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NECESSARY CONDITION FOR SOME SINGULAR
STOCHASTIC CONTROL SYSTEMS WITH VARIABLE DELAY

The purpose of this paper is to study conditions for the optimality of singular sto-
chastic control systems with variable delay and constraint on the endpoint of state.
The necessary condition of optimality for singular systems is obtained.

INTRODUCTION

The necessary conditions of optimality for systems which are described by stochastic
differential equations with constant delay are obtained in [1,2] and with variable delay
in [3,4]. In the present paper we consider optimal control problem for stochastic delay
systems with constraint on the state variable. It is obtained new necessary condition of
optimality for a singular systems [5,6].

STATEMENT OF PROBLEM

Let (Q, F, P) be a complete probability space with the filtration {F* : to <t < 1}
generated by Wiener process w; and F! = &(ws; to < s < t). L% (to,t1, R") — space of
predictable processes x;(w) such that:

t1
E |z¢|?dt < +o0.

t

Consider the following stochastic syst;m with variable delay on state:

(1) dre = g(Tt, e p(ty, ut, t)dt + f(ze, t)dwe, t € (o, ta];

(2) Tty = Xo;

(3) xy = D(t), t € [to — h(to),to);

(4) ut(w) € Up = {u(-) € Li(to, t1; R™) |u(w) € U € R™, a.c.},

where U — nonempty bounded set, ®(t) — piecewise continuous non-random function.
h(t) > 0 is a continuously differentiable, non-random function such that dzgf) < 1. Let

it is required to minimize the functional in set of admissible controls:
ty
(5) J(u)=FE U, ug, t)dt
to
at condition

(6) Eq(zy,) = 0.
Let assume that the following requirements are satisfied:
A1. Functions I, g, f and their derivatives are continuous in (z, u, t):
l(x,u,t) : R™x R™ x [to,t1] — RY; f(x,t): R™ x [to,t1] — R™*"
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g(x,y,u,t): R" x R" x R™ X [tg,t1] = R™;
A2. [ g, f functions are twice continuously differentiable with respect to (x,y) and
hold the condition of linear growth:

L+ lz] + lyD " lg(@, y, w )] + lgu(z, y, u, 1) + gy (@, y, u, )|
(@, u, )] + [la(@, u, )| + [ f (@, 1) + | fa (2, 1)]) < N3
A3. Function g(x) : R™ — RF is twice continuously differentiable and
lg(2)| + lgz(@)| < N(1 + |2]);  |gaa(2)] < N.
Introduce following set:
Bz, u) = {(ke,uy) © dky = [go (@6, Te_pe), e, t) e+
+ 9y (Tt, Te_n(e), Uts Obe—ney + 9(Tt, Te_pey, Ut 1)
9@, oy, we, U)|dt + [fo(xe, t)ke]dwy, t € (to,t1];
Eq.(x¢))ke, =0; ke =0, t € [to — h(to), o]}
At the same time we will consider following additional problem:
(7) j(u) = E/t1 I(x4, ug, t)dt — min
0
(8)
dxy = g(@e, Ty n(r), we, t)dt + f(xe, t)dwy; t € (to, 1]
Tyy = To
xy = D(t), t € [to — h(to), o)
dke = {[9z(Tt, Te_n(ey, wes k1 + Gy (e Te—n(eys W ) kie—n(ey + 9(Tes Te_n(ey, up 1) —
=9 (T, Tp_pry, we, )]t + [fo (24, U)ke]dwy, t € (o, ta];
ke =0, t € [to — h(to), to]}
Eq(x,) =0
Eq.(x¢, )k, =0
ur(w) € Ug = {u(-) € L4 (to, t1; R™)|u(w) € U C R™, a.c.}.
Note that

ey /) =g I

Theorem. Let conditions A1-A3 hold and (x?,u?) is a solution of the problem (1) — (6).
Then exist random processes (Y, B}) € L%(to, t1; R™) x L3%(to, t1; R™™™) and (¢7,3?) €
L% (to, t1; R™) x L2%.(to, t1; R™ ™) which are the solutions of the following adjoint systems:

