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SUPPORT THEOREM ON STOCHASTIC
FLOWS WITH INTERACTION

We prove an analogue of the Stroock—Varadhan theorem for stochastic flows describ-
ing a motion of interacting particles in a random media. A version of the I1t6 lemma
for functions on a measure-valued process is obtained.

INTRODUCTION

Let us consider a flow of interacting particles in a random media. Denote by z:(u) a
position at an instant of time ¢ of a particle starting from a point u € R%. Let u; be a
distribution of the mass of particles at the moment ¢. Suppose that each particle does
not change its mass in time. So p; is the image of the measure po under the mapping
Ty, €. Uy = o ox?l.

Assume that the motion of each particle depends not only on its position at the current
time moment but also on the distribution of the total mass of particles and satisfies the
following system of stochastic equations:

dry(u) = a(ze(u), pe)dt + 3250 b (e (w), pe)dwi (2),
(0.1) zo(u) = u, u € RY,
Ht = Ho OI;17 te [OvT]v

where a,b, : R x P — R?, puy € P; {wk(t)}—17 are independent one-dimensional
Wiener processes. Here, P is the space of probability measures on R? with a topology of
weak convergence.

Systems of stochastic equations of the type (0.1) for flows of interacting particles were
introduced by A.A. Dorogovtsev and P. Kotelenez [1]. Measure-valued processes which
are solutions of (0.1) were initially obtained in [2] as some weak limits of the finite number
of systems of interacting particles. However, there was not considered any flow describing
the individual behavior of particles for the limit process.

The theorem on uniqueness and existence can be proved under some natural conditions
on the coefficients of (0.1) [3]. Moreover, if a, b, are smooth enough, then a process x;(u)
possesses a modification which is differentiable with respect to w (the corresponding
number of times), and its derivatives ‘""kg;,E“) are continuous in (¢, u). So, we can consider
the process x;(-),t > 0 as a continuous stochastic process with values in C*(R? R?).
Here, a space C*(RY,R%) of k times continuously differentiable functions is provided
by the topology of uniform convergence of functions and their derivatives on compact
sets. On the other hand, = x;(u) can be considered as a random element in the space
Cr = C([0,T]; CF(R?,R?)). The aim of this article is a characterization of the support of
a stochastic flow x4 (u).
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The corresponding result for the usual stochastic differential equation

dé; = a(&)dt + Y bi(&) o dwy()

k=1

is given by the well-known Stroock—Varadhan theorem [4]. It asserts that, under some
smoothness assumptions on the coefficients of Eq. (0.1), the support of £(¢) distribution
is equal to the closure in C([0,T],R9) of the set

{z¥,% is piecewise smooth},

where z¥ is a solution of the non-random equation
o’ (t) = a(z? (£))dt + > bz (£))dip (¢).
k=1

A similar result for the stochastic flow z;(u) generated by s.d.e. depending on the
initial condition

(0.2) { dr(u) = a(xy(u))dt + >4 br(x(u)) o dwy (1),

xo(u) = u.

was obtained by H.Kunita [5].
Stochastic flows generated by the equation

03) (o) = [l mtomu@i + Y ([ stato).a@)u)) o
k=1

with interaction were considered in [6, 7].

Note that Eq. (0.3) is a partial case of Eq. (0.1) with a(u,v) = [p, a(u,v)v(dv),
bie(u,v) = [pa Br(u, v)v(dv).

Usually, it is convenient to formulate a Stroock—Varadhan-type theorem for stochastic
equations written in the Stratonovich form. Moreover, it is always supposed that the
coefficients of equations are differentiable more than one time. The coefficients of (0.1)
depends on the measure-valued process u:. So we need some version of the It6 formula
for functions depending on a measure-valued process. We prove the corresponding result
in §2.

The rest of the proof of the Stroock—Varadhan theorem for a stochastic flow x;(u) is
quite standard.

