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A D-adaptive mathematical model that combines elastic structures with a thin coating is analysed.
The main idea of this approach is based on the formulation of the combined model, which allows
the use of 3-D elasticity theory model over one part of the domain, and 2-D Timoshenko’s shell
model over the other part. The boundary and variation formulation of the D-adaptive model prob-
lem are presented. The numerical results are compared with available exact solutions. The nume-
rical results demonstrate the applicability of this approach.
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Introduction. The purpose of this paper is to present a new approach for the formula-
tion of the D-adaptive [1] mathematical models (combined models) of the structures
elastic deformation with thin surface coating. In papers [2, 3] the model of a thin coa-
ting model is obtained from 3-D elasticity theory equations by passing to the limit with
thin coating thickness tending to zero.

The main idea of our approach is based on the formulation of the combined
model, which permits the use of 3-D elasticity theory model over one part of the do-
main, and 2-D Timoshenko’s shell model over the other part. The differential equations
of the system are interconnected by special boundary conditions — junction conditions.
The numerical investigations of the problems, which are described by combined
mathematical models, are performed by means of finite element method (FEM) [4, 5].
The numerical results from this method are checked with the available exact solutions
reported by other authors.

1. Theory

Let us consider an elastic continuum within a domain Q e R’ , which consists of two
parts Q=0Q, UQ,. We have regarded Q, as an arbitrary 3-D domain with a Lipschitzian
boundary G =G, UG, UG;. Let Q, be a 3-D domain limited by two surfaces Q;,Q3 .
Denote by / the distance between Q;,Q7 (thickness), which is much less than other

measurements of €, and by Q, — the middle surface. The surface G, coincides
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with Q5 . Suppose that curvilinear orthogonal coordinates &= (&1,532,&3) are determi-
ned in the domain €. Let us determine an orthogonal basis v=(V,,V,,V;) on its
boundary G, where Vv; is the unit normal to the surface. The radius-vector, which descri-
bes the points of the domain Q;, can be given in the form R =R (&,&,,E;) €.

The Q; domain is described by the curvilinear orthogonal coordinates o =

=(a,0,,05) . The radius vector can be given in the form

_ _ _ * h h
(o, 0,,05) =7 (0,0, )+ a7 (ay,0,) € Qy, (ay,0,) € Q04 e}—z,g{,

where 7, is radius-vector which determines surface Q;, 7 1s the unit normal to this
surface. At each point of the Q) the main orthogonal basis (€.,e,,n) is determined.
Here e, and e, are vectors which are directed along the a,,o, directions respectively.
The unit vectors v;,v, coincide with vectors e;,e,. The normal to the middle surface
coincides with v, and forms o, axis. The Q) has a Lipschitzian boundary T'=
=I', UT,. The orthogonal pair of the unit vectors7 =(7,% ) on the middle surface

boundary is determined. Here # is the outward normal to the boundary; # is
the tangent vector.

The stress-strain state of the continuum within the Q; domain can be written
in terms of the 3-D linear elasticity theory. Three equations of stress equilibrium are
of the following form for i = 1,_3; k#i;£€Q [6,7]

1 & 0| HiH,H 3. 1 OH, 5 1 oH
—Z_ #GBI +Z _O-[k —Z _kckk = 0 (1)
H\H,H, B=l &t:ﬁ Hg o HiHy 05, o HiH 08

Here H; are the Lame’s coefficients of the curvilinear coordinate system, o

the components of the stress tensor.

arc

Constitutive equations that relate stresses and strains €; (i, i =1,_3) for a linear

elastic material are described by the generalized Hook’s law

3 3 N
GU = zzcijklekl, l,] = 1,3 5 (2)
k=11=1

here Cj; are nonzero elastic constants for the isotropic homogeneous materials,
where E), v; are Young’s modulus and Poisson’s ratio of the elastic body.

