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ALEXANDR V. ILCHENKO

ON THE REPRESENTATION OF SOLUTIONS OF ANTICIPATING
LINEAR PARTIAL STOCHASTIC DIFFERENTIAL EQUATIONS

The unique solution of an anticipating linear partial stochastic differential equation
is constructed by means of the Fourier transformation.

Denote, by K and L, linear partial differential operators with constant coefficients of
the first and the second order, respectively:

X9 2 82

2,7=1

Operator L is assumed to be elliptic:

D aihid = AP AP =DA% e>0.
=1

ij=1
Consider the stochastic differential equation
(1) du(t,z) = Lu(t, z)dt + Ku(t, x)dw(t),

where w(t), 0 <t <1, is the standard Wiener process, z € R"™.
We will seek for a solution to Eq. (1) that satisfies the initial condition

(2) u(va) = O‘S‘J(x)?

where a = f(w), w = w(+), is a functional depending on a path of the Wiener process
and ¢(z) is some real function, z € R™.
By the solution of problem (1),(2), we mean a solution of the integral equation

(3) u(t,z) = ap(x) —i—/o Lu(s,x)ds—k/o Ku(s, z)dw(s),

where the stochastic integral is defined in the extended sense given by A.V. Skorokhod
in [6].

Definition. A function of two variables u(¢,z), 0 < t < 1, € R" is said to be a
solution of Eq. (3) if the following conditions are fulfilled:

1) u(t, z) is continuous in ¢ and has two continuous derivatives with respect to « for
0<t<1, zcR"

2) Ku(t,z) and Lu(t,z) are continuous in ¢ for 0 <¢ <1, x € R™;

3) Ku(s,x) belongs to the domain of definition of the extended stochastic integral in
sfor0<t<1, zeRY

4) relation (3) holds true for all 0 < ¢ < 1, x € R™ with probability 1.
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The purpose of this paper is to formulate the condition for the existence of the solution
of problem (1),(2). In order to solve the problem, it is possible to apply the approach
proposed by A.A. Dorogovtsev in [1]. The solution of the problem (1), (2) can be found
by means of the Fourier transformation (see [4]).

Denote by @(A) the Fourier transform of the function ¢(x), = € R™, and v¥(z) is the
inverse Fourier transform:

) = [ e O pla)da, D) = xS Np)an
Here, (z,A) = Y0 @\ and |z| = (X7, x?)l/Q are the scalar product and norm of
vectors from R”, i2 = —1.

Consider the space of rapidly decreasing functions, on which the Fourier transforma-

tion is well defined:
G={e(): ¢(-) € C*R"), sup |270%p(x)| < +00, a, B € N},
TER™
where 9% = 97" ... dqn, 8] = 0% [0z}, aj € Ly, j=1,n.
Let h(\) and g(X) be the symbols of the operators L and K, respectively:

h(A) == aghid;; gA) =ip(A), p(A) =D _bjA;.
j=1

1,5=1

Apply the Fourier transformation to Eq. (1) and the initial condition (2) in a formal way
assuming that all functions belong to G with respect to € R™. We get the following
Cauchy problem:

(4) dy(t, ) = h(Ny(t, \)dt + ip(N)y(t, A)dw(t);
(5) y(0,A) = ap(}).

Find the conditions, under which the solution of problem (1),(2) can be obtained as a
result of the inverse Fourier transformation of problem (4),(5).

Theorem 1. Let (X), y(t,\) € G with respect to X for each t : 0 <t < 1. If y(t, \)
satisfies the equation

y(tN) = aB(N) + / BNy (s, \ds + i / P\ (s, \du(s),

then the solution of problem (1),(2) can be found as a result of the inverse Fourier
transformation of the function y(t,\) : u(t,z) = g(t, x).

Proof. If y(t,-) belongs to G, so do h(AN)y(t,A) and p(A\)y(t, ) with respect to A. Set
u(t,z) = g(t, x). Since the Fourier transformation realizes an isomorphism G onto itself,
Lu(t,z) and Ku(t,z), as well as u(t, z), belong to G with respect to z € R™. In addition,

Lu(t, \) = h(\y(t, \); Ku(t,\) = ip(\y(t, ).

