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ANDRITI MALENKO

EFFICIENCY COMPARISON OF TWO
CONSISTENT ESTIMATORS IN NONLINEAR
REGRESSION MODEL WITH SMALL
MEASUREMENT ERRORS

We study a nonlinear measurement model where the response vari-
able has a density belonging to the exponential family. We con-
sider two consistent estimators: Corrected Score (CS) and Quasi
Score (QS) ones. Their relative efficiency is compared with respect
to asymptotic covariance matrices. We derive expansions of these
matrices for small error variances. It is shown that the QS estima-
tor is more efficient than the CS one. The polynomial and Poisson
regression models are studied in more detail.

1. INTRODUCTION

In this paper we consider general nonlinear regression model with errors
in the variables, where the response variable has a density belonging to
the exponential family. It is well known that ignoring measurement error
leads to inconsistent estimators. We consider two consistent estimators: the
Corrected Score (CS) one and the Quasi Score (QS) one.

There is a number of papers dealing with these estimators. Kukush et
al. (2006) prove that asymptotic covariance matrix (ACM) of QS estimator
is not greater than ACM of CS one in Lowener order, and give conditions
for strict inequality. In Kukush and Schneeweiss (2005) it is proved that
the ACMs are equal up to O(c}), where o3 is error variance tending to zero.
The goal of this paper is to compare the terms of expansions of order o7}.

We denote by E the expectation of random values, vectors, or matrices,
V stands for the variance. The expectation Ef(z, ) is taken under the
same parameter 3 of the distribution of z as the 3 of the argument of f
unless otherwise specified. Derivatives are denoted as subindexes, vector
derivatives are column vectors of partial derivatives. The sign ! means
transposition, the symmetrization operation [A]s := A+ A’ makes sense for
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square matrices. We denote convergence in distribution of random vectors
by 4,

The paper is organized as follows. In the next section the model is
described. Section 3 introduces the estimators. In Section 4 we derive
expansions of the difference of ACMs. In Section 5 and 6 we consider two
particular models and Section 7 concludes.

2. GENERAL MODEL

Let (2, F, E) be a probability space. We study a nonlinear errors-in-
variables model, as considered in Kukush and Schneeweiss (2005). Let v be
a o-finite measure on Borel o-field on R. We observe a random variable y
with conditional density f(y|n) with respect to the measure v. The density
belongs to an exponential family,

¥m1fW)

Flyln) = exp Felo)}- 1)
The C(+) function is smooth enough, C” > 0, and ¢(y, ) is measurable and
does not depend of 7. The parameter ¢ > 0 is the dispersion parameter of
Yy, it is supposed to be known.

Assume that n = n(, 3), where ¢ is a random latent regressor, and [ is
unknown parameter vector. We observe noisy variable x = £ 4+ ¢, where &
and ¢ are independent. ¢ is called measurement error.

Let for i = 1,...,n random vectors (y;,&;,0;) be i.id., & ~ N (ug, of),
6; ~ N (0, 02), where parameters pg, o¢ and os are known, o¢ > 0, g5 > 0,
and &;, ¢; are independent.

Suppose that 3 € ©, where O is a compact set in R¥. Vector 3 is to be
estimated based on observations (y;, x;), i = 1,...,n.

Introduce the following smoothness assumptions.

(i) The true value of 3 is an interior point of the set ©.
(ii) C(-) € CO(R), and there exist constants A, B > 0 such that

VEERVB€O: [COMmER)| <A P i=1,..6.

(iii) n(-, -) € CUY(R x O), and there exist constants A, B > 0 such that
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3. ESTIMATORS

Several consistent estimators of (3 are proposed in the literature, see
Carroll et al. (1995). We will consider and compare the Corrected Score
(CS) and the Quasi Score (QS) ones.