We estimate the “small-balls” probability in §3 and prove that, for each € > 0 and a
piecewise smooth function v, the conditional probability

P(Stlp sup |V(a(u) =z} (w))|/ sup Iw(t)—w(tﬂ)

lu|<R te[0,T) te[0;T]
converges to zero as 6 — 0+ . This gives us the inclusion
{x¥,4 is piecewise smooth} C supp P,.

The support is a closed set, so it contains the closure of {z¥,4) is piecewise smooth},
Section 4 is devoted to the proof of the approximation theorem. Particularly, we prove

that if a sequence of processes {£{(t), € > 0} is such that w{(t) = fot &5 (s)ds converges

as € — 0 to a Wiener process wy(t) in some sense, then a solution of Eq. (0.1) with w®(t)

instead of w(t) converges to the solution of (0.1), but may be with corrected coefficients.
It is worth to mention one principal difference between Eqs. (0.1) and (0.2).
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While studying Eq. (0.2), we can consider different starting points independently.
Then the differentiability with respect to u is just a differentiability with respect to a
parameter. However, all the equations in (0.1) are coupled, and (0.1) should be consid-
ered as an infinite (even uncountable) system of stochastic equations or as a stochastic
equation in the functional space.

1. PRELIMINARIES
Let P be a set of probability measures on R? with a topology of weak convergence.

Definition 1.1. A pair (x¢, u¢) is said to be a solution to Eq. (0.1) if

1) mapping * = z4(u,w) : [0,T] x R? x @ — R? is measurable in a triple of its
arguments;

2) processes z;(u), e are adapted to a filtration generated by the Wiener processes
wi(t), k= T,m

3) for each u € R? with probability one, the equality

xe(u) = u +/O a(zs(u), ps)ds + ;/0 bi(zs (), us)dwy(s), t € [0,T],

where p: = o oz ! is the image of the initial measure yo under the random mapping
Ty, is satisfied.

Let us introduce the Wasserstein metric on the space P :

v(p1, p2) ;= inf / / lu —v| A 13(du, dv),
#2€Q(p1,12) JRd JRA
where Q(u1, 12) is a set of probability measures on R x R? with marginals y; and ps.
It is well known that the metric space (P,7v) is complete and separable [8], and the
convergence in metric vy is equivalent to the weak convergence of measures.
Let us formulate the theorem of existence and uniqueness for the solution of Eq. (0.1).

Theorem 1.1 [3]. Assume that
dL > 0 Yuq,us € R¢ Y, e € P

la(u, 1) = aug, pa)| + Y (b1, ) = b (ua, p2)| <
k=1

< L(lur — uz| + 7y (p, p2))-
Then there exists a unique solution for Eq. (0.1).

(1.1)

Further, we always assume that the conditions of Theorem 1.1 are satisfied.
Put a(xz,t) = a(z, pe(w)), br(x,t) = by (z, pe(w)). Observe that if x, y; satisfy (0.1)
then z; satisfies the following Itd equation:

{ day(u) = (e (u), t)dt + 7 by (), £)dwy (£), ¢ > 0,

1.2
(1-2) xo(u) = u.

The functions ?i,gk are continuous and satisfy the Lipschitz condition in z. So, the flow
x4 (u) has a modification which is continuous in (¢,u) (cf.[5]). Moreover, if the coefficients
a, by are (n + 1) times continuously differentiable with respect to u and have bounded
derivatives, then the partial derivatives % ,j = 1,n exist and are continuous in (¢, u).

Therefore, we can consider the process x¢(-) as a continuous process with values in
C™(R?,RY) or as a random element in C,, = C([0,7],C"(R? R?)), where the space of
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functions O™ (R?, R?) differentiable n-times has a topology of uniform convergence of the
functions and their derivatives on compact sets.

Usually, to study the support of a solution for some stochastic equation, one needs a
stronger condition of smoothness than the Lipschitz condition. That’s why we need the
following definition of a derivative for functions depending on a measure-valued argument
[9].

Let 9 be a space of finite measures on R? with a topology of weak convergence, and
let F' be a continuous function from 91 to R.

