æã­ ¬¨, ª®â®à ï ¢ ¯à¨¡à¥¦­®©§®­¥ á®¯à®¢®¦¤ ¥âáï á®¢¬¥áâ­ë¬ ¢«¨ï­¨¥¬ ­¥«¨-­¥©­ëå íää¥ªâ®¢, å à ªâ¥à¨§ã¥¬ëå ¯ à ¬¥âà®¬�, ¨ ¤¨á¯¥àá¨®­­ëå íää¥ªâ®¢, å à ªâ¥à¨§ã¥¬ëå¯ à ¬¥âà®¬ �. �à¨¥¬«¥¬®¥ ®¯¨á ­¨¥ ¢®«­®¢ëå¯à®æ¥áá®¢ ¢ íâ®© ®¡« áâ¨ (Ur = �=� � 1) ¬®¦-­® ¯®«ãç¨âì ¯®áà¥¤áâ¢®¬ ãà ¢­¥­¨©, ¢ª«îç îé¨å®¡  íâ¨ íää¥ªâ .� á¯à®áâà ­¥­¨¥ ¤«¨­­ëå ¢®«­ ¢ ®¡« áâ¨ ¯®-áâ®ï­­®© ¨ ¯¥à¥¬¥­­®© £«ã¡¨­ë ¨áá«¥¤®¢ «®áì à -­¥¥ ¢ [25],   â ª¦¥ � ¤á¥­®¬ ¨ �¥¥¬ [26] , � ¬-¬ ª®¬ [27] . � íâ¨å ¨áá«¥¤®¢ ­¨ïå ®á­®¢­ë¥ à¥-§ã«ìâ âë á®®â¢¥âáâ¢ãîâ ãà ¢­¥­¨î �®àâ¥¢¥£  ¤¥�à¨§  ¨ ¥£® ¬®¤¨ä¨ª æ¨ï¬. � ª¨¥ ãà ¢­¥­¨ï ¡ë-«¨ ¢ë¢¥¤¥­ë ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® � ¨ � ®¤­®£®¯®àï¤ª , ¢ â® ¢à¥¬ï ª ª ç«¥­ë ¡®«¥¥ ¢ëá®ª®£® ¯®-àï¤ª  ¬ «®áâ¨ ®â¡à áë¢ îâáï. �® ­¥ª®â®àë¥ ¨§íâ¨å ®â¡à®è¥­­ëå ç«¥­®¢ ¬®£ãâ áãé¥áâ¢¥­­® ¢«¨-ïâì ­  à §¢¨â¨¥ ¢®«­ ¢ ®¡« áâïå ¯®áâ®ï­­®© ¨ ®á®-¡¥­­® ¯¥à¥¬¥­­®© £«ã¡¨­ë. � ª¨¥  ¯¯à®ªá¨¬ æ¨¨¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢ ¬®£ãâ à áè¨à¨âì ¯à¥¤¥«ë­ ª«®­®¢ ¨áá«¥¤ã¥¬®£® ¤­  ¨ ¯à®¢®¤¨âì à áçñâëâà ­áä®à¬ æ¨¨ ¢®«­ ¡«¨¦¥ ª â®çª¥ ®¯à®ª¨¤ë¢ -­¨ï. �«ï á«ãç ï ¯®áâ®ï­­®© £«ã¡¨­ë â ª®£® à®¤ ãà ¢­¥­¨ï ¡ë«¨ ¯®«ãç¥­ë ¢ ¢¨¤¥ § ª®­®¢ á®åà -­¥­¨ï ¢ à ¡®â å �ã ¨ � à¤­¥à  [28] , �¥­¥æ¨ ­ [29]. � íâ®¬ á«ãç ¥ ¯à ¢ ï ç áâì ãà ¢­¥­¨ï (9)¨áç¥§ ¥â ¨ á¨áâ¥¬  (8), (9) ¨¬¥¥â à¥è¥­¨¥ â¨¯ ã¥¤¨­ñ­­®© ¢®«­ë:h = H + �0ch�2 "12 � 3�0H + �0�1=2 (x � ct)# : (15)�â® â®ç­®¥ à¥è¥­¨¥ ¨á¯®«ì§®¢ «®áì ª ª â¥áâ®¢®¥¤«ï áå¥¬ë ª®­¥ç­ëå à §­®áâ¥©. �à¨­ïâ ï ¤¢ãåè -£®¢ ï áå¥¬  ï¢«ï¥âáï ï¢­®©-­¥ï¢­®© ¨ ãáâ®©ç¨¢®©,¥á«¨ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ �ãà ­â  ¨ áå¥¬  ¨¬¥¥â¢â®à®© ¯®àï¤®ª â®ç­®áâ¨ ®â­®á¨â¥«ì­® �x ¨ �t.1�¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥ ¯à®¢¥¤¥­® �.�.�¥«¥§­ïª®¬