To complete the proof, it still remains to prove the commutability between the inverse
Fourier transformation and integration operations. Since the function h(M)y(s,A) is
integrable in the variable s, has a continuous modification, and belongs to G in A, the
inverse Fourier transformation commutes with the ordinary integration according to the
Fubini theorem. Really,

(27r)_”/nei<g”’)‘> /Ot h(A)y(s,A)dsdA:/n/Ot(27r)—"ei<m>h(A)y(s,A)dsdA:
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t
:/ (2#)7"/ @A R(N)y(s, N)dAds.
O n

For the extended stochastic integral it also suffices to apply the Fubini theorem taking into
account the definition of extended stochastic integral. Denote Vi(s, A) = 1o gp(N)y(s, A).
For each F € D'2, we have

E(F/Ol(Qﬂ')”/n e“m”\)‘/t(s,)\)d/\dw(s)) =
= E( /0 1 DF(s)(27)™™ / ) €i<$’/\>‘/15($,)\)d)\ds> =
= (2m)" /R ) et (E /O 1DF(5)Vt(s,)\)ds)d)\_
= n [ en(r [ Vit it )ar =

0

_E<F(27r)" / ) el / 1Vt(s,)\)dw(s)>d)\.

0
Since F is an arbitrary element from D2,

1 1
/ (2m)" / TNV (5, A)dAduw(s) = (27)" / itz / Vi (s, N)dw(s)dA
O n n O

with probability 1.

Consider now the question how to find the solution of problem (4),(5). It should
be noted that problem (4),(5) can be solved under fixed A. Set a = h(\), b = p(}),
zo = a@(X). We have

dz(t) = az(t)dt + ibz(t)dw(t);
(6) _

z(0) = zo.
In order to get the solution of problem (6), we write the system with respect to the real
and imaginary parts of z(t). Set z(t) = 21(t) +iz2(t), 2,(t) ER, k=1,2;

> _ [~ (t) o 1 0 o 0 -b > Re 20
) = (@(t)) I= (0 1)’ B = b 0 ) \Imz /-
We come to
dZ(t) = alZ(t)dt + BZ(t)dw(t);
(7) A
Z(0) = 2.
In the case where « has a finite [t6-Wiener expansion, that is,

N

o= / a(t1, ... tp)dw(ty) ... dw(ty), N < +oo,
k=0 [0,1]*

the solution of problem (7) was obtained in [1]. To write this solution, it needs to
introduce the following auxiliary system:

®) { dyt = alytdt + By'dw(t);
ys=1, s<t.
The solution of problem (7) can be written in the form (see [1])

N

(9) 2(t) =yl [HO + Z(—l)kBk/ D*Zy(ty, ... tp)dty ... dty |,
k=1 A (t)
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where D¥Zy(t1,. .. ,tr), k € N, are stochastic derivatives of Zp; y§ is the solution of (8)
when s = 0; Ap(t) = {0 <t < ... <t <t}. Returning to the complex variable z(t),
we get

DFa(ty...ty)dt; .. .dtk} .

N
Z(t) _ e(a-i—%bQ)t-i-ibw(t)@()\) |:a + Z(—Z)kbk/
k=1 Ak(?)

Since a = h(X), b= p(A), the solution of (4), (5) becomes

gt ) = ¢ (HOV+3° ) (o) 5 {M
(10) N
+Z(—i)kpk()\)/ D’“a(tl...tk)dtl...dtk].
A(t)

In order to extend the class of the initial conditions «, for which the solution of problem
(4),(5) can be represented in the form (10), we use results from [3]. Suppose that the
map a: Cy[0,1] — R is analytic, i.e. it can be expanded in the Taylor series for w =0 :

(11) a=>" %Oz(") (0)w", w e Colo, 1],
n=0
where
a™(0) € L(X,L(X,...,L(X,R))...), X = Co[0,1];
o™ (0)w” = (... (™ (0)w)w) ... )w.
Denote
o™ (0)]] = u A”illlp_iru. (@™ (0)zy)as) . ).