The components of displacement along the directions &, &, &; are U, (i =1,_3)

One can write down the strain - displacement relations, € Q,, k #i
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3 H, U, H, , —
e; = t+z 1 k’ ;= _i_+_’iﬂ’ i,j=13.(3)
H, ag ZHH, agk 2H, 0, H, 2H, 3%, H,

1

The stress-strain state of the medium within the €, domain can be written

in terms of the Timoshenko’s shell theory. Five equations of stress equilibrium are
of the following form [8] for i # j;i,j=1,2

o(4.T) o(4, ol 47s k. k. HO(A
(47)_o4) ,  oaS) | oakm) kpola)
A4;00; A A;00; T 47400 44,00,  AA;00;
A
_lel_k2T2+a(A2Q1)+8( 1Q2)+p3:0’
AlAza(X,I A1A250Lz
o(am,) o4, o\ AP H
-0, + (f ’)_ (j) ( )+m[=0. “4)

it A
4,4;00;  AA;00, A7 400

Here A;,A, are the Lame’s coefficients, k,k, are the principal curvatures of the Q)
surface; 7,,S5,0,, M, ,H (k = 1,2) denote the stresses and moments. Let us denoted by
Di>mmy, (i =1,_3) the surface loads; p; =p; + p;’, m; =§(p}: —p,:), where p;", p; are
the components of the surface loads on Q3,Q7 surfaces respectively, which are related
to the a,; coordinates. The stresses-moments and strains €;,€55,€12,€13>€23>X11> X225 12

relationship for the case of isotropic materials can be expressed in the terms of the
Timoshenko’s shells theory

1-v
7223(81(1{"‘\’2811)’ S=B 2812’ O =Ggys, MkzD(ka+V2X11)v
3
H=plY2 Y12» B= Eth’ p-Lt ,GziEzh(Hvz),k;tZ; k,1=1,2.(5)
1-v; 1-v; 12

Let uy, up, w are the displacement components of the middle-surface points in the
a,,0,,04 directions and y,,y, are rotation angulars of a normal vector to the middle-
surface in o,,a, directions. The strain components are expressed below in terms
of the middle surface displacements for i, j =1,2; i # j

A 0w 4 0 u.

o(u;) = o(4)
i = + u, +kw;, g,=———+——-—=;
40, A A;00; A, 0o, A, A 0oy A,
o(w) o(vi) , o(4)

»——ku +—+Y;, o= + -3
Ao, M da, Ad e,

1 i
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ky Ou, _ ky a(Al)u +k2 a“2_ ky 8(A2)
Ay B0, AA, o, | A o, Ady, do,
A4, 0o, 4, A4 Oa, A4,

u2+

The formulas for stresses 61’] (i, j= 1,_3) can be found in [9].

On the boundaries of the Q;,Q, domains we can write down the kinematic and
static boundary conditions respectively [9]

U, =0; i=13, E&eGy; @)
Oyv, =4y,; =13 EeGy; ®)
U, =0; w=0; Yy, =0, k=12 oaely; 9)
T, =0, Q0=0; M, =0; k=12, ael,. (10)

The junction conditions on the surface G; express the continuity of the displace-
ments of the medium and static equilibrium conditions

i

Uv.=“i_§“/ia Uy=w, =12, G3=0Qy; a1

Sy, (UnUnUs)=-pj;  j=13, G=0;. (12)

Let’s bring together all those relations (1)-(6), boundary conditions (7)-(10) and
junction conditions (11)-(12) that will be needed for a D-adaptive model problem.

2. The variation statement of the problem

Let us denote and define
I7=(V(Vl(2';),V2(2';),V3(2';)), v(vl(a),vz(a),v3(oc)),v4(oc),v5(a)),
Dlz{V: VG[WZ(I)(QI)T, V(€)=0, i=13, E';EGI};

5
D, =4v: ve[Wz(l)(Qz)} , vj((x)zo, j=1,5, aefl};
. h . ; . . *
D= (V,v).VeDl,veDZ,ij=vj—5vj+3,V3=v3,]=1’2,§';e(;3’aegz ‘

Let us examine the following variation boundary value problem. The functions

R
F=(R.Fy,F)eHy, [ =(fi.fo, 5. fs. f5) € Hy Hy Z[Lz (QI)T’Hz Z[Lz (Qz)} arc
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given. It is required to find the displacement vector U = (U ,u) € D (a weak solution
of the D-adaptive problem) which satisfies correlation

A(TF)=L(P)+BOT): ATT)=Y 40T+ Ya fur): (3

T.ov. Vv,T.04, . .
at(u,vi)z I[ i +L LI 54,0 (V—’J—
o, 400; A A; 00, Ado;

