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LOCAL LIMIT THEOREM FOR TRIANGULAR
ARRAY OF RANDOM VARIABLES

For a triangular array of random variables {X »,, k = 1,...,cn; n € N} such that,
for every n, the variables X1 p,..., Xc, ,n are independent and identically distributed,
the local limit theorem for the variables Sp = X1,n + -+ 4+ X, ,n is established.

1. INTRODUCTION

Consider the triangular array of random variables {X,, k = 1,...,¢,; n € N}
such that, for every n, the variables X ,,..., X, n are independent and identically
distributed, and consider the variables

Spn=Xin+ +Xeyn, neN (1)

We suppose the following condition to hold true:

Ve>0 lim sup P{|Xgnl>e}=0 (2)
n—00 | <k<e,
Condition (2) is a standard condition of the asymptotic negligibility for a single summand
in (1). Recall that a measure M on R is called canonical if M(I) < oo for every finite
interval I and

—+o0 —x
1 1
M*(w):/ y—QM(dy)<+oo, M_(x):/ y—QM(dy)<—i-oo7 x> 0.
Recall also that, by definition, a sequence of canonical measures {M,,} converges to a
canonical measure properly (notation M, — M) if M,,(I) — M(I) for every finite inter-
val I and M,f(x) — M*(z), M, (z) — M~ (x) for every > 0. Under (2), the following

necessary and sufficient condition for the sequence {S,} to converge in distribution is
well known ([1], Chapter XVII, §2).

Theorem 1. Let M, (dx) = c,2*dF,(x),b, = [;sinz F,(dx), where F, is the distri-
bution function for Xp 1. If the array {Xkn} satisfies condition (2), then the sums S,
converge weakly to some r.v. S iff

M, - M and b, - b, n— +o0 (3)

for some b € R and a canonical measure M. Under (3), the characteristic function ® of
the variable S is given by the formula

2T ] —dzx

D(z) =exp {z’bz - %zQM({O}) + / < 5 M(dx)} , z€R. (4)

R\{0} z
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In this paper, we study the following question. Let conditions (2) and (3) hold and,
thus, let the limit theorem for the distributions of .S,, hold true, that is, S, = S. What
can be said about the local limit theorem in such a situation? In other words, what
conditions should be imposed on the distributions of {X} ,} in order to provide the
convergence (in some sense) of the distribution densities for S,,?

In an important particular case, the complete answer to this question is given by the
well-known Gnedenko’s theorem ([2], Chapter IV, §3). Suppose that, in our notation,
¢n, = n and the array { Xy, } has the form

Xk: "= fk:,n - an7 (5)

where all the random variables {& »} are identically distributed (in fact, in such a case,

S, L Zi=ul8en) gy iid. {£}). The variable S has a stable distribution, and the
Gnedenko s theorem states that the distribution densities for S, converge uniformly to
that for S iff S,,, possesses a bounded distribution density for some ng € N.

Our purpose is to establish the uniform convergence of the distribution densities for
S, in the general case. The following feature should be taken into consideration. Every
infinitely divisible distribution can be obtained as a limiting one in Theorem 1, and there
exist infinitely divisible distributions that are singular w.r.t. Lebesgue measure. Thus,
conditions imposed on the array {Xj ,} should at least provide the absolute continuity
of the probability law defined by its characteristic function (4). The following sufficient
condition is well known (the Kallenberg condition, see [3]).

Proposition 1. Let
— / M{dz} = +o0.

Then the distribution with the characteristic function (4) possesses a density from the
class C™.

lim
=0+ e2lne1 ln €

Note that the condition given above is a sufficient one while a necessary and sufficient
condition has not been found yet. Therefore, at this moment, one can hardly expect to
provide a local limit theorem for {S,} in a necessary and sufficient form, like in that
the Gnedenko’s theorem. In this paper, we give one sufficient condition for a local limit
theorem to hold true.