The Quasi Score method is based on conditional expectation and con-
ditional variance of response variable y given x:

m(z, 8) .= E(ylz) = E[C"(n(¢, B))|],
v(z, B) = V(ylz) = V[C'(n(&, B))lx] + CE[C" (n(€, B)) ]

Estimator BQ is defined as a measurable solution to the equation
= -mg(z;, 8) = 0. 2
; U(Ii,ﬂ) ﬁ( ) ( )

We will say that for a sequence of random variables {U,, : n > 1} a
sequence of statements A, (U, (w)), w € Q, holds eventually, if

300 CQ, P(Q) =1, VweQIN=Nw)Vn>N: A,(U,(w)) holds.
Consider the following assumptions.
(iv) For some A,B > 0,V¢E e RV3 € O : C"(n(&,p)) > A-e Bl

(v) The equation E[v™'(mg — m)mg] = 0, 3 € O, has the only solution
B = Byo. Here [y is the true value of parameter 3, mg := m(x, 5),
m = m(x, ) and v = v(z, ().

(vi) The matrix Emﬁmg is positive definite at the true point 3 = .
Theorem 1. Let conditions (i) to (vi) hold true. Then:

a) eventually, the equation (2) has a solution BQ € 0;

b) eventually, the solution to the equation (2) is unique;

c) the estimator BQ 1s strictly consistent, i.e.

~

Bo — [ a.s., as n — 00.

The theorem is proved in Kukush and Schneeweiss (2005). The next
statement about the asymptotic normality is also proved there.
Theorem 2. Let conditions (i) to (vi) hold. Then Bq is asymptotically
normal with ACM g = &1, where

mﬁ(‘rv ﬁ)mtﬁ(‘rv ﬁ)
v(z, 3) ’

o =E
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To define the Corrected Score we consider the likelihood score function
in the error-free model. Denote

(Y, & B) = yns — C'(n)ng, (3)
where 1 and the derivative 75 are taken at the point (¢, 3). To find the ML
estimator of (3 by observations (y;,&;), ¢ = 1,...,n, one should solve the

equation
1 n
Ezw(yivgiuﬂ) =0, peo.
i=1
Consider the limit equation

E[(C'(n(€, Bo)) — C'(n(&, B)))n(&, B)] =0, B €O, (4)

where (3 is the true value of parameter (.
Assume the following identifiability condition for the error-free model.

(vii) The equation (4) has unique solution 5 = .
We introduce the corrected score function 9. (y, x, 3) such that
E(e(y,,b)[y, &) = ¥(y,§,b), beO.

Denote fi(z,8) = ng(z, 5), fa(z, 5) = C'(n(x, B))ns(z, 5). We search
for such functions fi.(x, 3), ¢ = 1,2, that

Then .(y, x, 3) = y frc(z, B) — fac(z, B).
Suppose that

(viii) Functions f;. in (5) are defined in a neighborhood of ©.

(ix) For small enough o4 the following relations hold true:
1 1 e

< A|m| 6
[g555~ (557~ gt e+ ot )| < -
fori=1,2 and j = 0,1 and for some fixed A > 0, C = const.

The last condition holds true for the polynomial and Poisson models. It
is closely related to a series expansion of the solution to the deconvolution
problem like (5), which is presented in Stefanski (1989).

The Corrected Score estimator BC is defined as a solution to the equation

1
;;w‘?(ylaxzaﬂ) = O, ﬁ c 0.
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Under n — oo we get exactly the equation (4).

Asymptotic properties of (¢ are studied in Kukush and Schneeweiss
(2005). Under conditions (vii) to (ix), B¢ is strictly consistent and asymp-
totically normal, its ACM is given by the sandwich formula

Yo=A' B, - A7Y
where matrices A, and B, are

AC = EO”(U)%??E» 77:77(575), Bc :E@Dc(y,%ﬁ)%(ya%ﬁ)
4. APPROXIMATION OF ¥ AND ¥g

A reader can find the exact comparison of ¥g and ¢ in Kukush et al.
(2006). In Kukush and Schneeweiss (2005) it is proved that under conditions
(1) to (ix),

Yo — Y = O(03), as o3 — 0.
That is, for small o2 the asymptotic efficiency of these estimators is approx-
imately equal up to O(a%).