�¨á. 1. �¬¯«¨âã¤  ã¥¤¨­¥­­®© ¢®«­ë ­ ¤ ®¤­®à®¤­ë¬¤­®¬ 
 = 1=20: 1{ íªá¯¥à¨¬¥­â «ì­ë¥ ¤ ­­ë¥ (�¨è¨ ¨� ¥ª¨ [31]); 2{ ç¨á«¥­­ë¥ à¥§ã«ìâ âë (� ¤á¥­ ¨ �¥©[26]); 3{ ç¨á«¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨© (8),(9)
�¨á. 2. �à ­áä®à¬ æ¨ï ã¥¤¨­¥­­®© ¢®«­ë ¢ ¯à¨¡à¥¦-­®© §®­¥� á«ãç ¥ ¯®áâ®ï­­®© £«ã¡¨­ë ãà ¢­¥­¨¥ (9) á®-¤¥à¦¨â ­¥ â®«ìª® ®¡ëç­ë¥  ¯¯à®ªá¨¬¨àãîé¨¥ç«¥­ë ¯à¨¡«¨¦¥­¨ï �®àâ¥¢¥£  ¤¥ �à¨§  ¯®àï¤-ª  1; �; �, ­® ¢ª«îç ¥â â ª¦¥ ç«¥­ë ¯®àï¤ª  �� ¨�2�. � ¦­®áâì íâ¨å ¤®¯®«­¨â¥«ì­ëå ç«¥­®¢ ¡ë-«  ¯®ª § ­  ç¨á«¥­­ë¬¨ íªá¯¥à¨¬¥­â ¬¨ ¤«ï á«ã-ç ï "«®¡®¢®£®" á®ã¤ à¥­¨ï á®«¨â®­®¢. �à¨ íâ®¬¡ë«® ®¡­ àã¦¥­® £¥­¥à¨à®¢ ­¨¥ ¡ëáâà® ®áæ¨««¨-àãîé¨å å¢®áâ®¢ §  á®«¨â®­ ¬¨ ¯®á«¥ ¨å ¢§ ¨¬®-¤¥©áâ¢¨ï. �¬¯«¨âã¤ë íâ¨å ®áæ¨««¨àãîé¨å ¢®«­à¥§ª® ¢®§à áâ îâ á à®áâ®¬  ¬¯«¨âã¤ ¢§ ¨¬®¤¥©-áâ¢ãîé¨å á®«¨â®­®¢. � ª®¥ ¦¥ ¯®¢¥¤¥­¨¥ á®«¨â®-­®¢ ¯à¨ "«®¡®¢®¬" áâ®«ª­®¢¥­¨¨ ¡ë«® ®¡­ àã¦¥­®� ªá¢®àá¨ [30] ¢ « ¡®à â®à­®¬ ¢®«­®¢®¬ «®âª¥.� á«ãç ¥ ¯¥à¥¬¥­­®© £«ã¡¨­ë ¢ ãà ¢­¥­¨ïå ¯®-ï¢¨«¨áì ¤®¯®«­¨â¥«ì­ë¥ ç«¥­ë. �å ¯®àï¤®ª § -�. �. �¥«¥§®¢ 105
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. �á«¨ ¢ãà ¢­¥­¨¨ (9) ã¤¥à¦¨¢ îâáï â®«ìª® ç«¥­ë ¯®àï¤-ª  1; �; �; �
p� ¨ 