2. THE MAIN RESULT

We consider a triangular array of the type

an:&ci

w= S k=1, (5')

where ¢, is not necessarily equal to n and {{,} are not supposed to be identically
distributed through the whole array. We assume that, for every n, &1 p,...,&:, n are
ii.d. variables and that ¢, — co,n — oco. For such an array we suppose conditions (2)
and (3) to hold true and thus S, = S.

By G, and F,,, we denote the distribution functions for &, and X ,, respectively
(obviously, G, (x) = F(d,z),x € R). Denote, by ¢, the characteristic function for &; .

Next, consider an independent copy {; ,,} of the array {{»} and put é;wl =&pn —
fk no X n=Xkn X,’C - Denote, by G,, and Fn, the distribution functions for él,n and

X1, respectively, and put M, (dz) = ¢,22dF),(z). We claim the following conditions to
hold.
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A. There exists m € N such that ¢, > m,n € N, and the sums &, + ... &n, n POSSsess
densities gy,
B. There exist B> —2— ng € N,a > 0 and ¢ > 0 such that

l—cosl’

1\t
(EQIDE) M, {dx} > B, dﬂ<a<<€07 n > ng.

—€

C.V6>0 N(@)= sup |pa(2)] <1
neN,|z|>§

D. sup [ g2 (x) dz < +oo.
neN
Ind,

n

Theorem 2. Let conditions (2),(3) and A — E hold true. Then the distributions of
Sn, S possess densities fn, f and

E. d, — 400,

— 0, n— oo.

sup|fu(2) — f(@)] = 0, n — 0.

Remarks. 1. Condition B is an analogue of the Kallenberg condition. Note that
since M,,([—1,1]) is finite for every n, this condition can not hold with a equal 0.

2. Due to a simple estimate [, g2(2) dz < sup,cp gn(2), condition D is provided by
the condition

D/‘ SuanN,xERgn(x) < +o00.
If the distribution of &; ,, does not depend on n, then conditions A and D’ coincide with
the condition of the Gnedenko’s theorem that S, possesses a bounded density for some
m. Thus, conditions A and D are, in fact, an appropriate n-dependent version of the
condition of the Gnedenko’s theorem.

3. Condition C is an n-dependent version of the so-called Cramer’s (C)-condition
([2], Chapter III, §3). Since its straightforward verification is not a trivial problem, we
provide a sufficient condition for it.

Proposition 2. Suppose that there exist a non-empty interval I = (u,v) and a constant
C > 0 such that

gn(x) > C, x € (u,v),n €N. (6)
Then C holds true.

3. PROOFS

We start the proof of Theorem 2 with the following estimate for the characteristic

function of S. Denote W¥(z) = ibz — £22M ({0}) + fR\{O} & —~22 M(dx),z € R.
Lemma 1. Under conditions (2),(3) and B,E,

lim e SoRZ) o plzcosl) (7)

lz2|—oo Inlz| — 2

Proof. Denote by ® the characteristic function of the variable § = S — S', where S’ is
an independent copy of S. It is easy to see that the array {an} satisfies condition (2)
and, under condition (3), S, = X1, +---+ X, .n» = S — 8" = §. Thus, condition (3)
also holds true for En =0 and Mn, ie. Mn — M for some canonical measure M and ®

possesses the representation
R . R 1 R 12T 1—34 R
B(2) = "), W) =N+ [ ST ), s e R
2 ®\ {0} x
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Since . _ _ _
EezzS _ EezzSEefzzS — |‘E€1z~‘5|27 (8)
we have that ReU(z) = %\il(z) and, in order to prove (7), it is sufficient to prove that
¥
lim1 lirllf |(T) < —B(1 —cos1). 9)
n|z|—oo |2
We have
- o -1 -
U(z) =Re¥(z) = ——z M({0}) + / COS#M(CZ:B), z €R,
R\{0} r

and therefore (9) holds true immediately as soon as M({0}) > 0. Thus, we exclude this
case from consideration and suppose further that M ({0}) = 0.
Conditions B and E together with the proper convergence M, — M provide that

Nt oE
(52 In g> M{dz} > B, 0<e<ey. (10)
—E&
Now (9) follows from the given below estimate, that, in fact, is the main point in the

proof of the sufficiency of the Kallenberg condition. Elementary calculations show that
Cosy—y[l <cosl—1,|y| <1. Then, for |z| > ¢!,

. oo
W(z) / cos zx — M{dw} < / COS 2T — M{d:lc} <
n |z|—1

In|z| In|z] x?