Definition 1.2. Assume that, for each ;€ M, u € RY, there exists the limit

6/1, ' e—0+ e

(1.3)

which is continuous in (y, u), where §,, is a unit measure concentrated at the point u € R%.
Then function F' is said to be continuous differentiable, and g—i is its derivative.

Higher order derivatives ‘;:—f(uh ... ,uy) are defined iteratively.

Remark 1. Let p; be a process from (0.1). Then the full mass of u; is not changing in
time, u¢(R?) = po(R?) = 1. So, in general, in order to consider Eq. (0.1), it is natural to
know the coefficients in the space R? x P only, but not in the larger space R? x 9. Note
also that if © € P, then p+¢ed, ¢ P as e # 0. We can replace the definition of continuous
differentiability (1.3) remaining in a class P by using Newton—Leibnitz formula:

ag—i €C(P xRY) Yy, pp € P

(L) P = Fu) = [ [ SRS s i,

The proof of (1.4) can be done for discrete measures at first. Then it is not difficult
to extend (1.4) for an arbitrary measure by continuity (recall that g—i is continuous in
(u,u)). However, formula (1.4) seems to be less natural than (1.3). Moreover, if the

function F' is defined on P and satisfies (1.4) for all py,pe € P, then its extension
F(p):=F (W) to the space of all finite measures 9 is continuous differentiable in
the sense of Definition 1.2.

The following statement will be useful in our investigations.

Lemma 1.1. Assume that F : P — R satisfies (1.4), where the function ‘;—5 s bounded
and satisfies the Lipschitz condition in u :

F
3L, Vu e PVYueR:: 56—1(5)(71)‘ < Ly;
oF oF
SLo Y € P Vur,us € Y ‘%m)— 0 )| < Lafs = .

Let v € P be a probability measure. Then there exists a constant L = L(F') such that,
for all measurable functions fi, fa : R* — R%, the following inequality holds:

(1.5) |F(v2) = F(n)| < L/Rd |f1(u) = fa(w)| A v (du),

where v; = Vofifl, i=1,2.

Proof. Put pr = 7v3 + (1 — 7)v1. Then, due to (1.4), we have

1
|F(v2) — F(11)| < /0

OF (ur) )
/Rd T(u)(uz(du) — i (dw))| dr =
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= [ () gy — ), ) )

dr <

< /0 /R (Lol o) = A(w]) A 2Luv(du)dr <
< (L2 + 2L1)/]Rd [fa(u) — f1(uw)| A 1v(du).

Lemma 1.1 is proved.

Remark 2. While studying carefully the proof of Theorem 1.1 (see [3]), one can notice
that it is sufficient to demand a condition of type (1.5) instead of (1.1). So, the existence
aa(af;“)7 5;9“ MS;LM)( ), abka(i’“)7 and a 6b’“(z “)( ) is enough
for Theorem 1.1. This condition will always be supposed in §2, §3 However, it seems to
the author that the formulation of Theorem 1.1 is methodologically more useful than a

similar theorem with the condition

of the bounded derivatives

IL > 0 Va,u e R Wy :

86axu " (| Ob(, ) 0 Oby(z, 1)
[« X (P

o)) <

Ox
instead of (1.1).

da(x, 1) ‘

2. ITO FORMULA FOR FUNCTIONS OF MEASURE-VALUED ARGUMENT

In this section, we prove a version of the It6 formula for a process F(&;, ut), where
is defined in (0.1), and the process & has a stochastic differential

(2.1) & = oudt + > Bl dw;(t)

j=1
The main result is as follows:

Theorem 2.1. Assume that a function F : R¥ x 9 — R is such that the following
derivatives exist, bounded, and continuous in all arguments:

OF (x,p) O*F(z,p) O6F(w,p), | 0*F(x,p)
o) SEL Hen,) (w,0),
0 0F(x, i 0% 6F(x, 1 0% 6F(z, i 0% 62F(z,p
R )] 10 ), G219 4,0),
Ju O ou O OxOu O Ooudv  §p
Suppose that a process & = (&}, ... ,&F) has the stochastic differential (2.1), and the

functions a, by satisfy the assumptions of Theorem 1.1 and are bounded.
Let us introduce the following notations:

g, (t, 1) = Zﬂtbzzu w(T Y, 1) szxﬂbzyu)

2
op(w, 1) = op (@, 2, 1),
where * is the transposition operator of a matriz.