2, â® ãà ¢­¥¨¥ (9) ¯à¥®¡à §ã¥âáï¢ ãà ¢­¥­¨¥ �¥à¥£à¨­  (11). �«ï ¯à®¢¥¤¥­¨ï ç¨-á«¥­­ëå à áçñâ®¢ ¡ « à §¢¨â ¯®¤å®¤, ®á­®¢ ­­ë©­  ¬¥â®¤¥ ª®­¥ç­ëå à §­®áâ¥© ¨ â¥áâ¨à®¢ ­­ë©¢ á«ãç ¥ ¯®áâ®ï­­®£® ­ ª«®­ . �¥§ã«ìâ âë à áç¥-â®¢ ¯®ª § ­ë ­  à¨á. 1, £¤¥ ¯à¥¤áâ ¢«¥­ë ­¥ª®â®-àë¥ íªá¯¥à¨¬¥­â «ì­ë¥ ¨ ç¨á«¥­­ë¥ à¥§ã«ìâ âë.�à¥¨¬ãé¥áâ¢  á¨áâ¥¬ë (8), (9) ¬®¦­® ­¥¯®áà¥¤-áâ¢¥­­® ã¢¨¤¥âì ¢ á«ãç ¥ ¡�®«ìè¨å ­ ç «ì­ëå  ¬-¯«¨âã¤ ã¥¤¨­ñ­­®© ¢®«­ë. �®«¥¥ â®£®, ã¤¥à¦ ­¨¥ç«¥­®¢ ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢ ¯®§¢®«ï¥â ¯à®¢®-¤¨âì à áçñâë âà ­áä®à¬ æ¨¨ ¢®«­ ¤«ï ¡�®«ìè¨å­ ª«®­®¢ ¯«ï¦  (à¨á. 2).2. ��������������� �������������� �� ���� � �������� � ���ð��-���� � ������� ��� 2�áá«¥¤ã¥âáï ¬¨£à æ¨ï á®«ñ­®© ¬®àáª®© ¢®¤ë ¨ ¯¥-à¥ä®à¬¨à®¢ ­¨¥ ¤­ , ®¡ãá«®¢«¥­­ë¥ à á¯à®áâà -­¥­¨¥¬ ¢®«­ ­ ¤ ­¥à®¢­ë¬ ¤­®¬. � áá¬ âà¨¢ -¥âáï ¡ áá¥©­ ª®­¥ç­®© ¤«¨­ë, § ¯®«­¥­­ë© ¯à¥á-­®© ¢®¤®©. � áá¥©­ ¯à¨¬ëª ¥â á¢®¨¬ äà®­â «ì-­ë¬ ¯®¯¥à¥ç­ë¬ á¥ç¥­¨¥¬ ª ¬®àî ª ª ¨áâ®ç­¨ªãá®«ñ­®áâ¨. �â  ç áâì ¡ áá¥©­  á­ ç «  ¨¬¥¥â ¯®-áâ®ï­­ãî £«ã¡¨­ã. �  íâ®© ç áâìî á«¥¤ã¥â ¥éñ ®¤-­  ç áâì á «¨­¥©­® ã¬¥­ìè îé¥©áï ª ¡¥à¥£ã £«ã-¡¨­®©. �áá«¥¤ãîâáï § £àï§­¥­¨¥ á¢¥¦¥© ¢®¤ë ¨íà®§¨ï ¤­  ¯®¤ ¤¥©áâ¢¨¥¬ ­¥«¨­¥©­ëå ¢®«­.�®®â¢¥âáâ¢ãîé ï ¬ â¥¬ â¨ç¥áª ï § ¤ ç  ¯à¥¤-áâ ¢«ï¥âáï ¢ ¢¨¤¥ ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ­  ª®-­¥ç­®¬ ¨­â¥à¢ «¥ x 2 [0; L]. �áå®¤­ë¥ ãà ¢­¥­¨ï¢ª«îç îâ á¨áâ¥¬ã ç¥âëà¥å á¢ï§ ­­ëå ãà ¢­¥­¨©¢ ç áâ­ëå ¯à®¨§¢®¤­ëå ¤«ï ¯à®¤®«ì­®© áª®à®áâ¨u(x; t), á®«ñ­®áâ¨ S(x; t), £«ã¡¨­ëH(x; t) ¨ à áå®¤ Q(x; t),   â ª¦¥ £à ­¨ç­ë¥ ¨ ­ ç «ì­ë¥ ãá«®¢¨ï.