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ALEXEY M. KULIK

A LIMIT THEOREM FOR THE NUMBER OF SIGN CHANGES
FOR A SEQUENCE OF ONE-DIMENSIONAL DIFFUSIONS

The (normalized) number of sign changes for a weakly convergent sequence of one-
dimensional diffusion processes is considered. The limit theorem for this number is
established.

1. INTRODUCTION

In this paper, we consider a sequence of one-dimensional diffusion processes satisfying
SDE’s

dX,(t) = an(Xp(t)) dt + 0n (X (1)) dW (t), te€RY neN, (1)
weakly convergent to a diffusion process satisfying SDE
dX(t) = a(X(t))dt +o(X(t)dW(t), teR". (2)
We take some discretization parameter a > 0 and consider the processes
Pl =n"% Z Lx, (kn-o)-X, (k+1)n-o)<0, t €RT,neN. (3)
0<k<tn<

We call ¢!, the (normalized) number of sign changes for the diffusion X,,, corresponding
to the time discretization {kn~, k € Z, }.

The question under discussion is whether the sequence {¢; } converges weakly and
what is the structure of the limiting process. This question has a long history. In the
1950s, I.I.Gikhman proposed a general method for investigation of the limiting behavior
of functionals of such a type, based on the asymptotic study of difference equations for
the family of corresponding characteristic functions ([1],[2]). Later on, this method was
developed further and used widely by M.I.Portenko and his pupils (see the discussion
and overview in [3]). This method appears to be powerful enough to provide the limit
theorems for {¢;,} in quite delicate situations where o, converge to ¢ only in a weak
Loo-sense (i.e., where {X,,} is a sequence of diffusions with oscillating coefficients), see
the recent preprint [4].

We investigate the limiting behavior of {¢;,} using another approach introduced in
[5]. In [5], the general limiting theorem was proved, being in fact a generalization of the
Dynkin’s criterion for the Ls-convergence of W-functionals of a given Markov process
in terms of their characterictics (i.e., expectations). In this paper, we show that this
theorem can be applied in order to prove the limit theorem for {¢; } in a situation where
{X,} is a sequence of diffusions with oscillating coefficients. Our results differ from those
obtained in [4], since we do not suppose, in general, the coefficients of (1) to have the
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form an(z) = n®a(n®z),on(x) = 6(n*z). On the other hand, some assumptions of [4]
are less restrictive than those made in the current paper. For instance, in [4], non-uniform
partitions of the time axis are allowed.

2. THE MAIN RESULT

We formulate the main statement for processes (1),(2) under supposition that a, =
0,a = 0. This allows us to simplify notation but does not restrict generality, since one
can reduce the general case to the one indicated before, using the following standard

trick. If X, X are given by (1),(2) with non-trivial an, a, then the processes X, (t) =
Sn(Xa (1)), X (t) = S(X(t)) with

T _[2an0) g, T _ 20 g,
Sn(x):/ e e dy, S(x):/ e {76 dy, xz€eR
0 0
satisfy SDE’s with the coefficients a,, = 0,a = 0 and
Gn(x) = 83,(S, 1 (2))on(STH(2)), &(z) = S (ST (2))o (S (2)), = €R,

respectively. Since the mappings x — S, (z) preserve the sign, the functionals ¢,, given

by (3) coincide for the processes X,, and X,,.
Together with the processes X,,, X, we consider the re-scaled processes

Zn(t) =n2 X, (tn™%), Z"(t)=n2X({tn"%), t€R", neN.

One can easily see that if

Xn(t):Xn(0)+/0 on(Xn(s)) dW (s), X(t):X(U)wL/O o(X(s))dW(s), teRT,

Zu(t) = Z,(0) + / 0n(Z0(3)) dWo(s),  Z7(t) = Z(0) + / §(Z7(s)) AW (5),
teRT,

with 0, (2) = O—n(ni%z)a 0" (z) = O—(ni%z)a Wi(t) = n%W(tnia)'

Denote, by ¥, the class of measurable functions b : R — R that are globally bounded
and separated from 0 on every finite interval. If o,,0 belong to ¥, then Eqgs. (1),(2)
(with a,, = 0,a = 0) uniquely define Feller Markov processes (see [7], Chapter 6 §3). For
R > 1, denote, by g, the class of functions b € ¥ such that R~! < b?(z) < R,z € R.