Set

La(t)F (2, 1) = F{(ar, pan + gop(Fa (o, o2 e(1),
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x 2 x,
re \OU  Op 2°P 502 T

1 0% 6%F(z,
(22) w3 L o o ), (u, . ol (o).
Then

F(&, ) = Ly(t)F (&, pa)dt + FY (&, ) Y Bhdwy (t)+

=1

L F (G ) dt+Z / OB 3 o,y 1)+

ou  op
1 82 6F(ft7/1,t) 2
(2.3) +§Sp e agauT(U)Uﬁﬂ(t7u7ut)/’b(du)dt'

Proof. Let us verify formula (2.3) for a function F(x, u) = F(u) depending on the second
argument only. The general case can be proved similarly but with additional routine
calculations.

Let

n
= ch’nauj,n7 n €N, Cjn >0, ch,n =1
— ;

be a sequence of discrete measures which converges weakly to pg as n — oo.

Denote, by 2} (u), a solution of Eq. (0.1) with initial measure p™ instead of uo,
pt := p™ o (z) 1. The plan of the proof is to obtain the It6 formula for p? at first, and
then to pass to a limit as n — oo.

Remark 3. The It6 formula for superprocesses with interaction was obtained in [10].
There, a function F(u) was approximated by polynomials in p, and the proof is a hard
technical work. It is worth mentioning that the process u; is neither a superprocess nor
the Fleming—Viot process. This fact can be easily checked if we write down and compare
their generators [3,9].

Observe that the measure ' is also discrete, uy = 3271 ¢jndap(u, ). To simplify
notations, we will write c;, u; instead of ¢; p, Ujn.

The processes z7 (uy), k = 1,n satisfy a finite system of stochastic equations

n

dzi (ur) = a(zy (ur), Z Cj0m (uy) ) dt+-
=1

+Zbl xt Uk Z 19 ?(uj))dwl(t),kzl,n.
j=1

Consider a function f : R — R defined as follows:

flor,...,05) = F(chévj).
j=1

Then F(u}) = f(aP(u1),... 27 (uy)). Let us check that f is twice continuously differ-
entiable.
Assume for simplicity that n = 2 and calculate <§Tflv e)ga, where e € R? (recall that

v € Rd)
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Set v = €16y, + €200y, Vr = (1 — 7)(€104; + €204,) + T(C100;, +ce + C204,). Formula (1.4)
implies

lim f(v1 +ce,v2) — f(v1,v2)

e—0 £

1
= lim 1 </ 5F(VT) (U) (Cl5v1+se + 025v2)(du)
0 Re  Op

e—0 ¢
5F(VT)
_ /R , T W) +c25m)(du))

o1t SF (v,) 0F (vr)
—gll)%g ; cl< 5 (vl—l—se)—T(vl))dT

. (i(SF(u) e)
~ 1\ o, o ) ga

Here, while grounding the passage to the limit, we use the continuous differentiability of
%(u) with respect to the parameter v and the boundedness of its derivative.
So, we have verified that

5f  OF(),
avj_cjv 5,“ (’U])7

(2.4)

where V is the derivative with respect to the argument v;.
Analogously,

0% f 52F(v) O0F (v)

M = ciCjV1V272(Ui7’Uj) + ij2—(’l}j)6ij7

(2.5) 5 5

where §;; is the Kronecker symbol.
Let us apply the usual It6 lemma to the process

me = f@f (), 2 (un) = PO ¢ibapy) = Fluf)
j=1

and use (2.4), (2.5):

dnp — ZCiv‘sFa(f) (2 (u:)) (a(x?(uz')w?)dt + mex?(ui)?w)dwz(t)) +

l

+§ Z CiCjSp leQT(It (ul)vxt (UJ))U;L;L(It (ul)v'xt (uj)hut ) t+
4,3

26) +5 S e (VD o et (o)) .
Observe that, for each g = g(u), h = h(u,v), we have

et (w)) = [ gt ),

i

S eehlat ). atu) = [ [ htwoy @)
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So, the expression in (2.6) is equal to

0 O0F (i
@7) i = LaF(u}) dt+2 / o D i, i (),

where the operator Ly is defined in (2.2).