It is proved in [3] that, under the condition
(12) lim (o™ (0)[|/n))"/" =0,

the Cauchy problem (7) in the one-dimensional case has a solution of the form (9) for
N = oo. That is, this solution can be expanded in an infinite power series. It should
be noted that condition (12) is used only to ensure the convergence of the series, and
the corresponding estimates are independent of the dimension. So that the solution of
problem (7) is identical to (9) for N = co. Consequently, we come to the following result.

Theorem 2. Let the functional o : Cy[0,1] — R can be expanded in the infinite power
series (11), and let condition (12) be fulfilled. Then the solution of problem (4),(5) has
the following form:

gt ) = ¢ (HOV+50° ) (o) 5 {M
+ ) (=i)FpF O / DFa(ty ... ty)dt . ..dtk].
k=1 A (t)

Find the conditions under which the solution y(¢, A) of problem (4),(5) belongs to G
with respect to A for 0 <t < 1.
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Theorem 3. Suppose that the following conditions are fulfilled:
1) —c+ 3(p)? < 0, where p = maxy—1 [p(\)];
2) U[O’t]kaoz(tl,... Jt)dty . odbg| < MFL0< M < 400, 0<t <1
3) peg.
Then y(t,-) € G, 0 <t <1.
Proof. The function y(¢, ) has the form

y(tv )‘) =

(h(z\)-i- p2<A>)t ip(Nw(t) 5 {a + Z DFaf(ty ... ty)dt . ..dtk}

P
k' [O,t] k

The following estimate holds true:

or > (—Z)k
’a/\r > o PPN kaa(tl...tk)dtl...dtk =
m g [0,1]
— 1) (k—r 4+ DpFr O, DFa(ty ... ty)dt, ...dt| <
[0.4]*

3

DFa(ty...ty)dty ... dty| <

r= [P
k=0

< |bm|TMTeMﬁ|M, 1<m<n, reZ,.
Now the assertion of the theorem results from the explicit form of y(¢, \), the assumption
of the theorem, and the obtained estimate, because

[0,t]%

m

3]
sup )\éa)\—m (t,)\)‘ <400, 0<t<1, 1<k, j<n,l,meZ,.

AER™

Consider now examples of random variables that satisfy the conditions of Theorem 3.

Example 1. Let a = f(w(1)). Suppose that f € C®(R) and |f*)(z)| < M*, 0< M <
00, k€ Zy, x € R. We have

DFaf(ty, ... ty) = f®(w(@) oy (tr) - ... - Loy (te) = fF) (w(1));

/[0 " DFa(ty,...  ty)dty ... dt,

In this case,

<Ptk < M* o<t <.

y(t, A) = (PP ) trip w5 WFP )|, 0<t <1,

8

k=1

Example 2. Let

1
a= f(w(h),... ,wlhy)),w(h;) = / hi(s)dw(s), h; € L*[0,1], i =T,m, m > 1.
0
Suppose that
(@ <MF, 0< M <+o0, k€Zy, z€R™

Tyeen

We have
Draft,....te)= > fP . (wh),... wlh)ha(t) - o (t);

i1+ Fim=k
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o DFalty,... ty)dty ...dt, =

= Z fz(lk) yim (w(hl)v cee ’w(hm))/o hl(tl)dtl Teeet A hm(tk)dtk;

i1+ Fim=k
m k
< M* (Z |hi||L2[0,1]> :

i=1

DFa(ty, ... ty)dt, ... dt,

[0,1]*
The conditions of Theorem 3 hold true. In this case,

y(t, A) = eI it 5 ) {a+

o (=0)* w w ' '
+kz::1 TRAL Z 9 (wh),... (hm))/o hl(tl)dtl.../o hm(tk)dtk].