For the process X, its local time at the point z is defined via the Tanaka formula:

Lx(t,x):|X(t)—x|—|X(O)—x|—/O sign(X(s) —z)dX(s), teRT.

(y—

z 2
Denote Ki(x,y) = fot \/2;786_ 7 ds,t € RT,z,y € R. Define the weak L-
convergence of a sequence {f,} C Lo(R) by the relation

PR /R Ful0)g(y) dy — /R F@We)dy, g€ Lu(R).

The main statement of the paper is given in the following theorem.
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Theorem 1. Suppose that the following conditions hold true:
(A) o € ER,0, € X for some R > 0,
(B) Equation (2) possesses the path-wise uniqueness property,
(C) For every T > 0,

o) - o wluta) dy\ S0, n— oo

sup
TERE<T
(D)
1 - .
(D) 7| [0 - (@) 20Kt i~ 0. 0.7~ 4
zeR T R

(E) There exists o € ¥ such that 025 07 2.

Then the sequence X, converges weakly to the process X, and the sequence ¢, con-
verges weakly to the process ¢ = cLx(-,0) w.r.t. topologies of uniform convergence on
compacts in C(RT) and D(RT), respectively. The constant c is equal to

c= / 972(2)P<Z(1) sz < O‘Z(O) = z) dz
R
with the diffusion process Z defined by SDE
aZ(t) = o(Z (1)) AW (1).

One can interpret the statement of Theorem 1 in the following way. The process X
represents the ”macroscopic” behavior of the sequence X,,, while the process Z represents
the "microscopic” behavior of the same sequence at the vicinity of the point 0. The
”shape” of the limiting functional ¢ is completely defined by the macroscopic behavior
of the sequence: up to a some constant, nothing but the local time of X can occur at the
limit. But this constant, having a natural interpretation as the ”intensity” of ¢, depends
essentially on the microscopic behavior of the sequence. Examples given in Section 6
below demonstrate that the macro- and microscopic descriptions for the sequence X,
may differ essentially.

3. WEAK CONVERGENCE OF ADDITIVE
FUNCTIONALS OF A SEQUENCE OF MARKOV CHAINS

Our proof of Theorem 1 is based on the general theorem on the convergence in distri-
bution of a sequence of additive functionals of Markov chains given in [5]. In this section,
this theorem is formulated, and the necessary auxiliary notions are introduced.

Suppose the processes X,,(-), X(-) to be defined on Rt and to take their values in a
locally compact metric space (X, p). We say that the process X possesses the Markov
property at the time moment s € RT w.r.t. filtration {G;,t € RT}, if X is adapted
with this filtration and, for every k € N, ¢1,...,tx > s, there exists a probability kernel
{Py, 4, (2, A),x € X, A € B(X*)} such that

EXA((X(t1),..., X(te))|Gs] = Pty 1, (X(5), A) as., A Bx").

The measure Py, .+, (x,-) has a natural interpretation as the conditional finite-dimen-
sional distribution of X at the points ¢1,...,t; under condition {X (s) = x}.

Below we suppose the discretization parameter a > 0 to be fixed and claim the process
X to possess the Markov property (w.r.t. its canonical filtration) at every s € Rt and
every process X, to possess this property (w.r.t. its canonical filtration) at the points of
the type in~%,i € Z,; this means that every process X, is, in fact, a Markov chain with

the time scale proportional to n~%.
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Consider a sequence of non-negative additive functionals {¢%*,0 < s < t},n > 1 of
the processes X,, of the form

¢fz’t = Z F, (Xn(kn_(y)v cee 7Xn((k + L)n_a)) ’ 0<s< ¢, (4)

kis<kn—a<t

where L € Z, and F}, are non-negative measurable functions on X+1. For the functional
¢n, its characteristic f,, (the analogue of the characteristic of a W-functional) is defined
by the formula

St(z) = B[S Xn(s) =2, s=in i€ Zy,t>s,z€X. (5)

The process X, possesses the Markov property w.r.t. its canonical filtration at the
time moments s = in~* i € Z,;, and functional (4) is a function of the values of X,
at the finite family of such time moments. Therefore, the mean value in (5) is well
defined as the integral w.r.t. family of the conditional finite-dimensional distributions
{Psty.. 1, (x,),t1,...,tr > s,k € N} of the process X,,.