The initial distributions p™ are weakly convergent to pg. Therefore [3], for each ¢ > 0,
we have the convergence uy to p: in probability. Taking a subsequence, if it is needed,
it can be assumed without loss of generality that, for almost all w € Q and almost all
t>0,

pit (W) = pu(w), n— oo.
All functions in the differentiated expression in (2.7) are bounded and continuous. The
proof that we can pass to a limit under the integral sign in (2.7) follows from the next
lemma.

Lemma 2.1. Let {v™,n > 1} C P be a non-random sequence of probability measures
which converges weakly to vy. Assume that the function g : R x P — R is continuous
and bounded.

Then

/Rd g, vy v (du) — /Rd g(u, vo)vo(du), n — oco.
Proof.
'/Rd g(u, vy )vp (du) — /Rd g(u, vo)ro(du)| <

< [ latwr) = stwsmlln(an) + | [ gtwmpmtan) = [ gtuvmpian).

The second item converges to zero due to the weak convergence v, = 1y, n — oo.
To estimate the first item, observe that the set {v,,n > 0} is a weak compact. By
the Prokhorov theorem, for each ¢ > 0, there exists a compact K. C R such that
vn(RY\ K.) < e for all n > 0.

The function g is continuous on a compact K. x {vp;n > 0} C RY x P and, hence, it
is uniformly continuous. Thus,

sup |g(u,vn) — g(u, )| — 0, n — oo.

ueK,
Therefore,
lim lg(u,vn) — g(u, vo)|vn(du) <
n—00 Jpd
< Tim | |g(u,vn) — g(u, vo)|vn(du) + Tim (lg(u, )| + lg(u, vo)Jrm (du) <
n—0oo Jre n—oo RI\ K,
< 2 sup sup |g(u,v)le.
u€RI veP

The number € > 0 is arbitrary. Thus, Lemma 2.1 and also Theorem 2.1 are proved.

3. LOWER ESTIMATE FOR SUPPORT OF x(u)

Let ¥ = (¥1,... ,%y) : [0,7] — R™ be a piecewise smooth function. Denote, by =¥,
a solution of the following (deterministic) equation
da} (u) = a(wy (u), uf )dt + Dkt bi(} (), 1 ) (t), u € RY,
(3.1) = poo (z¥)71, te0,T),
zf (u) = u,
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where

(32) alep) = ale, )~ 33 o

k=1

bk:(xvlu/) +

(. (o))

is a corrected coefficient.
The aim of this section is to show that the support suppz of the flow x¢(u) contains
the set
S = {z¥: ¢ is piecewise smooth}.
Note that if we replace the integral with respect to ¥ (t) by the Stratonovich integral
w.r.t. wg(t), then we obtain Eq. (0.1).

Theorem 3.1. Assume that the coefficients a, by are such that the derivatives

0% 9% Fala,p)

o o ﬁcsjbk(x,u)
ou dxP  SpI

(a) and 950 0F o (a)

are bounded and continuous in all their arguments, where j =0,n+ 3, @ = (u1,...,u;),
o = (a17"‘7aj)7ai 207 ﬁ: (/817"'75(1)7 67, 207 C¥1++a]+61++,8d §n+3
Then the support of x; considered as a random element in C([0,T], C™(R?, R%)) contains
the set S.

Proof. We restrict ourselves only to the case n = 0 and ¢ = 0. The case of arbitrary
can be considered with the use of the Girsanov theorem (see the reasoning of Theorem
[11]). The reasoning for arbitrary n is similar to the case n = 0 (see [6] for details).