�à¨ x = 0 ­¥«¨­¥©­ ï ¢å®¤­ ï äã­ªæ¨ï § ¤ ñâ-áï ¢ ¢¨¤¥ ¯®«®¢¨­ë á¨­ãá®¨¤ë, § ¤ îâáï â ª¦¥ ¨®áâ «ì­ë¥ äã­ªæ¨¨. �à¨ x = L ä®à¬ã«¨àã¥âáïãá«®¢¨¥ ¯®£«®é¥­¨ï. � áá¬ âà¨¢ îâáï ¤¢  á«ã-ç ï. � ¯¥à¢®¬ á«ãç ¥ ¤¢¨¦¥­¨¥ ¢®«­ ®¡ãá« ¢«¨-¢ ¥âáï ãà ¢­¥­¨ï¬¨ ¢®«­ ­  ¬¥«ª®© ¢®¤¥. �® ¢â®-à®¬ á«ãç ¥ ª ª ¯¥à¢¨ç­®¥ ¯à¨­¨¬ ¥âáï ãà ¢­¥­¨¥�®àâ¥¢¥£  ¤¥ �à¨§ , ¨ ¯à¨ t = 0 ¯à®ä¨«ì § ¤ -¥âáï ¢ ä®à¬¥ ã¥¤¨­ñ­­®© ¢®«­ë. �à¥¤áâ ¢«¥­ë ¨ ­ «¨§¨àãîâáï à¥§ã«ìâ âë ç¨á«¥­­ëå à áçñâ®¢.�¢ã¬¥à­ ï ­ ç «ì­®-ªà ¥¢ ï § ¤ ç  áâ ¢¨âáï2� á®âàã¤­¨ç¥áâ¢¥ á �.�.�®«ë­áª¨¬

á«¥¤ãîé¨¬ ®¡à §®¬:@u@t + u@u@x = �g @�@x ; (16)@�@t + @@x [(H + �)u] = 0; (17)@(SH)@t + @@x (SH)u = @@x �vsH@S@x � ; (18)(1� ")@H@t + @QH@x = 0; (19)QH = CHu� vH @H@x ; (20)C = � u3gHw; (21)£¤¥ u { £®à¨§®­â «ì­ ï á®áâ ¢«ïîé ï áª®à®áâ¨;� { ®âª«®­¥­¨¥ á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ ®â ­¥¢®§-¬ãé¥­­®£® ãà®¢­ï; H { ¨§¬¥­ïîé ïáï ¢® ¢à¥¬¥­¨£«ã¡¨­  ¡ á¥©­ ; S ¨ C { ãáà¥¤­ñ­­ë¥ ¯® ¯®¯¥à¥ç-­®¬ã á¥ç¥­¨î á®«ñ­®áâì ¨ ¬ãâ­®áâì; QH { à áå®¤¢§¢¥è¥­­ëå ­ ­®á®¢; vs { ª®íää¨æ¨¥­â âãà¡ã«¥­â-­®© ¤¨ääã§¨¨ ¤«ï á®«ñ­®áâ¨ (®¯à¥¤¥«ï¥âáï ¯® ¨§-¢¥áâ­ë¬ ¢ «¨â¥à âãà¥ ¤ ­­ë¬); vH { ª®íää¨æ¨¥­ââãà¡ã«¥­â­®© ¤¨ääã§¨¨ ¤«ï ¢§¢¥á¨ (®¯à¥¤¥«ï¥âáï¨§ ­ âãà­ëå ¨ « ¡®à â®à­ëå ¤ ­­ëå); g { ãáª®à¥-­¨¥ á¢®¡®¤­®£® ¯ ¤¥­¨ï; w { £¨¤à ¢«¨ç¥áª ï ªàã¯-­®áâì ¢§¢¥á¨; " { ¯®à¨áâ®áâì ¢§¢¥á¨; � { í¬¯¨à¨-ç¥áª ï ª®­áâ ­â .�̈ ¯¥à¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï (16), (17) ®¯¨áë¢ -îâ à á¯à®áâà ­¥­¨¥ ¤«¨­­ëå ¯®¢¥àå­®áâ­ëå £à -¢¨â æ¨®­­ëå ¢®«­ ¢ ¬¥«ª®¬ ¡ áá¥©­¥,   ¯ à ¡®-«¨ç¥áª¨¥ ãà ¢­¥­¨ï (18), (19) ®¯¨áë¢ îâ ¯¥à¥­®áá®«ñ­®áâ¨ ¢ ¯à¨¡«¨¦¥­¨¨  ¤¢¥ªæ¨¨-¤¨ääã§¨¨ ¨¯¥à¥ä®à¬¨à®¢ ­¨¥ ¤­ . �§ ä®à¬ã«ë (20) ¢¨¤­®,çâ® à áå®¤ ¢§¢¥á¨ ¢ ¢®«­®¢®¬ ¯®â®ª¥ á®áâ®¨â ¨§áà¥¤­¥© ¨ ¯ã«ìá¨àãîé¥© á®áâ ¢«ïîé¨å. �®à¬ã-«  (21) {  ­ «®£ á®®â¢¥âáâ¢ãîé¥© ä®à¬ã«ë ¤«ï¬ãâ­®áâ¨ ¢®¤ë, ¯à¨¬¥­ï¥¬®© ¢ â¥®à¨¨ ¯®â®ª®¢ ¢à¥ç­®¬ àãá«¥.