A[A -6(xj

M.o(v, 1+3M ;0
i3 (u,V[+3)= I[V[+3Q[+ d (vl+3)+v+3 ( )+ AH& [ l+.3 JJCI’Q’

o, 4,00, 4,400, 4,00

A

3 (14,v3) j(ZleM a( )JdQ, i%j, i,j=12;

L (v )= I Vi [31dQ, by (u,v )= Ikak_dQ, k=15;
Q, Q,

h=pr'. fr=p3, f3=03, f4— P1a fs— pZa
_ _ _ _ _ -~ h h
N=p> fr=ps i =ps Jo=—ops Js =T0ps

for each function V" =(V,v)eD .
Let us consider now the sum

3 5
Z;B[(U,V[)+Z;bj () (14)
i= Jj=

Taking into account the fact that ¥ € D and (11)-(12), we can now easily show
that this sum equals zero. Hence, we get

106



ISSN 1816-1545 ®izuko-maTemaTUyHe MoAeNiOBaHHA Ta iHcdopmauiiHi TexHonorii
2010, Bun. 12, 102-111

3

i ARSI EAL YAURARS VAR (15)

j=1 i=1 j:l

Note that the conditions (8), (10), (12) are natural boundary conditions.

3. An application of the finite element method to the combined model

Let us consider the static combined problem, which deals with rotation bodies with
thin coating. Cylindrical coordinates (r, ¢,z) are naturally suited to such problems,
with the z-axis being the axis of rotational symmetry and ¢ -axis being the circular
axis. Put the shell (coating) domain into (ocl,d)) coordinates. For the combined prob-
lem the displacement, strain and stress vectors can be written in the form [10]

U =(U,.U Uyt 13, w,71572 )
€= (errveq)(bv €225 r¢’erzﬂe¢zﬂ8117822’81278137823’K117K227K12)’
G:(Grr’G¢¢’Gzzﬂcr¢’crzﬁc¢zﬂ6117622’61276137623)‘

Seek the problem solution by means of a semi-analytical FEM. According to this
technique the trigonometric functions sinmd,cosm¢d defined at [0, 27], are selected as
basic functions along the circular coordinate ¢ .These functions constitute an orthogonal

system in the energy metric of the operators of the elasticity theory and Timoshenko’s
shell theory. As to other variables, quadratic approximations of the finite element
method are used. Due to the orthogonality of the basic functions, the problem decom-

poses into L problems (m =0,_L)
Numerical example. Let us consider the stress-strain equilibrium of a two-layer
cylinder. Let us compare the numerical solution with the exact solution, using the elasticity

theory. Consider the axisymmetric (m = 0) strain problem for a two-layer cylinder under
normal pressure on the inner and outer surfaces.

Denote by U and o' Gfb’(g, o, %), oV ( (rfg =o'l = 0) the exact solution
within the domain Q; (i =1, 2): a;, b, are outer and inner radiuses of the €; domain;
and x=r/a;,y=r/a,,x,=b/a;,y,=b,/a,,a =b,.

Boundary conditions

x=1: o)) =—qy ©.=0, o)=0;

x=x: oy =-q, ol'=0, o)=0; (16)

y=1: (2)_ -y ¥ =0 G(i)zo.

y:yl: (2) :_pla Eﬂz) _0’ Gf’i) :0’ (17)
1 2 1 2

0=0, ¢=bo: oly=0c's=0, u’=u=0. (18)
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As the solution is not depending on z and ¢, it will be enough to calculate only

a part of the construction using conditions of symmetry on the boundaries G, G,. Then
we can write down the formulas

c(rlr) =W[(x2 —1)611X12 —(x2 —xlz)qo} G(r? zc(rg =0;
1
2
M) _ 1 [ 2 2 (2,2 J (1):2V1(Cl1x1 —QO)‘
S (l—xf)x2 (x +1)q1xl (x + X )qo ;O —(l—xlz) ; (19)
oy :—(1—;2)y2 (7 =1)pot =( =5 )p s 02 =0 =0;
1
2v, (P —p
Chy =m[(y2 +1) i —(y2+y12)po} o —%. (20)