Lemma 3.1. Assume that the conditions of Theorem 3.1 are satisfied. Then, for each
ball U € R and each € > 0,0 > 0, we have the following convergence of conditional
probabilities:

t
tig P [ sup | [ by w)e) o dun(s)| > </wl] < 3 | =0,
6—0+ uelU_[Jo
t€[0,T)
where | -| is a norm in R, ||w|| = SUDPyeo,7) MAX,;_77; |wi(t)| is @ norm in C([0,T],R™).

Proof. Due to the Sobolev embedding theorems [12], it is enough to verify that

t
tim P sup | [ bu(ea()ne) o duwn()lwon = e/l <5 ) =0,
—0+ tefo,7] Jo ’

where p > d, || fllwrw) = (Jy (P + [V fIP)dx) " The proof of the corresponding fact
can be done similarly [7]. We need to use the It6 formula (2.3), boundedness of a, by, and
their derivatives, and some estimates of the moments for x;(u) and amg—i") (to estimate

the moments, one can apply results in [5], §4.5, 4.6, to (1.2)).

Let us show now that z°

every ball U C R? and € > 0,

€ suppz. To verify this, it is sufficient to check that, for

P ( sup sup |z (u) — 2 (u)| < 5) > 0.
te[0, T uelU
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Denote Y ;" , fot br(zs (), p1s) o dwg(s) by or(u). Then

ze(u) =u —|—/O a(zs(u), ps)ds + or(u),
) =t [ alad). m)is

where @ is defined in (3.2), 22 (u) is a solution of (3.1) with ¢ =0, u9 = pg o (z?)71.
Let us use inequality (1.5) to estimate the difference |z;(u) — 29 (u)|,u € U :

o) =220 < 2 [ (1) =221+ [ 1ot0) = a0 A o)) ds + o) <

t
<or / (sup |z4(v) — 20(0)] + p(RI\ T))ds + sup [os(0)],
0 veU s€[0,t]
velU

where L > 0 is a constant.
So, by the Gronwall lemma, we get the estimate

sup |z,(v) — 2 (v)] < | sup |os(v)| + p(RI\U) [ 7.
velU viﬂ]
seg|0,

Let € > 0, and let U C R? be fixed. Choose a ball U D U such that u(R?\ U)e27 <
Then we choose § > 0 such that

£
3

o—2LT,
Pl sup |o(u) < /||w| <d| >0
= 2
uclU
te[0,T]

Therefore,

Pl sup faow) —af(w) <c| =P sup |aeu) —odu) <c | >
uelU wel
te[0,7] te[0,T]

> P | (sup |og(u)]+ p(R?\ U)e* T <e [ wl| <6 |- P(w] <6) > 0.
1o

Moreover, it is easy to verify that

P sup |z(u) —2}(u)|<e/||lw|<6]—0,6—0+.
el

Theorem 3.1 is proved.
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4. APPROXIMATION THEOREM.

Let us consider the system

L (u) = a(wf (u), 1) + Sy be(as (w), 15)E5 (1),
25(u) = u, u € RY,
s = po o (25)7t, t € 0,71,

where the stochastic processes £ (¢) are such that wi(t) = fg &5 (s)ds converges as e — 0
to a Wiener process wyg(t) in some sense.

In this section, we give some sufficient conditions that ensure the convergence of
(x5, us) to (a4, pt), where (x4, pt) is a solution of (0.1).

Theorem 4.1. Assume that the functions a,by, k = 1, m satisfy the conditions of The-
orem 3.1 and
Al1. The collection of processes

N T
Ke(s)= 3 ( / IE(é“f(r)/QS)IdT) (L+1& ), =>0
l,j=1 s

is uniformly L,-bounded for each p > 1:

Vp>1 supsup EKP(s) = K, < 00
g S
and is uniformly exponentially bounded in mean:
T
YA>0 supEexp{)\/ K.(s)ds} < o0,
€ 0

where

G =0((2):0<2z<¢, k=1,...,N).

A2. For each s € [0,T], the following convergence holds in Lo :
T
| 1B /991~ 0. = .