dipp = —{H (Y}, 02, 29,90 ud ke, t) + Hy (01,02, 29,90, 40, k., Z)‘zzs(t)—’_
oz (29,40, up, t) — g (29, 40, ul, )2+
+lgp (22,92, ut, 2) — g5 (20, 90, ud, 22| _ 8/ (B)+ i+
(9§ +ptdwr, to <t <ty —ht),
dyt = —{Ho (0}, 47,20, 40 ud, ke )+
+lgn(ad, yf up, ) — gi(ad, vl ud, O Yt + Bl dw,, ty — h(ty) <t <ty
Ui, = =0z (27,) = Mdea (@, Dkt -
a2 = —{gi(ad. y,ud, O0UR + £2(@d, OFF + 93wl y% 0, 202, o' ()}t +
+B3dwy, to <t <t —h(ty),
dyf = —lgz(@f,yp ud )07 + (2P, 1)BF)dt + Bidwy, t1 — h(t) <t <ty
Vi = —Xoga(2},),

(10)
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here Ao, A1 € R™ such that |\o|> +|\1|?, then for any (ki,u;) € B(z?,u?) a.e. t € [to,t1)
fulfills the following:

(11) F:C(wg7 ’lp?a x?a yi?a U:, kta t) - ﬁy(’lpg7 ’lp?a $g7 y?7 ug7 kt; t) S Oa a.c.,

were

(wtthaxtaytvl/ ktv ) l*g(xtaytvlj t)—’_ﬂ f(xtat)+w152*gz(xt7ytayvt)kt+
515 Ja(@y, )kt+1/1t gy(xtaytvlj t)kt—h(t) — (g, ug, t).

Proof. For any natural j let’s introduce the following approximating functional:

Jj(u) = S; (E /tt l(xt,ut,t)dt,Eq(a:tl)) =

(12)

t1
T eer \/|C —1/j=E [ Uz, u, 0)dt]? + [Eq(ze,)* + |[Eqe (e, ke, 2
to

E={x:c < J%, Jo minimal value of the functional in (1) — (6). V = (Us,d) — space of
controls obtained by means of introducing of the following metric:

d(u,v) = (1@ P){(t,w) € [to,t1] X Q: vy # u},

V' — complete metric space [8].
We will used following result:

Lemma 1. Let’s assume, that conditions A1 — A3 hold, uj’ — sequence of admissible
controls from V, zi* = (x, ki) — sequence of corresponding trajectories of the system (8).
If d(uf, ug) — 0, n — 00, then limy, oo § SUD; <1<t Bl2f — 2] ¢ = 0, where 2y = (x4, ky)

is a trajectory corresponding to an admissible control u;.

Due to Lemma 1 and assumptions A1 — A3 implies continuity of the functional J; :
V — R™, then according to variation principle of Ekeland we have that it exists a control

wl : d(ul,uf) < /&5 and YV u € V it is fulfilled: J;(w/) < J;(u) + /Z7d(u,u), e; = T

This inequality means that (u{ , J;i , kj ) is a solution of the following problem:

Ii(u) = J;(u) +\/_Ef ut,ut )dt — min

dxy = g(we, Yy, i, t)dt + f(xy, t)dwy, t € (to, 1]

x = ®B(t), teto— h(to),to]

(13) dki = (g (e, Yo, we, ) ke + gy (T, Yo, we, Oke_p(ey + 9(@e, Yo, uf 1) —
—g(@, ys, ut, O)|dt + [fo (@, O)ke + [y (24, D)ki—pp)]dwe, t € (to, t1];
ke =0, te[to— h(to),to];

u; € U.

0, u=v
1, u#.

Let @ = ul + Aul — some admissible control, = 27 + Az! and Ef = kI + Ak
corresponding solution of problem (13).