Here stresses values g1, py are given, stresses gq;, p1 are unknown. We can determine
them from the junction conditions

do=pi» u =u, when x=1, y=y; @1)
I+v ) 2
ugl)zal(—l 1= av))(gu? — a0 )+ (g1 — a0 ) |-
E1(1—x12) ( 1)( 1% 0) (91— 90) .
a,(l+v 2
u® 22(—22){(1—2\/2)(1?1%2 —1??o)y+(p1 _po)y_l} 22)
EZ (l_yl ) y
The conditions (16)-(18) are satisfied. Let us substitute (22) to (21) and define
2poPn (1—v2)+2(1—v1)q1x12 a Ey (l_xlz )/[2(1"'\’1)]
P1=49 = . R=—

yB[(1-2v,)3f +1]+(1-2v)+ 2" T @ By (1-37) [2(14v,) ]

The stresses and displacement are defined from (19), (20), (22). All variables
(radial displacement and stresses) are the functions of only one coordinate 7 [6].

Let us compare the exact solution with numerical. For the construction of the
combined model numerical solution we can use the Timoshenko’s shell theory equa-

tions within the €, domain.
Let us consider: (@) the body is under uniform internal pressures, f =1, p; =0;

(b) the body is under uniform external pressures, /' =0, p; =1.

The material properties data of the cylinder and of the coating are given below:
E;=610""(N/m?), vi = 0.31 (ceramic), E; = 1.08:10 "'(N/m?), v» = 0.31 (copper).
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Values of geometric parameters of the body are selected as: shell thickness,
h = a, — a; radius (to the centre of the thickness), R = a; + &/2; inner radius of the
body, b, = 4m; outer radius of the body, @, = 4,4m; distance to the junction surface for
various a. A series of experiments have been performed for various values of

h/R ~(1/40;1/100;1/400;1/1000) and a, =(4,3;4,36;4,39; 4,396; 4,399) , respectively.
The finite element grid consists of 16 divisions along » and only 1 along z since solution is

independent of z. Compare the numerical (U,,G,,,c¢¢,czz) and exact (U 51)50(1) o &M )

rro s~ zz
solutions at the nodes with the same coordinates in the Q; domain, also the numerical

(w, 6y1,0,, ) and exact (U 2 52 0%4))) solutions on the middle surface €. The body

) o

is under uniform internal (case a) and external (case b) pressures

(@) f=1, p;=0; (b) =0, p;=1.
Let us denote magnitudes of displacement and stress errors
(Uigl) _Ur) (UEZ) _W) (GS') _Grr)
AU, =—100%; Aw=-——+—=100%; Ac, =—+—=100%;
U U, oy
0] (M
(‘5¢¢“5¢¢) o (Gzz - ) o
AG 4y =—7—100%; Ac,, =-—7=—>100%;
o o0
0] zz
2 2
(ng) —O11 ) (wa) - ‘522)
Aoy, = > 100%;  AG p =-———-100% .
) )
zz o)

Consider firstly the case (a) (cylinder is under internal pressure). Numerical results are
listed in Tables 1 and 2.

Table 1
The displacement and stress errors in the Q; domain (case (a))

h/R 1/40 1/100 1/400 1/1000
AUL(%) 0,36935 0,06381 0,00483 0,00062
Ao, (%) 0,65133 0,27347 0,24917 0,85055

Aoy, (%) 0,38840 0,06713 0,00363 0,00101
Ac..(%) 0,43375 0,07476 0,00262 0,00177
Table 2
The displacement and stress errors on the middle surface Q, (case (a))

h/R 1/40 1/100 1/400 1/1000
Aw(%) 1,65250 0,14438 0,04726 0,01984
Acy1(%) 1,84340 0,80862 0,21228 0,08579
Ac3(%) 0,67954 0,34936 0,09833 0,04028
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rium equation (4) and regard the formula

h h) _
=|1+— |ps +|1-—|p5,
P [ ij3 ( R)l%

and finally obtain p; =[T2h/R—(1—(h/R)2 )}/(l—h/R). The magnitudes of errors

When studying the above results, one can observe that the errors become smaller
as the shell thickness becomes smaller. It is therefore reasonable to ask whether
the natural conditions (12) are satisfied. For this purpose let us recall the third equilib-

M 4 -
T P3 h . .
#100% on the G; for each 2 are listed in Table 3.
Gl’l’
Table 3
The satisfaction of the natural boundary conditions (case (a))

h/R 1/40 1/100 1/400 1/1000
3(%) 0,02144 0,07473 0,34601 0,89375

slightly as the shell thickness becomes smaller.

