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SERGEY MELNIK

THE DECOMPOSITION OF A SOLUTION OF THE QUASILINEAR
STOCHASTIC PARABOLIC EQUATION WITH WEAK SOURCE

We obtain conditions which guarantee the existence of a decomposition of a solution
of the quasilinear stochastic parabolic equation with a weak source.

1. DEFINITIONS, NOTATIONS, FORMULATION OF THE PROBLEM.

On a complete probability space (Q, F, (Fy)¢>0, P), we consider the Cauchy problem
(1) du(t,z) = augy(t, x)dt + blu(t, )" u(t, z)dw(t),

t€[0;7(w)),r € RY,u(0,z) = ug(z) > 0.

Here: w(t) is a standard (F;):>o - adapted Wiener process in R'; a,b are positive con-
stants, v € (0;1); 7(w) is a stopping time; ug(z) is a nonrandom nonnegative function,
ug € W = WQI(Rl) N L7+1(R1).

The alphabetic subindex by a function symbol means a partial derivative in the sense
of distributions with respect to appropriate variable.

We will use the next notations.

W4 (RY) is the usual Sobolev space consisting of functions having the first derivative
(in the sense of distributions) square integrable on R', and the space L, (R') consists of
functions integrable on R! with degree a,

p= HU||2 = /|v(y)|2dy7z = ||vy||2 = / |Uy(y)|2dy,q — |HU|||7H _ /lv(y)lwldy.

1

it = 3t o) = S+ 5 [ s, o)Pds = = [ s, )7 du(o).
0 0

(y+1)(3—7)B\77 . 2aM?0D
M=|——"F—" N=2A-(y-2)B*u="—— .
( 5% ; (v=2)B%n =N

Definition 1.
A stochastic process u(t,x) is the solution of problem (1) if there exists a stopping
time 7(w) such that YT >0

u € Li(C(10;T A 7(w)); L2(RY)) N La([0; T A T(w)) x Wy (RY) N Loy (RY))
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56 SERGEY MELNIK

and Vg € W, Yt > 0 the following equality holds with probability 1:

/u(t AT, x)g(z)dz — /uo(x)g(x)d:z -

-~ a 7/ o (5, 2) g (2)dads + b 7/ lu(s, )" u(s, 2)g(x)daduw(s).
0 0

Definition 2. A stochastic process u(t,x) admits a decomposition, if it can be written
down in such a form: u(t,z) = r(t)v (xr™(t)). Here, r(t) is a nonnegative stochastic
process, m € R', v € W} (R') N L,11(R").

The process r(t) is called an amplitude, the function v(y) is called the space form of
the process u(t,z). The process xf(t) = min{x > 0 : v(zr™(t)) = 0} is called a front
point.

We introduce: 7o(w) = inf{t > 0 : 7(t) = 0}, To(w) = inf{t > 0 : r(t) ¢ R'},
T(w) = min{7p(w), Teo (W) }.

Remark 1. In this work, we are based on the ideas of work [1].

Remark 2. In the deterministic theory of partial differential equations with power non-
linearities, the main space form of the solutions is a nonnegative even function which
decreases on y > 0, and its derivative is equal to zero if y = 0 ( [2, p.173-174]). In this
work, we consider the same space forms.

Formulation of the problem. Suppose that the parameters of problem (1) satisfy
the previous conditions. We will obtain conditions which guarantee the existence of a
decomposition of the solution of problem (1).

2. MAIN RESULTS.

Theorem 1. Suppose that the following conditions are satisfied.
1)v€(0;1),N#£0,B>0.
2) r(t) is the solution of the problem:

(2) dr(t) = Ar*7"Y(t)dt + Br7 (t)dw(t),t € [0;7(w)),r(0) > 0.

3) v(y) is the solution of the problem:

3) " (9) o) + 0+ D20 (0) = ola) =0,
/)

Then the solution of problem (1) admits such a form of decomposition:

u(t, ) = rt)M (g) o v (w—l(t)Mv—”—?) .

q
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3. SUBSIDIARY RESULTS.