Now replace the initial condition (2) by the relation

(13) u(0,2) = n(z,w) Zg@n

where
In(fn) :/ fn(th... ,tn)dw(tl)...dw(tn),
(0,1]™

©n € G. Consider problem (1), (13). Series (13) is assumed to be convergent in L2(£2) for
every x € R™. Apply the Fourier transformation to (1),(13), select the real and imaginary

parts, fix A, and denote @, = (Re @, ()), Im gﬁn()\))—r We come to the following Cauchy

problem:

(14) { dz(t) = alZ(t)dt + BZ(t)dw(t)
Z(O) = ZZO:O ‘»BnIn(fn)

Suppose that

(15) Z Gnln(fn) is convergent in L*(Q).

Let us approach the solution of (14) by the solution of the following problem:
{ dZM(t) = aIZM(t)dt + BZM(t)dw(t)
Z1(0) = o Galn(fn)-

Find the requirements on ¢, and on f, under which

(16)

2 T2 1 -
(17) Z(t) =L N}linoo 2 (t).

Taking the properties of multiple stochastic integrals and results given in [1] into consid-
eration, we have

M M
Zu(t) =yl [@[(O) +) (1B Y @n/ DRI (fa) (1, ... ty)dty ... dty| =
k=1 n=k Ak(t)
M _
= yé L (fm),
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where fm() = Sszm()—’—
M—m

k+
+(1—5m,M) Z (—l)k < km)Bk<pk+m/ kfk+m(t1,... ,tk,')dtl...dtk,
[0,t]

k=1
Om,m 1s the Kronecker symbol. Since

o0

u 1 m
uh= e Y —Im(gm),  gm = (Blpy)®",

m=0

the valuable Zj;(t) can be rewritten as

o 1 M " %) 1 M "
Zm(t) = ea”< Z ﬁlm(gmo (ka(fk)> =t Z m! me(gm)fk (fr)-
: k=0 m=0 """ k=0

m=0
The last expression can be changed by means of the relation (see [6])

PAq
1) = 3 (2) (2) Bovarar (Ut 800). where (10 0)1-- ) =

r
r=0

= Toltiy oo sttt )Gy (tprits - s tpigoze tty .o t7)dE L dET,
[0,4]"

where  is the symmetrization operation. As a result, we finally obtain

00 M
o a 1 ~
m=0 " n=0

e’} M -
_ aIt|:ZIl<Z gi— (Sﬁf))>+ Z Il(Z (gl (80|f)))]
n= (L =n)! I=M+1 “n=0 (b =mn)!
Now we are able to estimate constructively E|Zy(t)|?
stochastic integrals. Really,

using the properties of multiple

ElZu ()] =
l o) M - 2
_ _2a gl nl® Sﬁnfn)) (glfn ! ®(§Onfn))
=e? It[z: ; o l+l_%:+ll! nz:;) ) JS

Z l'(Z ng n;%;’nfn)u ) }

I=M+1 n=0

< 2aIt{le<ZHgl nz@:nfn )

It still remains to evaluate Hgl_n 1 ®(<pnfn)||l. We have

90 2@ (Bt} < /[0 . (B ) 2™ @ (B fa)) (b1 - o t0) [Pty ... dty =

|B|2(l n

Finally,

—n) = 2(l—n), 5 _n 2(l-n), 5
1 fall2 < | B @l falln < 2¢7™p] |Gl 1Lfull-

1 l n |b|(l n)

M 2
B < a0 (3 annn)
o M =)y e 2
Py u(z%wuwn) |

I=M+1 n=0
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(l n), (I-n 2
b
ol _l!< E %Wﬂ””ﬂ“n) .

n=0
Now we are able to formulate the sufficient condition for (17) to be true. In order that
(17) be valid, it is sufficient that

Set

(18) Zpl < +o0.
=0

If (18) holds true then E|Z(t)|* < Y72, p < 400, 0 <t < 1.
Consider the equation

t t
(19) E}V[(t) e EM(O) —|—/ CLIZ]V[(S)dS —|—/ BEM(S)de, 0<t< 1.
0 0

This equation is equivalent to problem (16). Estimate (18) makes it possible to pass to
the limit in (19) under the ordinary integral sign because of the estimate