Function §(u, v) is determined in the following way: 6(u,v) = {

Let’s use the following identities:
dAa:{ = d(f{ — xi) =
(14) {Aafg($g7yfa Uta t)+ g:c(xtvyt ) Uta )Axt + gy(xtayt ) ut? )Ayt}dt—i—
+ (@l ) Azl dw, + ), t € (to, t],
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dAK] = d(k] — K]) = {Dw gyl ul 1) + ga(ad yl ul ) AR+
+ gy (2] yl ul, AR ) + Guo(@], yl w0 Ak Ax+
(15) Goy (@] yl ul, OAR] Ay] + gye (], yl uf ) Ak] () Al +
+ gyy (2l yl ud, AR Ay Yt + { fuo(e], ) AR+
+ fon(xd O AR Azl Ydw, + 12, t € (to, 1],

where 4 4
Aﬂjg(xaytautvt) = g(x,yt,ﬂi,t) - g(xaytau¥7t);

i={f o2l S B 0) — g2 ) Ak
+/()1[95(x¥,yi+uAy57ﬂtv t) — gy (o, yl ], 1) Ay du}dtJr
+ [ 1S+ sl ) — 52, ) A dpdo;
= {né+/01[g;z(xi+qu¥,@¥,ﬂt, t) = gro(@l, 7,1, Ok Ax] dp+
+/01[92y(w§',y§+uAyfﬂia t) — g, (e, yl W, )]k Ayl du}dtJr
+ /0 l[gyx(wt + pAal g ) — gy (el g al Ok, ) At dut
+/01[g;y(w{,y§ + ulyl ul, t) — gzy(%yfﬁi}t)]kf_h(t)Ayfdu}dH

1
+ [ el + a7 0) = Lo O A dpd
Assume that stochastic differential the vector 1, = (1}, ?) has following form: di; =
(a1dt + Brdwy, aadt + Padwy). So that the state of system described by (8), then the
vector of increment will be have stochastic differential of form: dAz = (dAzd, dAK]),
where dAz] and dAK] satisfy to equation (14), (15) accordingly.
Then by Ito’s formula we have:

AWl A]) = i M + 7" dDar] + A" AK] + 0 Ak +
B Folad Az, + G (ol AR, — foa(a] ) K] Aa Y.

Increment for functional (7) across admissible control defined following way

t]‘ . .
A Jw)=J@) = JW)=E | [I(@,a,t)—1(z],ul,t))dt =
(16) N
—E/ Agil( a:t,ut, t) + 1 (xt,ut, )Axt —l—lm(xt,ut, )Ak;JAmt]dt—l—n ,
where
7= [ el + [ e+ el ) - el D] Adddu
to 0

1
4 [ el + s ) — el )]Ak']Awidu} dt.
0

Let defined stochastic process w{ at the point t; following way:
wtl = (% 7¢§f) = (_/\%Qx(xgl) - /\{Qxx(xgl)ktl ) _)‘é%(xgl))-
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Assume that, the random processes ( tlj, tlj) € Li(to,t1; R") x L% (to, t1; R™*™) and
(W2, B2) € L (to, t1; R™) x L2 (to, t1; R™ ™) are almost certainly unique solutions of the
following adjoin systems [7]:

13 13 2
dwtj:_{H( j tjaxtaytvutvkga )

+{Fy(1/) 1/)2] szayzaujzakzvz) S’(t)-i—

z=s(t)

—l—[g;(xi,yi,u:,t) gz(xtvytauta )]wt [ ( ayza z7 )_

s'(t)Ydt + B dwy, to <t <ty — h(t),
z=s(t)

dpy? = —{H (0 47 2l gl ul k) + (g5 (el y] up ) —
_g;c(xtvyt;ut; )]1/% }dt‘f‘ﬂtljdwt,
t1 —h(t1) <t <ty
i , . . ,
wtlj = _A%qx (l‘gl) - )‘qu;c:c(xgl)ktl-

. Y o o ,
Ay = —{gi(x], yl,ul, OO0 + [l 08 + gy(al,yl,ul, )2 X
z=s(t)

(18) Q' (t)}ydt + B dwy, to <t <ty — h(ty),
dej = —[g;(mg,yf,u{,t) t2j + f;(xi,t) fj]dt_'_ﬁ?jdwta t1 — h(tl) <t <t
vl = =Nyt (ad,),

where meet the following requirement:

(19) (N0, M) = (=Ba(a], )/}, = Bax(a, )k, /)
and
Jj = \/|C] —1/j- l(x{,u{,t)dﬂ? +[Eq(af,)|?.
Since ||(M), A)|| = 1, then we can think that (M, M) — (X, A1). It is known that S;

ty S .
is a convex function which is Gato-differentiable at point: <E J U], uf, t)dt, Eq(mgl)> :
to

Then for all c € £ :

t1
) 1 o ) ) 1
Moo= == B [Ual.ul 0t | + 04, Balal ) +) O, Bl ) < 5.
Since
(20) wtlf = —Aéqx(aﬁl) )\1Qxx($t1) then wt — wtl in LF(to,tl,R )
and
(21) W) = —Nygu(al)), then ¢/ — o2 in Li(to,t1; R™).