The following result ([5], Theorem 1) is an analogue of the well-known theorem by
E.B.Dynkin that describes the convergence of W-functionals in the terms of their charac-
teristics ([7], Theorem 6.4). Denote T = {(s,t) : 0 < s < ¢} C R? and define the random
broken lines 1,, corresponding to ¢, by

—a e

wz,t _ d)slj—l)n*”‘,(k—l)n*”‘ + (nas . j + 1)¢$lj—1)n7°‘,jn + (nat —k+ 1)¢$lk—1)n7°‘,kn7 ’

selj—Dn~*jn=%),tel(k—1)n"*kn"%).

Theorem 2. Let the sequence of the processes X, be given, providing a Markov ap-
prozimation for the homogeneous Markov process X (see Definition 1 below), and let the
sequence {¢n} be defined by (4). Suppose that the following conditions hold true:

1. The functions Fy,(-) are non-negative, bounded on X*T1, and uniformly converge
to zero:

0(Fp)= sup Fy(xo,...,zr) =0, n— oo.
Zo,...,LL EX

2. There ezists a function f, that is the characteristic of a certain W-functional ¢ of
the limiting process X, such that, for every T € RY,

sup sup |f24(z) — f775%(z)| — 0, n — oo.
s=in— te(s,T) z€X

3. The limiting function f is continuous w.r.t. wvariable x, locally uniformly w.r.t.
time variable, i.e., for every T € R,

sup | f*(z) — f'(y)] = 0, oyl — 0.
t<T
Then
Un = {Uy', (s,0) € T} = ¢ = {¢™,(5,1) € T}
in a sense of weak convergence in C(T,RT).
The notion of Markov approximation introduced in [8] is the key one in Theorem 2.

Below we give the slightly modified definition, taking into account that, in the current
considerations, the time discretization points have the form in=%,i € Z,..
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Definition 1. The sequence of the processes {X,,} provides the Markov approximation
for the Markov process X, if for every v > 0,5 < 400 there exist a constant K(,S) € N
and a sequence of two-component processes {)Af = (Xn, X’")}, possibly defined on another
probability space, such that

(i) Xp L X, XnLX;

(i) the processes Y, X, X" possess the Markov property at the points iK(y,S)n™°,
i € N w.r.t. the filtration {F' = o(Y,(s),5 < 1)};

(iii)

lim sup P sup p (Xn (iK(fy, S)n_") D (iK(fy, S)n_(’)) > <n.

n—-+oo i< Sn&
'SRGE

4. WEAK CONVERGENCE AND MARKOV APPROXIMATION

In this section, we prove that, under conditions of Theorem 1, the processes X,, both
converge weakly to X and provide the Markov approximation for X.

Lemma 1. Under conditions (A) and (C), X,, converge to X weakly in C(R™T).

Proof. Let W be a Wiener process. Consider the processes of the type
Xa(t) =2+ W(Gws), X(t) =+ W(G),

where (., (. are inverse functions to the functions 7,,.,7. defined by

t

t
o= [ o @ W) ds, m= [ o7+ W(s)ds
0 0
Then X,, has the same distribution with X,, and X has the same distribution with X.
The processes n,,.,7. are W-functionals of the Wiener process with their characteristics
equal to

94(x) = Byt :/RKt(fc,y)UZQ(y) dy, g¢'(z) :Ezm:/RKt(x,y)a_Q(y) dy.

Thus, condition (C) provides that g,, — ¢ uniformly on R x [0,7]. Now, the Dynkin’s
theorem ([7], Theorem 6.4) provides that, for every T, sup;<r |1n,t —n¢| — 0,n — 400 in
probability. Since 0 < [£1, ] o o2(x 4+ W(t)) < R2, the convergence in probability
Sup,<p [t —m¢| — 0,7 > 0 implies the convergence in probability SUp; < |Cnt — G| —
0,7 > 0 and, therefore, the convergence in probability sup, | X (t)— X (t)| — 0,7 > 0.
The lemma is proved.