Under stronger conditions on C(n) and n(¢, 3), we can find further terms
of expansion of X and X¢.

Theorem 3. Let conditions (i) to (ix) hold and the next condition holds as
well.

(x) The matriz S = EC"ngnj; is positive definite.
Then under o2 — 0 we have
Ye—%qg = 035 A-ST 4 0(0), (6)

where

S
>
I

EC /’3717;?%77% — E[C"n2nnt]STIE[C n2nan}]

2 2
soE(gC” n2ngnly + C® ningnl + 2C"COnd n.enh]s
3C"* 2 n.ant s + 2C" CON2naamanly + 3C"* Nutiua Mapn)]s
C"*n2nan — BC"n2nsnt] ST E[C nasn’ 4] ;
— E[C" ]S BIC ninam})) )

++ o+

1
+ 302E<§C//7]m577;ﬁ - 0(3)77:px7]mﬂ77;ﬁ + C//nmmﬂn:fcwﬁ

C3)2
+ ( o = OO ) oty = BIC nants) STEIC mismt ) ).
Here we calculate the function n and its derivatives at the point (z,[3), and
the function C and its derivatives at the point n(x,3), where [ is the true
parameter.
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Proof. The idea of the proof is to approximate each ACM with summands
of similar structure. These will be the expectations of products of functions
C', n and their derivatives at the point (z, 3).

4.1°.  Approzimation of ¥g. We approximate functions m(z, ) and
v(z, ). We note that they can be expressed in terms of summands like
E[f(& B)|x], where function f(§,3) and its derivatives are bounded by
CePlEl uniformly for all 8 € © because of conditions (ii) and (iii).

o3 2 2 9

Since &z ~ N (u(x), 72), where p(x) = o — 25 (x — p), 7° = 05 — &, we

o3

have for v ~ N (0, 1), 7 is independent of z, that

E[f(&, 8)lz] = Elf (u(2) + 77, B)lz] = Bf (u(t) + 77, 5)|,

=x

Denote a = (x — p)o, 2. Expanding the function f(u(z) + 77, ) into the
Taylor series near the x point and taking expectation w.r.t. v, we have:

E[f(u(x) + 77, 8)|z] = f(év4, B) - ngfx(éﬂ,f)

2 2 .4
%fmm(xaﬁ) B %fmmm<xaﬁ) + %fle(x,ﬁ) + T(x’ﬁ’(jé)’

(8)

and there exists constant A such that for all 5 € © and for small enough
o2, E|r(x,3,05)] < AcS. Here the expectation is taken w.r.t. x ~ N(u,c?).

To approximate m(z, ) we use (8) with f(z,3) = C'(n), n = n(z, B).
We rewrite v(x, 5) = Ay (z, 3) + pAs(z, 3). Here

Ai(x, 8) = B[C”(n(&, B)|2] = m*(x,8),  As(x, ) = E[C"(n(&, B))]a].

We use (8) with f(z,3) = C"*(n) and f(z, 3) = C"(n), respectively.
Because of (iv) the random variable v='(xz, 3) is well-defined and uni-
formly in 3 € © bounded from above by const - e?1?l. The random matrix
mg(x, 3)mj(z, B) is also majorized by const - eBl?l uniformly in 3.
In approximation of ® we have summands of the form Ea*h(x, ), k =
1,2. Here the function h(z, 3) satisfies conditions (ii) and (iii). To transform
these summands we use the partial integration formulae:

Eah(z, 3) = Eh.(7,3), Ed’h(z,3) = o, °Eh(z, 3) + Ehe(, 3).