Due to (14) and (15) expression (16) may be writing following way:

ty . t1 .
AJ(W)=—E | dy Axy— | dy?? Ak+

to to

(22) 4B / (Al ) + Lo (@ ud, ) Aa? + Lo (2 ud, ) AR Aad |t~
t
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t1 . . .
—-F t1] fo(zl, ) Azl dt—

to

t1 i . .
—E | B [fulal OAK] 4 foulx], t) AR Ax])dt + gy 4,

to
where

tl 1 -k . . . B
nto,h = 772 + E/ {/ 1/)151] (gx(xg + MAiU%;@%anat)—
to 0
1
ool ) Acld+ [0 oyl ool + pSad 1)
0
—gy(z],yl,ul 1) Ay] du} dt+
+E {/ B (fola] + piad t) — fx(${7t))A$§du} dt+
to

i , o o .
B [ (gae] + pAd, T, 6) — g0 (0], T o, 0) AR +

to
+(g y(xtvyt +MAytaut7 t) — gy(mtayt’utv ))Aki h(t
(gzz(xt + MAxtaytvutvt) - gﬂm’(xtvytvutﬂ ))Ak‘iAxt
+(guy (2], yl + pAy] ul 1) = goo (@], T, u, 1) AR Ayl +
+(9y:c(37t —l—,qug,@%,ui,t) —gyx(mg,ﬂg,ut, ))Aki h(t)Axg—i—
+(9yy($tvyt +MAytaut7 t) — gyy(xtayt7ut7 ))Aki h(t) Ay{]dt—i—
t1

+E [ BY [(fola] + nAz]) — fola], ) AK]+

to

(23) +(fwm(xg + /LA(E%, ) fzz(xtv ))Aijxt]
Helping simple transformation (22) has following form:
. t1 -
AJ(UJ) = _E/ W%J uﬂg(xtv t h(t)’ utv ) + 1/% uﬂgm(x%a t h(t) uta )kj
(24) to
+7 Agigy(a], o) h(t) cul k] — Agsl(a], ud ), t)]dt + g 4, -

Let .
0, t€[0,theta+¢€), € >0, 0 € [to, t1)

vi—ul telf,0+¢), v e L2(Q,F? P;R™)

some special admissible control, € > 0 enough smaller number . Let x%i — trajectory

Aug = Augi = {

corresponding to control u{i = u{ + Au{i.Then expression (24) may be represented
following way:
AJ(U']) =-F ) [W ijg(l‘g, xi—h(t)’ ui,t) + W A,,jgx(ﬂci,xi_h(t), ’U,g, t)kg""

-H/)fj Ay gy(xgv xth(t)v u{, t)kg;h(t A l(xt ’ ut’ B)ldt +1,6-<.

We prove the following lemmas by scheme [4]:

J
Ty

7o _
Lemma 2. Let’s assume, that conditions A1 — A3 hold. Ife — 0, then E De Ml <

N, where xi is a trajectory of system (9), xii — a trajectory corresponding to an admis-

; V- j0
sible control uy . = uy + Auy .
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Lemma 3. Let’s assume, that conditions A1 — A3 hold. If ¢ — 0, then E|k§9E —
k;j|2 < Ne, where k;g is a tmjectory of system (9), kgi — a tragectory corresponding to an

admissible control ut L=l + Au

According to lemma 2 and lemma 3 we have: |z1t ’ —2]|2 < Ne, and from expression
(23) we get: 1g,9+e = o(e). Then for (22) obtained:

(25) Ao J(ul) = _E[wlj*Amg(mg,xg h(e),ug7 0) + wQ*Angx(mé, xé_h(a), ug, 0)ko+
'H/)2 ijgy(xé, xé,h(g) uaa 9)k9 h(8) — Awl(xaa uaa 9)]5 + 0( ) > 0.
Due to smallest of ¢ :

By Dug(ah, @y 001, 0) + 105 Do ga(@h, )y 00115, 0) ko +

+w§* ) gy(‘x97x9 h(e),ue,e)ke h(6 Awl(me,ue,e)] <0,

and arbitrarily of 6 € [tg,t1) :
(26) F( U tQJaxtaymutakgat)_F( 1J §J7xt7ytautak§7 )<Oa.c.
Lemma 4. Let (1,7, ¢) are solutions of systems (17), (18) and (¥}, 12) are solution
of systems (9), (10) Then

t1 . t1 )
B[ Wl - wiparvE [ 150 - giPdr o,
to

to
t1 . t1 . .
E/ v’ — ?|2dt+E/ 187 = B7Pdt — 0, if d(uf,u;) — 0, j — oo.
to to
Proof. According to Ito formula, for s € [t; — h(t), 1],
. . tl . . . . .
E|wt21j _wt21|2 _EW? _¢§|2 = 2E/ [ 152] _wf][(g;(xiaygaui7t) _g;(x?7y?7ug7t)) 152J+
. tl .
<(6 - it + B [ Iﬂf’ - §|2dt-

Due to assumptions A1 — A2 and using simple transformations for arbitrary positive we
obtain:

t1 . .
E/ 8% — B2t + Bl — 2P <

t1 t1
25 25 25
<EN [ — o+ BN [ 160 - GPde+ Bl - v
S S
Hence, according to Gronwall inequality we have:

(27) Ep¥ — 2> < DeNM=) ae. in [t — h(t), 1],

where constant D is determined in the following way: D = E|¢t21j - t213|2 — 0.
According to Ito formula, for s € [to,t1 — h(t1)),

t1—h tl)
. 9i i i
E|wt1 h(t1) wt21—h(t1)|2 - EWEJ - ¢3|2 = 2E/ ( tJ - w?)[(gaﬁ(‘xiﬁggaui)t)—’—

+gs (@l yl ud )W — o) + (frad) = (fr@)BY + filaf 6)x
< fr(af, )8 + fr (], 1) fj—ﬁf)+95( Loyl ul,2)—

t1— h(tl
gt (@, 2, 2)FS (1) + g5 (@040, ud, )W — g2) () + B / 8% — g2t
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In view of assumptions A1 — A2 and the expression (21) we obtain:

Boh) i o 2j 212
E/ 1679 — B2[2dt + E|g¥ — 2P <
S
ti—h(t) ti—h(t)
gEN/‘ |ﬁf—§ﬁﬁ+ENa/ W2 — g2 Pdet
S S

t1—h(t1) _ t1—h(t1) ) .
+ENa/ 18 — 3|2dt+ENa/ B2 = BZ1Pdt+ Bl ) =7 e |-

Hence using simple transformations we have:

f1=h(t1) 25 2212 2j 22 f1=hit) 2j 22
B-2Na) [ | - P B -2 < BVENa) [ ol -
S S

ty

t]‘ . . .
+ENa [ - uiPdie ENa [ | = B+ B, —
tl—h(tl) tl—h(tl)

According to Gronwall inequality:
Bl — i < Dexp[(N + Na)(ty — h(t1))] ae. in [to,t1 — h(t1)),

where

27 2 2
D = B _n(e,y = Yi-nen " +ENa
t1—h(t1)

t1 . t1 .
¥ 0fderENa [ |50 g
tl—h(tl)

Due to sufficient smallness of o and from inequality (27) we receive that D — 0.
Thus,

(28) P — g7 in L% (to, t1; R™), B — (7 in L%(to, tr; R™™.

Then, similarly way according to assumptions A1 — A2 and expression (28) using simple
transformations we obtain: Thus,

(29) =t in Li(to,ti; R™), B]' — B} in Li:(to, t1; R
Lemma 4 is proved.

It is follows from lemma 4 and assumptions A1 — A3 that we can proceed to the limit
in systems (17),(18),(26) and get fulfillment of (9),(10) and (11). Theorem is proved.
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