A3. There exist the deterministic bounded functions o'™(t),1 < l,m < N such that,
for all s < t, we have the following convergence in L :

E(/:gf(T)dT / g;;@)m/gg) :0/: o (2)d,

Then the distribution in the space
Cn x C([0;T],R™) x C([0; T],P)

of the triple (x5, w®(t), u§) converges weakly as e — 0 to a limit measure such that:
1) the distribution of the second coordinate w(t) = (wi(t),...,wn(t)) is a Wiener
process with the covariation matriz || fot(aij (s) + o%i(s))ds||;



138 A. YU. PILIPENKO

2) the processes x¢(u), w(t) and p: are connected by the system
d _ m Obg (z¢(u),pt) b
zi(u) = |a(@e(u), pe) + 227 ey o (e (w), )+

(1) 4+ fpa £ Sl (0)0; o, utmt(dv))] o* ()t + Sy bi(e (), ue)dw (1),

zo(u) = u, u € RY,

Mt = Mo Oajt_lv te [OvT]
If, in addition, the processes w®(t) and w(t) are given on the same probability space and
we (t) — w(t), € — 0 in probability for all t € [0;T], then

n

(4.2) Vp>1VR >0 E sup sup Z |VE (5 (1) — 4(u))|P — 0, — 0.
jul <R tel0:T) =

3 0, i
An example of the sequence w®(t) with ¢ = { 05 i 7&‘7 is a polygonal approxi-
B, =

mation:
() = e H(wi((k + 1)e) — w;(ke))
if t € [ke; (k+ 1)e).
Theorem 4.1 and this example imply that the support of the x;(u) distribution in the
space C,, is contained in a set

{z¥ : 4 is a piecewise linear function, z¥ satisfies (3.1)}.
It is easy to show that if {¢,,} is a sequence of piecewise smooth functions such that

sup [¢n(t) = vo(t)| — 0, n — oo
te[0;T]

€ss supte[O;T]W);z(t) - 1/)6(t)| — 0, n— oo,

then we have the convergence z%» — %, n — oo in C,,.
So, the closure of

{x¥: 1 is piecewise linear function, =¥ satisfies (3.1)}.
contains a set
{z¥ : 4 is piecewise smooth function, 2V satisfies (3.1)}.

Therefore, we have obtained the following support theorem.

Theorem 4.2. Assume that the conditions of Theorems 3.1, 4.1 are satisfied. Then the
support of the x¢(u) distribution in C,, is equal to the closure in C,, of the set

{x¥ 1 4 is a piecewise smooth function, x¥ satisfies (3.1)}.

Proof of the Theorem 4.1. We follow the ideas of [5] Ch.5, see also [7] for some details
related to the equations with interaction. Note, at first, that, under the conditions of
Theorem 4.1, the processes w® converge weakly to a Wiener process w with required
covariation [5] §5.7.
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Lemma 4.1.

vmeN VR >0 HC:CRM>O:supEHx8(-,t)|%{,'§c <C,
m(BR)

Vi s sup Ellae (- ) —we (I <Clt’—t”l27,
g

where Bg is a ball in R¢ with the center at zero and with radius R.

The course of the proof is similar to [5] §5.2 (see also [7] for the equations with inter-
action), but we have to use Theorem 2.1 instead of the formula of the usual integration
by parts.

It is well known that the Sobolev space W;;C is compactly embedded into the space

C" (R, RY) if p > d. Thus, by Theorem 1.4.7 [5], we have the weak relative compactness
of the family z¢,w® in C,, x C([0;T],R™).

The next lemma implies that if a sequence of couples (z%, w®*) converges weakly
to some limit (x,w), then a sequence of triples (z°*(-), w®*(-), u*) converges weakly to
(2.(-),w(-), p.), where py = pg o (z;)~ L.

Lemma 4.2. Assume that a sequence of random elements y"™ = yi*(u) converges weakly
to y° = y%(u) in C([0;T], C(RL,R?)). Then, for each probability measure u, we have the

weak convergence of measure-valued processes pft = po (yR)~t — pd = po (y?)~t in the
space C([0;T],P).