Summarizing we have:

o3 o5 6 2
¢:¢S+7Q+§T+O(a5), as o5 — 0.

To invert ® we use the following expansion: as § — 0,

(A—6B+6%C)" = A +6A ' BA '+ 82 A" (BAT'B—C)A ' +0(8%), (9)
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which holds true for all square matrices A, B, C' of the same size, where A
is nonsingular. Based on (x), we use (9) for A = ¢™'S, B=3Q, C =T
§ = o2. We have
o? o3
Yo =¢STH + 5 e"STIQST 4+ 2
4.2°. Approzimation of Y. To expand A. we use the next general result.
Let the function g(z, 3) satisfy the condition

&

©*S(20QS7'Q = T)S™' 4 O(09).

81:@9(3375)‘ §00n3t~ec2|m|7 iIO,...,6,

with some positive constant Cy, which may depend on 3, £ ~ N(p, Jg) and
§ ~ N(0,0%) are independent, z = ¢ + §. Then

2 4
Eg(&,8) = Eg(x, 3) — &Egz’x(xaﬁ) + &Egﬁ(w, B) + O(c9), as a5 — 0.

2 8
We set g(x, ) = C"(n(x, B))ns(x, B)ng(x, B). Then
1 1
A =85 — §U§A62 + §U§Ac4 + 0(a?),

where
Aez = E(C"npns)ee (2, B),  Aer = E(C"ngnjs)es (2, B).
We apply (9):

ATl=5"1y 0 2971 A,,S7 + 0 45 124,08 Ay — Au)S™1 + O(59).

To approximate the matrix B, we use condition (vi):

¢C(y7xvﬁ> ~ yfl - f2 - %Ug(yfl - f2>xw + %Ugl(yfl - f2):c4

The remainder in the last approximate equality is bounded by
const - ([y| + 1)ela?.

Since yf1 — fo = (y — C/(n))nﬁ, then in the approximation of .. we
can find terms like (y — C"(n))*, k = 1,2. We get rid of them and finally

obtain 1

We have
EC = QOS_l + %U§5_1(290Ac2 - BCQ)S_l

+ —O'(;S ( cd — 2§0A04 + (G@ACQ — 2302)5’_11402 — 2ACQS_1BCQ).
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At last we write the difference between ¥ and ¥ and simplify it. O
Lemma. Let F' and G be two random matrices of the same size such that
E GG is positive definite. Then E FF'—E FG! (EGG!) " EGF" is positive
semidefinite matriz. Moreover, it is zero matriz if, and only if, FF = HG,
H=EFG (EGG) ™", as.

Proof. Consider the matrix A = F'— HG. The matrix AA! is positive
semidefinite a.s. Its expectation equals

E(F - HG)(F - HG)=EFF' ~EHGF' —~EFG'H' —EHGG'H' > 0.

After substitution of H we have the lemma proved. [J
We rewrite A from (7) in the form

pA=EFF' —EFG' (EGG) " EGF' + oL + ¢*M,
where
F=(C") g, G=(C")"np.

Here the function C” = C"(n), and n = n(z, ). By Lemma the inter-
cept term of matrix polynomial @A (it is polynomial w.r.t. ¢) is positive
semidefinite. It can be zero if, and only if,

(C”ni I —E [C”Znﬁngng] . S‘l) ng =0 as., (10)

where S comes from condition (x), and [ is the identity matrix. Thus

lim {gp lim 05_4(20_262)}

p—07F o'g—>0+
is a positive semidefinite matrix. It is zero iff the condition (10) holds.
5. POLYNOMIAL MODEL

Polynomial measurement error model has a form

Yi=Po+Oi&i+ .o+ O e
{asi:&—l—éi, i=1,...,n (11)
Here m > 1, ¢; are i.i.d., &; ~ N(0,02), and ¢; are independent of & and §;,
{&} and {6;} are the same as in Section 2.