In order to prove that X, provide the Markov approximation for X, we need some
auxiliary estimates and constructions. Denote

2

daEn)=| if BEE-0)?’| , &néE Ly,
(€M), £=&n=n

which is the Wasserstein—Kantorovich—Rubinshtein distance between the distributions of
¢ and 5. Denote, by X,(t,x), X (¢,z),t € R*, the diffusion processes satisfying (1) and
(2), respectively, with the initial conditions X, (0,z) = z, X (0,2) = x.
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Lemma 2. Under conditions (A) and (D), for every e > 0, there exist T =T. € N and
N = N, € N such that

do( X, (Tn™ % z), X(Tn™ % x)) <evIn—*, n>N,zeR. (6)

Proof. One can easily see that (6) is equivalent to the following estimate for the re-scaled
processes Z,, Z™:

do(Zn(T,xn?), Z"(T,2n%)) <eVT, n> N,z €R,
that, in turn, follows from the estimate

sup dy(Zn(T,2), Z°(T, 2)) < VT, n> N. (7)
z€R4

Let us prove (7). Let z be fixed, and let W be a Wiener process. Consider the processes
of the type

Zn(t,2) = 2+ W(lny), 2"(t,2) =2+ W(0), (8)

where 0, .,0" are inverse functions to the functions ¥, ., 9" defined by

ﬁn,tz/o 0=2(= + W (s)) ds, 19?:/0 (0")"2(= + W (s)) ds.

Since Zn(t,z) iZn(t,z), Z”(t,z) gZ"(t,z) and 6, ¢, 0} are a stopping times w.r.t. fil-
tration generated by W, we have

d%(Zn(Ta Z)a Zn(Ta Z)) < E(Zin(T; Z) - ZAn(Tv Z))2

= E(W(0n,1) = W(07))* = Elbnr — 07].

Condition (A) provides that |0, 7 — 07| < Rsups<rp [Un,s — U%¢]. The processes 9, ., 9"
are W-functionals of the process W with their characteristics f,,, f™ equal to

ﬁ@=4d@&ww@7fW@=/@W@m@w@

R

Since [, Ki(z,y)dy =t,z € R,t € RT,
Ifall < BT, ||f™7]| < R*T

by condition (A) (here and below, we denote || f|| = sup,cp | f(¢)|). Then Lemma 3 below
provides the estimate

E( sup |19n,s o 197;|)2 < 8(\/5-’- \/§)2T2R2 SUPs<TR Hj{n - f ’ H (9)
s<TR

By condition (D), 7 sup,<rg || /5 — f™*|| = 0,n,T — +oc. This provides inequality (7)
for N, T large enough and completes the proof of the lemma.

Estimate (9) in the proof above is provided by the following result, that is a general-
ization of Lemma 6.5 [7].

Lemma 3. LetY be a homogeneous Markov process with its phase space Y being a locally
compact metric space. Let ¢, be W-functionals of Y, and let f, g be their characteristics,
respectively. Then

E [sup(¢”° —¢™*)*[Y (0) = y] < 8(V2+V3)*(IflI+ 1191} sup[|f° =g, te€ R*,ye).

s<t



A LIMIT THEOREM FOR THE NUMBER OF SIGN CHANGES 85

Proof. The proof is based on the idea of the proof of Doob’s maximal martingale in-
equality ([9], Chapter 7, §3). Since the functions ¢%, 4" are continuous, it is sufficient
to prove that, for every k € Z,,m € N,

E [max(¢*9% " — 92 ")V (0) = y]
i<k

<8(V2HVBP(IT

+[lg¥ "

) sup [[f*—=g°|.
s<k2—m

We suppose y € YV, m € N to be fixed and omit them in the notation. Denote M} =
max;<i(¢%2 " — %92 ")k € Z;. We have that M, > 0 since ¢*0 = % = 0. For
u > 0, denote 7, = min{k : M} > u} and write

UP(Mk Z U) _ ’LLP(Tu S k) S E(¢O,(Tu/\k)2_m o wO,(Tu/\k)Q_m)ITuSk —

_ E(¢O’k2_m B wo’k2_m)1m§k _ E(¢(TuAk)2_7n’k2_m B w(_ru/\k)Q—m’kQ—m)ITugk. (10)

The sequence {(V (k27™), % k2" p0k2"") k € Z,} is a Markov chain, and therefore it
is strongly Markov. Denote, by G = {G}, the corresponding filtration and write

gTu/\k] =
= T (1 (A 2) — S (G ARJZ) S sup 57— g

J<k
(11)
(here, we have used the strong Markov property and the fact that 7, is a stopping time
w.r.t. G). One can easily verify that {r, < k} € G, Ak, and thus (11) shows that the
second summand on the right-hand side of (10) is estimated by