Proof. By the Skorokhod theorem [13], we can assume that all the elements y",n > 0
are given on the same probability space and with probability one:

VR>0: sup sup |yf(u)—y2(u)] — 0, n — oo.
te[0;T] |u|<R

Let w be from the corresponding set of full probability. Denote, by 3z, the image of the
measure p w.r.t. mapping (y7,y?). Then

sup y(ul', pd) = sup sup // | —v| A 1se(du, dv) <
t€[0;7] tE[0sT] 3€Q(ugs1?)

(4.3) < sup //|u—v| A 155 (du, dv) sup /|yt (u)| A 1p(du).

te[0;T) te[o 7]
Let &€ > 0 be fixed. Choose R > 0, ng > 1 such that u(u: |u| > R) < e and

¥n>ng: sup sup [yp(u) -y (u)] <e.
te[0;T] |u|<R
Then the right-hand side of (4.3) is less than 2e. Lemma 4.2 is proved.
If we verify that the limit triple (x¢, wy, ) satisfies Eq. (4.1), then, by uniqueness of
the solution, we get the desired convergence (af, ws, us) — (x4, we, pe).
To check (4.1) for a limit, it is sufficient to verify that

M (u,t) = z(u,t) —u — /0 [a(xz(u),uz) + Z (ij(xz(u),uzﬂ-

J,k=1

9 Sy (1), 1)

(44) rd OV S

()b (0,12 (o) ) 7% (z)] dz
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is a continuous Ly-martingale with respect to 7 = o (w(s), zs(u),s € [0,t],u € RY),t €
[0,T], with the square characteristics
(4.5)

(M (u, 1), MO (v, 1)) = ;/ / 0 (@(u, ), )by (2(v, 9), 1)) (0 (5) + 0" (s))ds

(4.6) (M@ (u, ), w,(t Z/ /b(l) zg(u)ps) (o™ (s) + a7 (s))ds.
The process by (x5 (u), u5) is differentiable with respect to ¢ by Theorem 2.1 and

OO

= 5o bule) ). 1) (a@f (w), ) + Y b (a5 (Wwi)éﬁ-(t)) +

Rd%%ﬂ” a(v,u§)+;bj(v,u§)§§(t) 115 (dv).

Then

oy zla%(z)k( D)) | ). pst) + 32y pE)E () | +

m

(v) (a(v, HE) + b, ui)f?(ﬂ) ] pir(dv)dré (z)dz

Jj=1

0 6bg (5 (u), p7)
ra OV o

Let s € [0;T], s; € [0;5), uj € RY, [ € N. Put

O, = f(af, (ua), ..., x5, (w), w (s1),...,w(s1)),

where f is some continuous bounded function,

O = f(ag, (u1),...,xs (u), w(s1),...,w(s;)).

We recall that {e,} is such that the sequence of triples (z°" (-), w®" (), u°») converges
weakly to some limit (x (-),w(-), p.)

The following statement can be proved similarly to Lemma 5 [7]; see also the reasoning
of Lemma 4.2.



SUPPORT THEOREM ON STOCHASTIC FLOWS WITH INTERACTION 141

Lemma 4.3. Let a = a(x, 1) be a bounded continuous function. Then

¢ ¢
E/ oz (u), pem)drd,, — E/ alxy(u), pr)dr®,n — oo;

t
E / (@S (u), g2 )2 (r)drd,, — 0,m — oo

t z t
E/S /S a(zi (u), e )& (r)§;‘7" (2)drdz®., — E/S oz, (), pr)o® (r)drd, n — oco.

As a corollary of Lemma 4.3, we have a fact that M (u,t) is F,—martingale. The
reasoning for (4.5), (4.6) is similar. That is, the limit triple satisfies (4.1). So we have
proved the desired weak convergence.

The proof of (4.2) is quite classical and may be roughly formulated as follows. Let a
sequence of solutions of SDEs given on the same probability space be weakly relatively
compact, and let the uniqueness for the limit equation hold. Then the sequence converges
strongly (cf. Theorem 5.2.8 [5]).

10.

11.

12.
13.
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