We suppose here that the conditions of Theorem 1 are satisfied.

Remark 3. According to Theorem 6 [3, p.246] for all A and B there exists a stopping
time 7(w) such that the solution of problem (2) exists and is unique for all ¢ € [0; 7(w)).
Moreover, according to [4, p.73], the solution of problem (2) is a nonnegative stochastic
process.

Lemma 1. Let § > 0. There exists a unique nonnegative generalized solution of the
problem:

(4) Vyy (Y) + (v + DIVY)PTIVY) - V(Y) =0,

Y 20,V (0) = 0,V(0) = Vo € (0 (7 +1)0) ™).
This solution has the following properties.
1. There exists a front point Yo = inf{Y > 0: V(Y) <0} < +00 such that V(Y') > 0,
Y €[0;Yp) and V(Y) =0, if Y > Y.
2. Vyy(O) < 0.
3. There exists € > 0 such that Vyy <0, if Y € (Yy — €, Yp).

Proof. The even function which is positive if Y € [0;Y)), equal to the zero if Y € [Yy; +00)
and is the solution of problem (4) for all Y € [0;Y)) is named the generalized solution
of problem (4)( [2, p.173-174]). As V — (y+ 1)6|V|*~1V is a continuous function, then,
according to [4, p.89], there exists the solution of problem (4). If V.= V~!, then

- - ~ 2 ~ - - ~
Vyy =271 (vy) Y+ )V - VY > 0,7(0) = Vi, Ty (0) = 0.

The right part of this equation is a local Lipschitz function on V € [Vo_l; +00), Vy €
(—00; +00). So, the solution of this problem is unique and the solution of problem (4) is
unique too. This solution is a continuous function and V(0) > 0. This means that either
V(Y) > 0VY > 0, or there exists a point ¥y > 0 such that Yo =inf {Y > 0: V(Y) <0} <
+o0o. In the last case, we define V(Y) = 0if Y > Y. In the first case, we obtain a
nonnegative classical solution of problem (4). In the second case, we obtain a nonnegative
generalized solution of problem (4). The solution of problem (4) is not a constant because

if V(Y) = C, then C — (y + 1)6C7 = 0 and either C' = 0, or C' = ((y + 1)§)T=. But
0 < V() < ((v+ 1)§)ﬁ. This means that V(Y) is not a constant. If we reduce the
order of Eq. (4), we obtain

(5) VW (Y) = —/Co+ V2(Y) = 25V H(Y),

where Cy = 26V — V2 > 0.

On the right part of this equation, we write a single as, according to Remark 2, the
space form must be a decreasing function on Y > 0. According to (5), Vy — —/Cp < 0,
if V.— 0. This means that there exists a point Yy € (0;+00) such, that V(Yp) = 0.
Hence, there exists a generalized solution of problem (4) which is a nonnegative compactly
supported function.

Let us determine the type of convexity for V(Y') in neighborhoods of the points Y = 0
and Y =Yp. Let us rewrite Eq. (4) in the next form: Vyy (V) =V (Y) — (y+ 1)6V(Y).
Then Vyy (0) = V' (VOH — v+ 1)5) < 0, because V(0) < ((y+1)8) ™ and ~ € (0;1).
In a neighborhood of the point Yy, the values of the function V(Y') are near zero. There-
fore, in this neighborhood, the inequality Vyy (Y) = V/(Y)? (VI77(Y) — (y + 1)d) < 0 is
correct. Lemma 1 is proved.

” N



58 SERGEY MELNIK

Lemma 2. If0 <V < ((v+ 1)5)ﬁ, then the solution of problem (4) is bounded above
by
. VocosLlY, 0<Y < X,
V(Y) = { 0 ik
0, Y > A

here L = \/(5(7 +1)Vy -1

Proof. The positive part of V(y) is the solution of the problem:

(6) VW (Y) = —I\/VZ - V2(Y),Y >0,V(0) = V.