�«ï à¥è¥­¨ï á¨áâ¥¬ë (16)-(19) § ¯¨áë¢ îâáïá«¥¤ãîé¨¥ £à ­¨ç­ë¥ ¨ ­ ç «ì­ë¥ ãá«®¢¨ï:u(0; t) = u0 � sin�t; u(L; t) = 0; (22)�(0; t) = �0 � sin�t; �(L; t) = 0; (23)u0 =r gH �0; (24)u(x; 0) = 0; �(x; 0) = 0; (25)S(0; t) = S0; S(L; t) = 0; (26)S(x; 0)=0; x 6=0; H(x; 0)=H0(x); (27)H(0; t) = H1; H(L; t) = H2: (28)�à ­¨ç­ë¥ ¨ ­ ç «ì­ë¥ ãá«®¢¨ï (22)-(28) ®§­ ç -îâ, çâ® ¨§ãç ¥¬ë© ¯à®æ¥áá à á¯à®áâà ­¥­¨ï ¢®«­106 �. �. �¥«¥§®¢



ISSN 0387 -4086 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 1999. �®¬ 1 (73), N 1. �. 102 { 109£¥­¥à¨àã¥âáï ¢ «¥¢®© ç áâ¨ ®¡« áâ¨ ¨­â¥£à¨à®¢ -­¨ï (0; L). �à¨ íâ®¬ ­  «¥¢®© £à ­¨æ¥ § ¤ îâáï¯®áâ®ï­­ ï ¢¥«¨ç¨­  á®«ñ­®áâ¨ S0 ¨ ¯®áâ®ï­­ ï£«ã¡¨­ H1, ¢ â® ¢à¥¬ï ª ª ­  ¯à ¢®© £à ­¨æ¥ ¢®¤ ­ å®¤¨âáï ¢ á®áâ®ï­¨¨ ¯®ª®ï, á®«ñ­®áâì à ¢­  ­ã-«î ¨ £«ã¡¨­  ­¥¨§¬¥­­ . �ã­ªæ¨ï H0(x) ï¢«ï¥âáï¨áå®¤­ë¬ à¥«ì¥ä®¬ ¤­  ¨ ¬®¦¥â å à ªâ¥à¨§®¢ âì­ «¨ç¨¥ ¤®­­®© ­¥®¤­®à®¤­®áâ¨.�̈ ¯¥à¡®«®-¯ à ¡®«¨ç¥áª ï á¨áâ¥¬  ãà ¢­¥­¨©(16)-(19) ¯à¥¤áâ ¢«ï¥âáï ¢ ¤¨¢¥à£¥­â­®© ä®à¬¥:@u@t + @Qu@x = 0; @�@t + @Q�@x = 0; (29)@SH@t + @Qs@x = 0; @H@t + @QH@x = 0: (30)£¤¥ Qu; Q�; QS ; QH { ¯®â®ª¨, ®¯à¥¤¥«ï¥¬ë¥ ä®à¬ã-« ¬¨ Qu = u2 � 0:5 + g�; Q� = (H + �)u; (31)QS = SuH � vSH@S@x ;Qh = CuH � vHH@H@x : (32)2.1. �¨á«¥­­ë¥ à¥è¥­¨ï ­¥«¨­¥©­®© § ¤ ç¨�̈ ¯¥à¡®«¨ç¥áª¨¥ ãà ¢­¥­¨ï (29) à¥è îâáï ­ ®á­®¢¥ ï¢­®© âàñåá«®©­®© áå¥¬ëuj+2i = uji � �t�x �Qj+1u;i+1 �Qj+1u;i�1� ; (33)�j+2i = �ji � �t�x �Qj+1�;i+1 �Qj+1�;i�1� : (34)�«ï