4-6 are similarly to Tables 1-3.

110

It can be seen that the natural condition (12) are satisfied. The error increases

Now let us consider the (b)-case (coating is under external pressure). The tables

Table 4
The displacement and stress errors in the Q; domain (case (b))
h/R 1/40 1/100 1/400 1/1000
AUL(%) 0,45802 0,10572 0,01532 0.00516
Ao, (%) 0,44693 0,09281 0,00156 0.00875
Aoy, (%) 0,45866 0,10522 0,01472 0,00457
Ac..(%) 0,45856 0,10424 0,01363 0,00343
Table 5
The displacement and stress errors on the middle surface Q, (case (b))
h/R 1/40 1/100 1/400 1/1000
Aw(%) 0,16534 0,80859 0,03088 0,01329
Acy1(%) 7,17860 7,24020 7,35020 7,37950
Ac3(%) 2,33040 2,30930 2,38000 2,35970
Table 6
The satisfaction of the natural boundary conditions (case (b))
h/R 1/40 1/100 1/400 1/1000
3(%) 1,77550 0,52757 0,10480 0,03231
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From a visual examination of these tables one can see that the numerical solution

yields results which agree well with existing exact results. The results from Table 6
indicate that the natural conditions are satisfied.
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HocnipxeHHA aeopMyBaHHSA NPYXHUX Tifl i3 TOHKUM NOKPUTTAM
Ha ocHoBi D-aganTUBHOI CKiHYeHHOEeNneMeHTHOI Moaeni

Onbra Koccak, Apema Casyna

Y ecmammi nasedeno ananiz D-aoanmusnoi mamemamuynoi mooeni, aka NOEOHYE NPYIHCHI KOHCHI-
PyKyii 3 mouxum nokpummsm. Lleti nioxio 6azyemvcs na Gpopmyniosanui KOMOIHOBAHOT Mamema-
MUYHOI MoOei, IKA 00360JI€ GUKOPUCIIOBYEAMU 0OHOYACHO MPUSUMIPHY JIHITIHY MOOenb meopii
NPYsACcHOCMI 8 0ONACHT MACUBHUX (DPASMEHIMI8 KOHCMPYKYIT Ma 0806UMIPHY MOOeTb Meopii 00010HOK
muny Tumowenka 6 obnacmi nokpumms. 3anucano epanuyne ma eapiayitine QopmyTo8aHHs 3a0aHi.
s okpemux aunaokie npogeoeHo NOPIGHANHS OMPUMAHO20 YUCTIOB020 PO38 A3KY 3 AHANIMUYHUM.

UccnepoBaHue I,l:l.e(*)Ole/Ir.)OBaHI./IFI ynpyrumx tesqi C TOHKUM NOKPbITUEM,
633MPYI'OI.I.I,VIXCFI Ha D-aganTMBHOW KOHEYHO3NEeMEeHTHOU Moaenu

Onbra Koccak, Apema Casyna

B cmamve ananusupyemcs D-adanmuenas mamemamuueckas mooenv, Komopas obveouHsem
ynpyeue KOHCMPYKyuu ¢ MOHKUM ROKpblmuem. Dmom nooxoo 6asupyemcs na gopmynuposanuu
KOMOUHUPOBAHHOU MAMEMAMUYECKOL MOOeU, KOMOPAs UCHONb3Yem 0OHOBPEMEHHO MPeXMePHYIO
JUHEUHYI0 MOOelb Meopuu Ynpy2ocmu 6 001aCmu MACCUBHBIX PPAZMEHMO8 KOHCMPYKYUU U O8YX-
MepHyIo Modens meopuu 06on04ex muna Tumouwienko 6 obracmu nokpeimus. 3anucana epanuiHasl
U 8apUAYUOHHAS NOCMANOBKA 3a0ayu. [{s OMOENbHBIX Cy4ae8 NPo8edeHO CPABHEHUE NOTYYEHHO2O
YUCAEHHO20 PEUeHUs. C AHATUMUYECKUM.

Otpumano 13.04.10
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