The model (11) belongs to the exponential family (1) with functions
Cn) =n*/2,n(&,8) = Bo + Br&i + ... + Bm&]", and ¢ = 0Z. The unknown

parameter 3 = (B, ..., Bm)"
The conditions (ii) to (iv) are fulfilled. The conditions (v) to (ix) are

explained in Kukush and Schneeweiss (2005). The matrix S from condition
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(x) is Gram matrix for random vector ((z) = (1,z,...,2™)", S = E((,
and therefore it is positive definite.

We apply Theorem 3 and have
OA = EU%K + 0E(0; i K 4 30 Ky + 3nenee Ky + 0z K )+

+0* E(0,° K1 + Ks) — E(ZK + ¢K1) - S7' - E(miK + oK),
K:=(¢, K=", Ky:=¢"¢", K,=[s.

The senior term of pA is zero, i.e.
E(O';QKl—FKg) :EKl'S_l'EKl. (12)
To prove this fact we use the orthonormal Hermite polynomials

_ (=0) (z—p)?\| & (z — p)?
hz(l’) = \/Z_' exXp W % exp _T;%
Denote h = (ho(z),...,hn(z))". Then there exists lower triangular non-
singular matrix B such that ¢ = Bh. We have hi(z) = hi_i(2)Vi/o,,
i > 1, therefore A’ = Dh, where the matrix D has zero components except
dii—1 = Vi/o,. We substitute in (12) the following expressions

} . Ehi(x)h;(z) = 0;.

('=B-D-h, ¢("=B-D*-h, Ehhi=1I.

Then (12) holds due to the equality DD + 02D?*D* = ¢>?DD'DD*.

We have that A is linear in @, i.e., pA = A+ ¢B. By Lemma we have
A > 0. But under §,, # 0 we can easily prove that A is positive definite.
Next, it was proved in Kukush et al. (2006) that o > ¥g. Thus B is
positive semidefinite. So we can summarize that under [, # 0,

. —4
0(2}1_%+ o5 (Yc —Xq)

is positive definite matrix. Thus QS is more efficient than CS for small
measurement error variance.

6. POISSON MEASUREMENT ERROR MODEL

In Poisson model the conditional distribution y|n belongs to the expo-
nential family (1) with functions C'(n) = €” and n(&,3) = Go + (1€, and
constant ¢ = 1. Here v is a counting measure, v(A) = #(AN{0,1,2,...}),
A € B(R). The unknown parameter 3 = (5o, 31)".

It is easy to check that the conditions (ii), (iii), (iv), (vi), and (vii) hold
true. The matrix S = E[e"ngnj] is positive definite.

The matrix A is equal to

A = BioBe*gng + B A1 + A,
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where A; is positive semidefinite and A, is positive definite under 3; # 0.
Then under 8 # 0 we have Y¢ — X is positive definite for small o3, and
the first positive definite term of expansion of this difference is the term of
order o§. Under 3; = 0 we have A =0 and X¢ = Xg + O(09).

7. CONCLUSIONS

In this paper we considered the nonlinear regression model with normal
measurement errors and compared the efficiency of two consistent estimators
of unknown parameter. All nuisance parameters, that is measurement error
variance o2, parameters of distribution of latent variable ue and ag, and
dispersion parameter ¢, were supposed to be known.

We considered two consistent estimators, the Quasi Score (QS) and the
Corrected Score (CS) ones. We found expansions of their ACMs up to O(c¥%)
and proved that in polynomial and Poisson regression models the difference
between ACMs of CS and QS is positive definite for small measurement
error. Kukush and Schneeweiss (2005) proved, that choosing CS estimator
instead of QS one results into negligible loss of efficiency (up to the order
O(0})). In this paper we showed that QS is more efficient than CS up to
O(08). This result can be useful for selection of estimator if one knows a
priori that the measurement error variance is small.

The author is grateful to Prof. A. Kukush for the problem statement
and discussions.
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