CE[($renRZTT R (ruAR2T k2T

max ”fjrm B ngm P(ry < k) = max||fj27m B ngm P(My > ).
i<k i<k
Denote
—m —m l l
d= (I "1+ 19" ")z sup | f* — %%

s<k2

then d > max;<y || f72 " — ¢ "

. Inequalities (10), (11) provide the estimate

(u—d)P(My >u) < E(¢™F " — %% "y S0 w>d.
Then

o) 2d o)
EM,?:2/ uP(MkZU)duSZ/ udu—|—4/ (u—d)P(My, > u)du <
0 0 2d

< 4d® + 4E‘¢0,k2”” _ wo,sz’" M, <

o0
/ Tu<nr, du < 4d? + AE|g™F2 " — 0k27"
2d

1
<4d® 14 [E(QSO’W"L - wov’f?"’")ﬂ L EMY)E.

By Lemma 6.5 [7], E(¢%F2 ™ — ¢0*27™)2 < 242, Thus, » = [EM2]? satisfies the
inequality
2 < 4d® + 4\/§d%,

that means that

EME < 4(V2+V3)2d% (12)
Completely analogously, one can prove that
Elmin(6™72 " — y292 "2 < 4(v/2 + V3)2d2, (13)

J<k
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Since maj< (6092 " — 909" )2 < [maj< (9097 — 909 ]2 + fming<p (692"~
99272, inequalities (12) and (13) provide the required estimate. The lemma is proved.
Now we are ready to prove the main statement of this section.

Theorem 3. Under conditions of Theorem 1, the sequence {X,(-,x)} provides the
Markov approzimation for X (-, x).

Proof. For every ¢ > 0,n € N, we fix T = T, from Lemma 2 and construct iteratively
the process Q"(t) = (X, (t), Rn(t), X™(t)) and the sequence (kg,<k, Xx),k > 1 in the
following way. For ¢ € [0,Tn™%), put

Xo(t) =n"2Z,(tn%, 2n3), R,(t) = X"(t) = Z"(tn®,zn?),
where Z,Z"™ are defined by (9). Put

k1 =n"2Z,(n%an?), < =x1=n"22"(n"an?).

Next, suppose that Q™ (t) is already defined for ¢t € [0, mTn~?), and (kk, Sk, Xk ) is already
defined for k < m. Consider some Wiener process W,, independent of the values of the
process Q™ (t) on t € [0, mTn~*) and consider the processes an(,z),Zﬁb(,z), z€R
defined by (9) with W replaced by W,,. For t € [mTn~?, (m 4 1)Tn~%), put

Xo(t) =n"% Zym(tn® —m, kmn?), Rn(t) = Z%(tn® —m, kmn?).

The process R, satisfies SDE (2) on [mTn~%, (m~+1)Tn~%) with a certain Wiener process
W. Define the process X™ on [mTn~%, (m + 1)Tn~%) as the solution to SDE (2) with
the same Wiener process W and X"(Tn~%) = x,,. Such a definition is correct since (2)

has a weak solution, possesses the path-wise uniqueness property, and therefore, by the
Yamada—Watanabe theorem, possesses the unique strong solution. At last, put

Km+1 = X’ﬂ((m + 1)Tn7a_)a Sm+1 = Rn((m + 1)Tn7a_)v
Xmy1 = X"((m+1)Tn=%=).

Repeating this construction, we obtain the processes @™ which are defined on RT and
possess the following properties:

() X, X, X"LX;

(ii) the processes Qn,f(n, xn possess the Markov property at the points iT.n~%,i € N
w.r.t. the filtration {F" = o(Qn(s),s < t)}.

Now we are going to prove that, for every v > 0,5 < 400, there exists € > 0 such
that

lim sup P | sup X, (iTEn_O‘) - X" (iTEn_“)

n—-+4oo i< Sne
=TT,

>y <7. (14)

This will mean that conditions (i) — (iii) of Definition 1 hold true with K (v, S) = Tx.
Using the fact that the coefficients o,,, o are uniformly bounded, one can verify that,
for every a > 0,

sup P(wg(X,,0) > a) +sup P(ws(X™,8) > a) — 0, & — 0+,
n n
where wg (X, 6) = Sup|,_y <55 0,51 X (t) — X (s)| (the proof is standard and omitted).
Since Rn(iTsn_(’) = Xn(iTEn_a),i € N, this implies that

sup | X, (t) — R, (t)] = 0, n — 400 (15)
t<S
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in probability. The process X" satisfies SDE
X"(t) =z + /Ot o(X"(s))dW™(s), teR*.
On the other hand, the process R,,, by construction, satisfies SDE
R*(t) =z + /Ot o(R™(s))dW™(s) + An(t), teRF

with A, () = 3 cyp1pa (KK — k). By construction, A, is a martingale (here, we make
use of the supposition made at the beginning of Section 2 that the coefficients a,,a in
Egs. (1),(2) are equal to 0). By Lemma 2, E(kx — cx)? < e2Tn~% k > 1. Therefore,