ç¨á«¥­­®£® à¥è¥­¨ï ¯ à ¡®«¨ç¥áª¨å ãà ¢-­¥­¨© (30) ¯à¨¬¥­ï¥âáï ¨­â¥£à «ì­®-¨­â¥à¯®«ï-æ¨®­­ë© ¬¥â®¤ á ¯®á«¥¤ãîé¨¬ ¯à¨¬¥­¥­¨¥¬ âàñå-â®ç¥ç­®£®  «£®à¨â¬  ¯à®£®­ª¨. � ç¨á«¥­­ëå íªá-¯¥à¨¬¥­â å ¢«¨ï­¨¥ ­¥«¨­¥©­ëå ¢®«­ ­  ¯¥à¥-­®á á®«ñ­®áâ¨ ¨ ¤¥ä®à¬ æ¨¨ ¤­  ¨áá«¥¤ã¥âáï ¯à¨á«¥¤ãîé¨å ¯ à ¬¥âà å: áà¥¤­¨© ¤¨ ¬¥âà ¤®­­®©¢§¢¥á¨ d = 0:5mm, £¨¤à ¢«¨ç¥áª ï ªàã¯­®áâì w =0:1m/s, £«ã¡¨­  ¡ áá¥©­  H1 = 1m, £«ã¡¨­  ¢ë-¥¬ª¨ H2 = 5m, £à ­¨ç­ ï  ¬¯«¨âã¤  ¯à¨ ¢å®¤¥ ¢¢ë¥¬ªã � = 0:3m, £à ­¨ç­ ï á®«ñ­®áâì ­  ¢å®¤¥s0 = 0:3, ¯¥à¨®¤ ¢®«­ë � = 5:66s, è £ ¯® ¢à¥¬¥­¨�t = 0:01s, è £ ¯® ª®®à¤¨­ â¥ �x = 0:5m, ¤«¨-â¥«ì­®áâì ç¨á«¥­­®£® íªá¯¥à¨¬¥­â  T = 600�t.�¥§ã«ìâ âë ç¨á«¥­­ëå íªá¯¥à¨¬¥­â®¢ ¯à¥¤áâ -¢«¥­ë ­  à¨á. 3 ¤«ï ¢à¥¬¥­¨ t = T .
�¨á. 3. � á¯à¥¤¥«¥­¨¥ á®«¥­®áâ¨ S, ¢ëá®âë H, áª®à®-áâ¨ U ¨ ¯®¤ê¥¬  á¢®¡®¤­®© ¯®¢¥àå­®áâ¨ � ¯® ¢à¥¬¥­¨T :   { ­¥¤¥ä®à¬¨à®¢ ­­­®¥ ¤­® ; ¡ { ¤¥ä®à¬¨à®¢ ­­®¥¤­®2.2. �¥«¨­¥©­®-¤¨á¯¥àá¨®­­ ï § ¤ ç � íâ®¬ á«ãç ¥ ¢¬¥áâ® ­¥«¨­¥©­®£® ãà ¢­¥­¨ï (17)à áá¬ âà¨¢ ¥âáï ãà ¢­¥­¨¥ �®àâ¥¢¥£  ¤¥ �à¨-§  [32] @�@t +pgH �1 + 32 �H� @�@x ++H2pgH6 � @3�@x3 +pgH � h4H � @H@x = 0: (35)�. �. �¥«¥§®¢ 107



ISSN 0387 -4086 �à¨ª« ¤­  £÷¤à®¬¥å ­÷ª . 1999. �®¬ 1 (73), N 1. �. 102 { 109�«ï á«ãç ï ¯®áâ®ï­­®© £«ã¡¨­ë ãà ¢­¥­¨¥ (35)¨¬¥¥â  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥ ¢ ä®à¬¥ ã¥¤¨­ñ­­®©¢®«­ë �(x; t) = �0ch�2 [(x� x0 � V t)=l] ; (36)l =s4H303�0 ; V =pgH0�1 + �2H0� : (37)�à¨­ïâ®¥ ¢ ãà ¢­¥­¨¨ (36) ¢à¥¬ï t = 0 ¤ ¥â ­ -ç «ì­®¥ ãá«®¢¨¥ ¤«ï ãà ¢­¥­¨ï �®àâ¥¢¥£  ¤¥ �à¨-§  ¤«ï á«ãç ï ¯®áâ®ï­­®© £«ã¡¨­ë�(x; 0) = �0ch�2 [(x � x0)=l] : (38)�à ­¨ç­ë¥ ãá«®¢¨ï ­  ª®­æ å ¨­â¥à¢ «  ¨­â¥£à¨-à®¢ ­¨ï § ¤ ­ë á«¥¤ãîé¨¬ ®¡à §®¬:�(0; t) = 0; �(L; t) = 0:q (39)�ª®à®áâì ¯®â®ª  ¢ ãà ¢­¥­¨¨ (36) ¢ëà ¦ ¥âáïç¥à¥§ � ¯®áà¥¤áâ¢®¬ á®®â­®è¥­¨©,  ­ «®£¨ç­ëåãà ¢­¥­¨î (24). �à ¢­¥­¨ï ¤«ï á®«ñ­®áâ¨ S ¨ £«ã-¡¨­ë H ®áâ îâáï â ª¨¬¨ ¦¥, ª ª ¨ ¢ ¯à¥¤ë¤ã-é¥© ­¥«¨­¥©­®© ¬®¤¥«¨. � ç «ì­ë¥ ãá«®¢¨ï ¤«ïá®«ñ­®áâ¨ S ä®à¬ã«¨àãîâáï ¢ ¢¨¤¥S(x; 0) = 0; 03; 0 � x � x1; (40)S(x; 0) = 0; x1 � L; (41)£¤¥ x1 { £à ­¨æ  ­ ç «ì­®£® à á¯à¥¤¥«¥­¨ï á®«ñ­®-áâ¨; L { ¤«¨­  ¨­â¥à¢ «  ¨­â¥£à¨à®¢ ­¨ï. �à -­¨ç­ë¥ ãá«®¢¨ï ¤«ï á®«ñ­®áâ¨ S § ¤ îâáï ¢ ¢¨¤¥S(0; t) = 0; 03; S(L; t) = 0: (42)�áå®¤­ë© à¥«ì¥ä ¤­  ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ ¤¢ãåç áâ¥©: ¯®áâ®ï­­®© £«ã¡¨­ë ¨ ­ ª«®­  ¯®áâ®ï­-­®£® § «®¦¥­¨ï. �à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï äã­ª-æ¨©, ®¯¨áë¢ îé¨å ¤®­­ë© à¥«ì¥ä, ¯à¨­ïâë â ª¨-¬¨ ¦¥, ª ª ¨ ¢ ¯à¥¤è¥áâ¢ãîé¨å ­¥«¨­¥©­ëå ¬®-¤¥«ïå.�à ¢­¥­¨¥ �®àâ¥¢¥£  ¤¥ �à¨§  (35) à¥è «®áì¬¥â®¤®¬ � ¡ãáª¨-�àãáª « , ¯à¨¬¥­ï¢è¨å âàñå-á«®©­ãî áå¥¬ã á® á¯¥æ¨ «ì­®©  ¯¯à®ªá¨¬ æ¨¥© ­¥-«¨­¥©­ëå ¨ ¤¨á¯¥àá¨®­­ëå ç«¥­®¢. � à ¡®«¨ç¥-áª¨¥ ãà ¢­¥­¨ï à¥è «¨áì ­  ®á­®¢¥ âàñåâ®ç¥ç­®£® «£®à¨â¬  ¯à®£®­ª¨. �¥§ã«ìâ âë ç¨á«¥­­ëå íªá-¯¥à¨¬¥­â®¢ ¯à¥¤áâ ¢«¥­ë ­  à¨á. 4, ª®â®àë© ¤¥-¬®­áâà¨àã¥â ¢«¨ï­¨¥ ã¥¤¨­ñ­­ëå ¢®«­ ­  à §¬ë¢¤­ . �®¦­® § ¬¥â¨âì, çâ® ¯à®å®¤ïé¨¥ á®«¨â®­ë¯à¨¢®¤ïâ ª à §¢¨â¨î á¯¥æ¨ä¨ç¥áª®©  ¡à §¨¢­®- ªªã¬ã«ïâ¨¢­®© ä®à¬ë.1. Lagrange J.L. Memoire sur la theorie du mouvementdes 
uides // Oeuvres.{ 1781.{ 4.{ P. 132-143.
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