We will prove that ﬁQ(%Q — V%) —Co— V2426V <0if V € [0;Vp]. If V = 0, then
S(y+ 1)V =V < 26V — V2, because 0 < y < 1. If V = Vj, then both parts of the
inequality are equal to zero. The derivative of the left part of the inequality is equal to

25(y + 1)V (1 - (VK)
function, and its maximum is in V' = V4. But, in this case, the parts of the inequality
are equal to each other. Therefore, the left part of the inequality is less or equal to its
right part, and the right part of Eq. (6) is more or equal to the right part of Eq. (5).
Then, according to Theorem 3 [5, p.39], the solution of problem (4) is bounded above by
the solution of problem (6). Lemma 2 is proved.

¥
) > 0. Hence, the left part of the inequality is an increasing

Lemma 3. If0 < Vo < ((v+ 1)§)ﬁ, then the solution of problem (4) is bounded below
by
. VocosLY, 0<Y < =,
V(Y) = { ’ — Sl
0, Y > %,

here [ = /20V ' — 1.

Proof. The positive part of V(y) is the solution of the problem:

(7) Vy(Y) = —L\/VZ - V2(Y),Y >0,V(0) = Vp.

We will prove that Co + V2 — 26V — L2(VE —V?) <0,if V € [0;V]. f V =V} or
V =0, then both parts of the inequality are equal to zero.

1=
(Co+V? =20V — L2V = V?)),, =26V (2 (%) -(r+ 1)) =0.

1
The solutions of this equation are: V; =0 and Vo = (%) o Vo < Vb. So, V3 is a point

of minimum. Then, V =V} is a point of maximum. Hence, the right part of Eq. (7) is
less or equal to the right part of Eq. (5). Therefore, according to Theorem 3 [5, p.39],
the solution of problem (4) is bounded below by the solution of problem (7). Lemma 3
is proved.

Corollary. If Yy is a front point of the solution of problem (4), then
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Lemma 4. Let § > 0. There exists a unique nonnegative generalized solution of the
problem:

(8) Vyy(Y) = (v + DSV V(YY) + V(Y) =0,

Y >0,Vy(0) = 0,V(0) = Vp > (26)7
This solution has the following properties.
1. There exists a front point Yo = inf {Y > 0: V(Y) < 0} < 400 such that V(Y') > 0,
Y €[0:Yp) and V(Y) =0, if Y > Yo.
2. Vyy(O) < 0.
3. There exists € > 0 such that Vyy >0, if Y € (Yo — & Y)).

Proof. The proof of the existence and uniqueness is the same as in Lemma 1. Let us
determine the type of convexity for V(Y') in neighborhoods of the points ¥ = 0 and
Y =Y. Let us rewrite the equation (8) in next form: Vyy (Y) = (y+1)6V7(Y) -V (Y).

Then, Viry (0) = V5 ((7+1)6 = V77 < 0, because V(0) > (26) 77 > ((7+1)9)™7. In

a neighborhood of the point Yy, the values of the function V(Y') are near zero. Therefore,
in this neighborhood, Vyy (Y) = VY(Y) ((y+ 1)d — V177(Y)) > 0. Lemma 4 is proved.

Lemma 5. IfVp > (25)ﬁ, then the solution of problem (8) is bounded above by

~ VocosLY O<Y<LA
VYY) = 2L

0, Y > |
2L
where E =14/1— 251/0771.

Proof. If we reduce the order of Eq. (8), we obtain
(9) Vy (V) = —/=Co — V2(Y) + 25V H1(Y).

The positive part of G(Y) is the solution of the problem:

(10) \A/Y(Y):—f\/Vg—QQ(Y),YEO,Q(O):VO.