¢ ¢ ¢
/ alZy(s)ds| < E/ |a[|2ds/ |ZM($)|2ds <
0 0 0

t
< 2|a|2t/ E|ZM($)|2ds < 2|al’t sup |ZM(5)|2t <400, 0<t <1,
0 0<t<L1

2
E

The possibility to pass to the limit in L?(2) under the stochastic integral sign in (19)
now follows from (19) because the stochastic integral can be expressed in the other terms
of (19), for which the passage to the limit is proved, and acts closely, as it was shown
in [2]. Hence, we can pass to the L?(Q)-limit in (19) on the whole if condition (18) is
fulfilled. Thus, the following result holds true.

Theorem 4. If conditions (15) and (18) are fulfilled, then problem (14) has a solution
of the form

2(t) _y0|: +Z / DRZ(0)(t1,. ..  ty)dty ... dty).
t Ax(t)

The correspondent solution of Eq. (4) with the initial condition

(20) y(0,)) =7(\w) = an
has the form

y(t, \) = (B +3P* ) eripw (o) [ﬁ(A, w)+

o0

+ (—i)kpk()\)/A(t)Dkﬁ(A,w)(tl...tk)dtl...dtk].

k=1

Remark. Note that, as an example of fulfillment of (18), one can consider such @, and
fn that |Bnl | frlln < 0™ /nl. We have

l (I=n) ;1 (I—n) 2
§ e
plgl!( (l—n)n! )

n=0
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l 2 21
1 AW (V2o + 6)
(G () e

i i \/_|b| + 9) — o(V2I0|+6)

1=0 1=0

(IBl+1
E|Zy(t)? < e?alll Z % < 20l g(IBI+D)? < 2alIl+(|BI+1)°

=0

Clear up a question when the inverse Fourier transformation can be applied to the
solution y(t,\) of Eq. (4) with the initial condition (20) to get u(t,x). Taking the
arguments from the proof of Theorem 1 into account, it is sufficient to put the condition

(21) [ 10 jar < o0 e, 0121,
on y(t, A), where Q()) is a polynomial. Evidently, condition (21) is fulfilled if

E/ (14 IA™)ly(t, A)2dA < +o0, m e Zy,0 < ¢ < 1.

Note that (Rey(t,\), Imy(t, )\))T satisfies (14) for a = h(A), b = p(A) and &, = @G (\) =
(Re@n(A), Im g’p\n()\))T According to the previous reasoning,

<§§ZyJ : )— altz .ZSOn m+n gm2®fn)_
[e%s} 1 ) ’)\ )
_ZII<Z%((HM)®“”>z®fn)), J= (tl) O1>7
=0 \n=0

l—n)
U 1 (1, A) = "0 (p(N)) TV B, (0.
Suppose that, for each m € Z,,0 <t <1,

_y my (5~ V20U, (V) = e
(22) A(m,t)_l;z!/RnaHM )(7;) = ||fn||n) d\ < +o0.

Use the estimates for E|y(t,\)|? from the proof of Theorem 4. We have

B[ @y = [0 B )R <

00 l (I-n 2
< [aspmEa(Xt (v2) f;”(t iln) ar<

=0 n=0

[e%s) l l n 2
<> aenm (Z(*@ il A RSN}
=0

n=0

Denote
(o) = / A1+ ™) p(A)] (B, (A)dA,
RTZ

Since 16, 1(t, V)] < 26V p(N)|I=] 3, ()] and (T)_, aa)? < 15, a2, we come to

n7

(23) (m.) <ZNZ *ft 7)")1(’” D12,
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Hence, the convergence of the series in (23) is the sufficient condition for (22).
So, the following result is proved.

Theorem 5. Let problem (14) have a solution for each A € R™. If condition (22) is
fulfilled, then problem (1),(13) has the solution that can be found as

u(t,z) = y(t, ),
where y(t, \) is a solution of problem (4),(20).
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