21 < 2 _ ~ )2 < 2629
E ma AZ(t) < 2EA%(S) =2 Szl (k1 — )% < 2628 (16)
k<ST: 'ne

Now suppose that, for every € > 0, (14) fails. This means that there exists some subse-
quence {n,} such that

P | sup Xn (iTEnT*O‘) — X" (iTEn;a) >y >7. (17)
i<

The families {X,,},{X"} are weakly compact in C(RT), and therefore one can sup-
pose that the 3-component processes (X'n,X' ne W) converge weakly in C(RT,R?)
to some process (X,, X* W*). Relation (15) implies that (X, , X" W" R, ) =
(X, X*, W* X,) in C(RT,R3) x D(R) with D(RT) endowed with the topology of

uniform convergence on every compact. Then

(x e W, B, [ o(Bre (s))dwn <s>)
0

:><XXWX U(X*(s))dw*(s))

0
in C(R*T,R3) x D(R*) x C(RT), and consequently

<Xn X" W™ R, / a(R™ (s))dW™ (s), Am,)
0

:><XXWX U(X*(s))dW*(s),A*>

0

in C(R*,R?) x D(R*) x C(R") x D(R*). The statement analogous to this one was given
in the proof of the Theorem 1 [6, Chapter 5.3], (see also the discussion after Lemma 2.3
in [10]).

Now we conclude that, for every € > 0, there exists the 4-component process H, =
(X*,X*, W*,A,) such that W* is a Wiener process w.r.t. filtration generated by H,,
the processes X, X* satisfy the relations

X*(t):x+/0 o (X, (5)) ds + Ay (2), X*(t):x+/0 o(X*(s)) ds,

and the estimates

Esup A?(s) < 228, (18)
s<S
P(sup | X.(s) = X*(s)[ 2 7) = v (19)

s<S
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hold true [(18) follows from (16), and (19) follows from (17)]. Once more passing to
the limit as ¢ — 0+, we obtain the 3-component process (X¢, X, W) such that both
X¢ and X ¢ satisfy (2) with the same initial condition  and the same Wiener process
W, but X¢ # X< due to (19). This contradicts the condition on (2) to possess the
path-wise uniqueness property. Consequently, our supposition that (14) fails for every
e > 0 is false, and the conditions of Definition 1 hold true with K (v, S) = T. with some
€ > 0. The theorem is proved.

5. PROOF OF THEOREM 1

We reduce the proof of Theorem 1 to the verification of the conditions of Theorem 2.
The sequence X,, provides the Markov approximation for the process X due to Theorem

e

3. Condition 1 of Theorem 2 holds true since §,, = n~ 2. In this section, we prove
that conditions 2 and 3 hold true. Recall that f,,n € N denote characteristics for the
functionals ¢,,n € N (see (5)).

Lemma 4. Denote
t
Lz, (t,z) =|Zn(t) — 2| — | Z(0) — 2| — / sign(Z,(s) — z) dZ,(s), teRT.
0
Then, for every bounded measurable function ® with bounded support,

/¢%@D®z/ﬂﬂhﬁ¢Mﬂ@W- (20)
0 R

Proof. The statement of the lemma is known to hold true for the Wiener process (i.e.,
for o, = 1, see [11], Chapter 3, §4). The process Z,, can be represented in the form (9),
and then Lz, (t,2) = Ly, (0n, 2), where W, Oy, denote the Wiener process and the time
change from this representation (the proof is easy and omitted). Now (20) follows from
the analogous equality for ® = ®o,,? for the Wiener process by changing the variables
in the integral w.r.t. ds. The lemma is proved.

Lemma 5. Under conditions (A), (C) - (E),
folz) — cE(LX(t - s,O)‘X(O) = a:), n — +oo,

uniformly on R x {0 < s < t < T} for every T, with the constant ¢ defined in the
formulation of Theorem 1.