Now the proof of this lemma is the same as that of Lemma 3.
Lemma 6. IfVp > (26)ﬁ, then the solution of problem (8) is bounded below by
)
Vo—0.25L Y2, 0<Y < %
0, y > 200
L

where L = \/2‘/07 (vol‘7 —(v+ 1)5).

Proof. The positive part of v(y) is the solution of the problem:

— ~— —

(11) Vy(Y) =L\ Vo— V(Y)Y > 0,V(0) = V.

We will prove such an inequality: H(V) > 0, if V € [0;Vp]. Here H(V) = f
V) + Co — 26V7+1 4+ V2. Notice that H(0) = Vy*! (V1 g 275) > 0 and H(Vp

(
) =
Let us demonstrate that H(V) is a decreasing function on [0;Vp]. Hy (V) = 2
1)0 (Vg = V) 4+ 2(V — V). Let us prove that Hy (V) < 0on V € [0;Vp]. Hy(

5

II-i-c>

(v
0)
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i (v(y + 1)§)™7), then Hyy (V) < 0. Hence Hy (V) is a decreasing function on

H(v(y +1)8)77) and Hy ((v(y+1)8)77) < 0. If V € ((y(y +1)8) 77 ); Vo, then
Hyvy (V) > 0. Hence, Hy (V) is an increasing function on V€ ((y(y + 1)5)ﬁ);V0]
and H(V) < H(Vp) = 0. Ultimately, Hy (V) < 0 on V € [0;Vj]. Therefore, H(V) is
a decreasing function on V € [0; V] and H(V) > H(Vp) = 0 for all V € [0; V). It
means that the right part of Eq. (11) is less or equal to the right part of Eq. (9). Then,
according to Theorem 3 [5, p.39], the solution of problem (8) is bounded below by the
solution of problem (11). Lemma 6 is proved.

2Vo (v +ms- Vl‘”) <0, Hy(Vo) = 0, Hyy(V) = 2V (V!"7 = 5(y + 1)d). If
€ (0;
V € (0

Corollary. If Yy is a front point of the solution of problem (8), then

2V oy o T

L 2L

Lemma 7. For some vy > 0, there exists a unique generalized solution of the problem:
p ? p
12) () o) + 6+ D20G) — () =0,
y 2 0,vy(0) = 0,v(0) = vo.

This solution is a nonnegative function with bounded support.

Proof. Let N < 0, then g > 0. Denote: p = |V|?%4¢ = [|[VI*, B = [[V|%7 =
NVIN*E, p = ||V||2 G = ||VI["*!. According to Lemmas 2 and 3, such an inequal-
D P P ’ 1 7P o 74
ity is corwrflct L< i<k WF+(1)1r V(Y) and V(Y), we obtain p = 7 b= S
y VoD (0.59+1) VoD (0.57+1 . .
= ﬁm‘i(oﬁv&fg; ) = \/ELA/IQ(O.5')/(+1:;;F ). Here, T is the gamma-function. Then the
inequality

VLT (0.5 + 1.5)V,) 7 -
2LT(0.5y + 1)

\/_LF(O 5y +1.5)V,
2LT(0.5v + 1)

<)) I’UI

is correct. If Vy runs from (26)ﬁ to 400, then the right part runs from 0 to +oo and
the left part runs from Z to +oo. Here, Z is the minimal value of the left part of this
inequality. This means that, for some d > 0, there exists Vj such that % = 9. Then, Eq.

(4) transforms into

Vo (V) + (7 + 1>§W<Y> —V(Y)=0.

Let us transform the variables: Y = %y, v(y) = V(%y). We consider that

Then, the function v(y) is the solution of Eq. (12). As V(Y)) >0, V3 (0) =0, V(0) = W,
then v(y) > 0, v, (0) = 0, v(0) = V. Since V(Y') has bounded support, v(y) has bounded
support and, for its front point, the inequality

7T\/_p /WD
<y < ——=
2gL 2gL

is correct. Let N > 0, then o < 0. Using Lemmas 5 and 6, we obtain the similar results.
Lemma 7 is proved.
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Corollary. The even function, which is the same as the solution of problem (12) on
y > 0, is the solution of problem (3).