El

< —(1—cosl)- 1n|z|/| . 1M{alx}< —(1—cos1)- o | | ‘B-(27%In|z|) = —B(l—co;l)).
11

Here, in the last inequality, we have used (10) with € = |2|~!. Lemma 1 is proved.

Corollary. The characteristic function ® = e¥ belongs to L1(R, dz), and therefore
the law of S possesses a continuous density f(z) = (2m)~! [, e *7®(z) dz,z € R.

Proof of Theorem 2. Let us introduce some notations. Without loss of generality,
we assume that m = 1. Denote, by ¢,, fI)n,@n, <i>n, the characteristic functions for the
variables §17n,Sn,X17n75'n, respectively. Condition D implies that, for ¢, > 1, the law
of S,, possesses a continuous density f,(z) = (2m)"! [, e **®,(2) dz,z € R and thus

A, =27 suplf () - |</|4> 2)| dz

A
g/A|®n(z)—<I>(z)|dz+/z>A|®(z)|dz+/z>6dn|®n(z)|dz

o L XCITE
A<|2|<5d,,
=1 (n, A) + IQ(A) + I3(7’L75) + I4(n, 0, A),

where A,§ > 0 are an arbitrary constants. Let us investigate integrals I; — I separately.
I. Since S, = S, n — oo, ®,(-) — P(-) uniformly on every bounded interval. Thus,
for every fixed A > 0, I1(n,A) — 0,n — +oc.
IT. Since ® € Li(R, dz) due to Lemma 1, I5(A) — 0, A — +o0.
ITI. We have |®,,(2)| = |pn(d; 2)|”", and therefore

o= [ ielie= [ e d = [ e s
21> 6d |21>6d, 0|26
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< d, N (5" / [on(0)[2 do = (2m) 1 d N (8)° / g ()2 da

Thus, conditions C, D and E provide that, for every fixed 6 > 0, I3(n,d) — 0,n — +o0.

IV. We have |®,(2)2 = |®,(2)| = |1§n(z)|c" Denote ¥ (2) = ¢ (9, (2) — 1); recall
that the distribution of )A(l,n is symmetric, and therefore the function 1§n is real-valued.
Then, using the elementary inequality In(1 + z) < z,2 > —1, we obtain that

|®,(2)]? < e¥n(® = exp {cn /R(coszx - 1)d1:“n(x)} .

Now we use condition B with € = |2|~! and repeat estimate (11):

Elie

| ®,(2)|? < exp [_(1 —cos1) 22/ eny? dE, (2)

—[z|7t

<exp[—(1—cosl)Bln|z|] = z~(17cosD B
for n > no,% <zl < %". Thus, if § < % and A > %, then

Iy(n,0,A) < / P el W 0, A— +oo, n>ng.
[2|>A

Now, let € > 0 be fixed. Take § = % and choose A such that I4(n,d, A) < § for every
n > ng and I3(A) < 5. Then choose N > ng such that, for every n > N, I1(n, A) < §
and I3(n,0) < §. Under such a choice,

9 9 9 9
A, <-+-+-4+== > N.
<4+4+4+4 g, N>

Theorem 2 is proved.
Proof of Proposition 2. We have

on(e) = [ g, (o) ds
R
= / Ce®™ dx + </ (e gn(z) — C) da —|—/ e g () d:c)
u u R\ [u,v]

=C(v—u)o(z) + Tr(2),

where p is the characteristic function of the uniform distribution on [u,v]. Since g, (z) >
C' on [u,v], we have that

ITn(2)] < /” (gn(z) = C) d$+~/]R\[ ]gn(x) dr =1—-C(v—u).