Proof. We have
ffb’t(il,') = nf% Z E(Izﬂ’(k)z(k+1)<0‘zn(0) = xnf)
k<(t—s)n™
=0 % Y B(0u(Za(k)| Z0(0) = ant ),

k<tn®

where ®,(z) = P(Zn(l) sz < O‘Zn(O) = z) Denote, by Gy (t,z,dy), the transition
probability for the process Z,,. Due to Theorem 1.2 in [12], there exists a constant g > 0
depending on R only, such that, for every g,

d _3 _ur(y—Z)2
5 [ oGt zdy| <utd [ e gl (21)
R R
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Since the diffusion coefficients for Z,, are uniformly bounded, for every m > 1, there
exists a constant C, such that ®,(z) < Cp, (1 A|z])~™,n € N. This, together with (21),
implies that
N (t—s)n® N
fol(a) —n % / E(®u(Za(5))| 2a(0) = an ) ds
0

sup
0<s<t<T,z€R

—0, n— 4oo.

The function ®,, does not have a compact support, and Lemma 4 can not be applied to
it straightforwardly. But, applying Lemma 4 to the functions ®,, 4 = ®,1_4 4), using
the estimate of ®,, given before, and then passing to the limit as A — 400, one can
obtain the estimate

(t—s)n®
n—% / E((bn(Zn(s))
0
—n-% / @n(z)g;Q(z)E(LG((t—s)no‘,z)
R

= / ‘bn(z)Q,_LQ(z)E(|Xn(t —s,x)—n" %z —|x— n_fz|) dz.
R

Z,(0) = xn%) ds

Z,(0) = xn%) dz

The estimates given in the proof of Lemma 1 provide that, for every A > 0,
sup ‘@n(z)E<|Xn(t —sz)—nF| - |z n—%z|) - <I>(z)E(|X(t, z)| — |x|)‘ —0,
T€R,|z|<A

n — +00o,

with ®(z) = P(Z(l) 2 < O’Z(O) = z) Then the estimate on ®,, given before provides
that

sup / g;%z)‘@n(z)E (|1 Xn(t —s,2) — n"%z| — |z — n*%z|)
zeRt—s<T JR

~ ®()E (X (t,2)| ~ |al) | dz — 0,

n — +oo. Since p,,2 are uniformly bounded and converge weakly to o~2, this implies
that

fite) = Jim | @(2)o?(z) dz B(1X (0~ 5.2 - la])

:/be(z)g_Q(z)dz-E(Lx(t—s,O)‘X(O)Za?),

n — +o00, uniformly for z € R,0 < s <t < T. The lemma is proved.

The function (z,t) — Lx (¢, ) is continuous in mean square. In order to prove this,
one should write Lx(t,z) = Lw (0, 2) (as in the proof of Lemma 4) and then use the
same property for the local time of the Wiener process. Then

1 ff 1
Lx(t,0) = Lz — lim 2_5/ Lx(t,z)de = Ly — lim 2_5/0 L x(s))<=0° (X (s)) ds,
—&

and, therefore (see [7] Chapter 6, §2,3), the process ¢*! = Lx(¢,0) — Lx(s,0) is a W-
functional of the process X. Hence, condition 2 of Theorem 2 holds true. At last, one
can use the arguments from the proof of Lemma 2 in order to prove that E(X(t,x) —
X(t,y))? — 0,]|z — y| — 0 uniformly for ¢t < T Since

[f'(@) = f(W)l =B (Lx(t,0) | X(0) = 2) — E(Lx(t,0) | X(0) = )]
<|EIX (L 2) = 1X(Ly)| = o] + lyll < o =yl + (B(X(t,2) — X (t,9))*)*

[N
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this provides condition 3 of Theorem 3. Therefore, all conditions of Theorem 3 hold true.
Applying this theorem to functionals (3), we obtain the statement of Theorem 1.
6. EXAMPLES

Example 1. Let 0,(xz) = o(n®z), and let the function ¢ € ¥ satisfy the condition
R~! < o < R. Suppose that

1

v—1Uu

v —Uu

/ 0 3(2)dz — sy, 1 / 0 %(2)dz — »x_, u,v— +00, v — U — +00,
U V=UJ_y

(22)
and put 0 = o_Ig- + o4 I+ with op = %;%. Then g, = p,0" = o for every n, and
conditions (C) and (D) are, in fact, equivalent one to another and follow from condition
(22) (we omit the detailed exposition here, since analogous estimates are given, in a more
delicate situation, in the next example). Condition (E) is trivial. At last, condition (B)
holds true by the Nakao theorem [13].