Remark 4. As the functions r(t), v(y), and V(Y) are nonnegative, we will pass to the
notations of their moduli.

4. PROOF OF THEOREM 1.

The functional f(t;u) is defined for (F)¢>o-adapted u € La([0;T) x Q; W). We will
prove that f(t A 7;u) has the Gateaux differential on the subspace W in mean square,
and this differential has the form

Df(tAT;u) = /u(t/\T,x)g(x)dx—/u(O,x)g(x)dw—i—

(13) +a//u$(s,x)gw(x)d:bds—b//|u(s,x)|7_1u(s,x)g(x)dxdw(s).
0 0

Here, g € W.

We will calculate the Gateaux differential on the subspace according to [6, p.118]. It
is known that the Lebesgue integrals are Gateaux differentiable. Let us prove that the
stochastic integral is also Gateaux differentiable on the subspace W in mean square, and

tAT
its differential is equal to (y + 1) [ [|u(s,z)[" tu(s, z)g(z)dzdw(s). We must prove
0

that
(14)
tAT h Y1 Y1 tAT
}llimOM / [ut hgl - mlll dxdw(s) — (y+1) / /|u|"’71ugdxdw(s) =0.
0 0

Using the mean value theorem, we obtain

2

tAT
R — g1
M / / (|u + ghl ™ _ (v + 1)|u|"’1ug) dxdw(s) | =
0

h

tAT 2

1
=(y+1)°M // (Ju+ 0hg" ! (u+ Ohg) — [u]" ') digdz | ds <
0

0
tAT 1

(15) < (y+ 1?[lgllP M / // (Ju+ 0hg|" ' (u+ Ohg) — |u|7_1u)2 dfdxds.
o0

If || <1, then (Ju + 0hg|"~!(u + Ohg) — |u|"7_1u)2 < 2(|lu| + |g])*" + 2|u|>. According
to the Lebesgue theorem [7, p.284], we obtain (14).

Thus, a stationary point for f(t A7;u) is a generalized solution of problem (1). Let us
prove that there exists a stationary point for f(¢ A 7;u) and this stationary point admits
a decomposition. By substituting u(t, z) = r(t)p(p, ¢)v(y) into f(t A T;u), we obtain

F(E A7) = 396" () (P A T) — r(0)) +

tAT

tAT
b
+a2—z¢”“(p,q)/r7+1(«9)d8—7—fl¢2(p7q)/T2(8)dw(«9)~
0 0
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Here, r(t) is the solution of problem (2) with some real A and positive 7y and B,

¢ is some nonnegative differentiable function, v(y) is some function in W, and y =
7L (#)¢Y " (p, q). Let ¢(p, q) satisfy the equality

1 Y B bq 9
§p¢3 (p,q) = m¢ (p, q)-

Then ¢(p,q) = M <2> "1 and

3—~ tAT
ﬁ
fEATw) = gM?”"f <£) Pt AT) —r377(0) — (3 —v)B / r?(s)dw(s) | +
1 0
y+1 IAT
F—1
+Z <g /T'Y”Ll(s)ds.
2 q )

According to the It6 formula,

i tAT
3—7y)N
“(enm) -0y = BN / P (s)ds + (3 - 7)B /TQ(S)dw(S)
’ 0
and
M3—ry(3 )N tAT
- = a4+l a4l
f(t/\T;U):f’y/r’yﬁ‘l(s)dS{ Y= 1q1 ~ _'[LZp’Y 1q1 j|
0
As
u(s, o)||2 = 3 (s) M3 IpTT a1 ||ug (s, 8|2 = 17+ (s) M7+ pitT gl 2,
pr—tq ey
e (s, o)1 = r2(s)M2p 7T,
then

fEAT;u) = MMM—V) t//w[w

4 [u(s, o)|12 —HH%(S")Iﬂ ds.