On the other hand, the uniform distribution satisfies Cramer’s (C)-condition:

sup |o(z)] <1 for any ¢ > 0.
|z|>d

This implies that

N@)= sup |en(2)]<1-=Cv—u)+C(v—u)suplo(z)|]<1, §>0.
neN,|z|>48 |z]|>6

Proposition a is proved.
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4. AN EXAMPLE

In this section, we give one example for the statement of Theorem 2. Let M be the
canonical measure of the form M{dx} = ez_xﬁdx. If the characteristic function @ of
a random variable S is given by formula (4) with this measure M and b = 0, then S has
a distribution density f of the form f(x) = ﬁ (the law of S is called the hyperbolic
cosine distribution).

Denote II;{dz} = x—gl‘mth{dx}. Define the sequence {t,} in such a way that
Iy, {R} = n. Since lim e

2x
Consider the triangular array {Xj ,,1 < k < n} with the distribution functions of

X1, being equal to F,(x) = %th((—oo,x]),x € R,n > 1. It is clear that X; ,,n > 1
possess the distribution densities

= 1, one can show that t, ~ 1/n, n — oo.

1 1
pn(z) = - mlmﬁn, reR, n>1.

One can easily verify that conditions (2),(3) are satisfied and therefore S, = S. Now
we are going to show that, for the distributions of S,,, the local limit theorem also holds
true. In order to do this, we represent the array { Xy} in the form (5') in such a way
that conditions A — E hold true.

We put d, =n and &, = nXkp,1 < k < n. Since in the case under consideration
¢n, = n, E holds true. The variables ¢, ,, possess the distribution densities

( )7 1 (I) _ 1 T ( z/n 7m/n> 711
gnlT npn n) T2\ o € € |z|>ntn

1 -1
== (n (eg”/" — e‘””)) Iz )>nt,
T

and thus A holds true. We have g, (2) < 5551451, , that provides D’ (and therefore D).
Next, since nt, — 1, n — oo, there exists d > 0 such that nt,, < d,n € N. Then, on
the interval [d 4+ 1,d + 2], the following estimate holds

1 x/n 1 x S 1 S 1
a2 er/n —emx/n T g2 et — e~ T ger T (d+ 2)edt?’

gn(z) =

This provides C.
At last, let us verify condition B. Take a > 0 such that ¢, < 5-,n € N. Then, for
€ > &, we have ¢ > 2t,, and therefore

1 © 2 © x
—-— M, {dz} = d
e2lnl/e /_E {dz} e2lnl/e /tn v _ et

2(e — tyn) S 1
T elef—e)Inl/e T (ef —ec)Inl/e’

€ 7, there exists 9 such that

Since (¢° — e ¢)Inl/e — 0, € — 0, for a given B > —2—
(ef —e®)Inl/e < B, ¢ < gp. At last, there exists ng such that 2a/n < €g,n > ng.
Condition B holds true with B, g, ng given before.

All the conditions of Theorem 2 are verified, and thus we conclude that, for the
sequence S, = Xy, + -+ + Xy n given before, the correspondent distribution densities

converge uniformly to the density of the hyperbolic cosine distribution.



54 IGOR A. KORCHINSKY AND ALEXEY M. KULIK

BIBLIOGRAPHY

1. W. Feller, An introduction to probability theory and its applications. Vol II, “Mir”, Moscow,
1984, pp. 752. (Russian, translated from W. Feller, An Introduction to Probability Theory and
Its Applications, Wiley, New York, 1971.)

2. I.A. Ibragimov, Yu.V. Linnik, Independent and Stationarily Connected Variables, ”Nauka”,
Moscow, 1965, pp. 524. (Russian)

3. O. Kallenberg, Splitting at backward times in regenerative sets, Ann. Prob. 9 (1981), 781 — 799.

Kyiv 01033 VOLODYMYRSKA STR. 64, TARAS SHEVCHENKO KYIV NATIONAL UNIVERSITY

KIEV 01601 TERESHCHENKIVSKA STR. 3, INSTITUTE OF MATHEMATICS, UKRAINIAN NATIONAL
ACADEMY OF SCIENCES
E-mail: kulik@imath.kiev.ua