Suppose that o_ + o1 = 1 (one can reduce the general case to this one by making
the time change ¢ — (o_ + 04 )" 2t), and put ¢ = o — . Then (see [14]) the process
X defined by SDE (2) is the image of the skew Brownian motion W% with the skewing
parameter ¢ under the phase transformation

1+g¢

1—
IR—-i-x qI]R+.

r—x

Moreover, the local time of X at the point 0 is equal to the local time of W? at the
same point. Thus, in the example under consideration, the number of sign changes (3)
converges weakly to the local time of the skew Brownian motion W27+ at the point 0
multiplied by ¢ = [ 07%(2) P(Xl(l) 2z < O‘Xl(()) = z) dz.

Example 2. Let o,(z) = ¢(z)expcos(n®z),z € R, with the function ¢ € X i that
is uniformly continuous on R We state that conditions (C) and (D) hold true with
o =C"% ¢, where C = L 027r e=2¢sY dy. Let us prove (D); the proof for (C) is
analogous and more simple. After the change of variables & = %, y= %, we have

Lo w_s)?
—2 n\—2 —2cos —
- Ki(z,y)ds = e Y—C)s(yn™%)e™ dyds =
(e=2csivs) _ ¢ S e*(g_?i)2 dy ds.
o / / )s(@Gmn=*V/s) 9
Therefore, in order to prove (D), it is enough to show that
1 —2 cos(yV/'t) —a - ‘
su — O)s(yn~*Vt)e — 0, n,t— +4oc. 23
1p = /( )s(y ) (23)

Denote we-2(2) = supj,_, <, [s7>(z) =<~ *(y)|. We have that w.-2(z) — 0,z — 0+. Let
€ > 0 be fixed; consider D,§ > 0 such that

S

/D L% ay>1 S
e >1—¢, sup |e —e < )
2m Y lz—y| <5 2D+1

For a given z € R,t € RT, put

k_(z,t) —max{kéZ:QL\/;C §x—D}, ki (z,t) —min{keZ
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then ky (z,t) — k_(x,t) < 2D+ 4 ;- Now we have

1 —2 cos(yv/t) -2 - B ‘
" cos _ C S n a\/l_f e
V2T /]R( : v )
1
) 9 —2 cos(yV/t) —2 -«
e(e® +C)sups “(2) + —=— / ¢ —¢ v
R A A
2k_ (z,t)7
Vit
) . 2 —a
e(e® + O)supc?(2) +we— ( (D + == | n
z€R \/E
_92 )
s *(x) / ~2cos(yV/) ~
F @ e oyt g,
2m 2k_ (z,t)m
vVt
, . 2T —a
e(e® + O)(sups™(2) +wez ( ( D+ — | m
z€R \/E
2(k+1)7
—9 kg (z,t)— Vi 2 (2T )2
S (Jj Z —2COS(y\/Z)_C)(6_(y;w) —e ﬂQ )dy :
NoL
— (=, 2k

t

2(k+1)m
Here, in the last inequality, we have used the fact that |, ien”
N

(e—Qcos(y\/i) _ C) dy —

0, keZ. Ift1ssuchthat\2/”-<(5and 47T<1 then

1 y—=)?
/( —2cos(yv) _ Ck(yn*a\/g)e*( 2 dy‘ <

Ver

e(e? +C) (1 + \/LZ_W) (iggc_Q(z) +e(e? + C)w ((D + %) n‘“)) . (24)

Now we obtain (23) by passing to the limit in (24) first as n — oo and then as ¢ — 0+.
Condition (E) holds true with o(x) = ¢(0) expcosz. Condition (A) holds true obvi-
ously. At last, condition (B) holds true provided that the SDE

dX (t) = C3¢(X(t)) dW (t) (25)

possesses the path-wise uniqueness property. Thus, the number of sign changes (3)
converges weakly to the local time of the process X, defined by SDE (25), at the point
0, multiplied by

sup

() / exp[—2 cos 2] P(Z(l) sz < O‘Z(O) = z) dz,
R
where the process Z is defined by the SDE
dZ(t) = ¢(0)ec 20 qw (¢).
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