Let us calculate the Gateaux differential on the subspace Wy (R') N L1 (R'):

(B3—7)N

Df(tAT;u) = 5 M=)
l[[u(s, o H|V+1 ~ |Hu(5’.)”|2(7+1)
//{ Tu(s o) [F T Dws2) = T o s @)+ fita | g(@)duds.

Using (16), we obtain

tAT

Df(tm;u)z(?’_T’yw(ﬂyll /7"27 (s)dsx

<

2
(v + 1)§v7(y) —v(y) +p (g) vyy(y)l g(z)dz.
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If v(y) is the solution of problem (3), then D f(t A 7;u) = 0 and the function

u(t, ) = r(t)M (g) -, (xr"’l(t)M’Yl£>

q

is a stationary point for f(t A7;u). Thus, u(t,x) is a generalized solution of problem (1)
which admits a decomposition. Theorem 1 is proved.

5. DYNAMICS OF THE SOLUTION.

It
uo(@) = r(0)M (73> B (mv—l(o)M”—@) :

q q
then

u(t,z) = r(t)M (g) = v (wl(t)leg) .

Consider the dynamics for r(t).
Theorem 2. Let r(t) be the solution of problem (2).
If2A < B?, then P{ lim r(t) = 0} =1.

t—71(w)

If2A > B2, then P{ lim r(t) = —|—oo} =1

t—7(w)

Proof. Denote A =1 —2AB~2. Let P(r, ¢, 3,a) be the solution of the problem

0.5B%*r*Y Py, + Ar*7' P, = 0,
0<e<r<pfPleef,a) =a,PB,¢,0,a)=1—a,0<a<]1.

If @« = 1, then P is the probability of such an event: the process r(t) leaves the interval
(e; B) over the left endpoint. If @ = 0, then P is the probability of such an event: the
process 7(t) leaves the interval (e; 3) over the right endpoint.

Let 24 < B2, then P(r,e,3,1) = =B and Blir-xr-l P(r,e,,1) = 1,¥r > e >0

ex—BX
because A > 0. This means that r(¢) reaches the zero level with probability 1.
Let 24 > B2, then P(r,¢, 3,0) = r2=¢ and liII(l) P(r,e,3,0) = 1,¥r < 3. This means

= Br—er

that r(¢) tends to +o0o with probability 1 if ¢ — 7(w). Theorem 2 is proved.
Remark 5. If A= %327 then the process

1
r(t) = (r'~7(0) + (1 — y)Bw(t))
is the solution of problem (2).
Now we can describe the dynamics of u(t, x).
Let 24 < B2. Then, according to Theorem 2, the amplitude and the front point tend
to zero. The configuration of the space form depends on the sign of the parameter N.

_1
If 2A < (y — 2)B2, then p > 0 and, for V; < ((’y + 1)%) "7 we obtain the first space
form for v(y), according to Lemma 1. If (y — 2)B? < 24 < B2, then u < 0 and, for

L
W < (2%) ", we obtain the second space form for v(y), according to Lemma 4.

Let 2A > B2. Then, according to Theorem 2, the amplitude and the front point tend
to infinity. As vy € (0;1), then v —2 < 1, u < 0, and the space form has the second type,
according to Lemma 4.
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6. CONCLUSION.

Let us compare the dynamics of the solution of the stochastic problem (1) and the
solution of a similar deterministic problem. According to [8, p.221], if the deterministic
equation has the source term and v € (0;1), then its solution tends to infinity on the
whole space. The sign of the last term of Eq. (1) is variable, and it is not possible to
classify this term neither as the source nor as the absorber. If the drift coefficient of
problem (2) is large comparatively to the diffusion coefficient, then the process u(t, x)
develops with intensification. If the drift coefficient of problem (2) is small comparatively
to the diffusion coefficient, then the process u(t,z) develops in the peaking regime.
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