
ISSN 1562-6016. Problems of Atomic Science and Technology. 2022. №6(142). 

Series: Plasma Physics (28), p. 21-26.                                                                                                                               21 

https://doi.org/10.46813/2022-142-021 

TRIVELPISE-GOULD MODES OF WAVEGUIDE PARTIALLY FILLED 

WITH NEUTRAL OR NON-NEUTRAL PLASMA 
 

Yu.N. Yeliseyev 
 

Institute of Plasma Physics, National Science Center “Kharkov Institute of Physics and Technology”, 

Kharkiv, Ukraine 

E-mail: yeliseyev@kipt.kharkov.ua 
 

The frequency spectra of eigenmodes with azimuthal number m = 1 are determined by numerical methods for a 

waveguide partially filled with neutral or non-neutral plasma. Calculations are performed within the entire 

permissible range of electron density or magnetic field strengths, for different values of the degree of charge 

neutralization and the longitudinal wave vector. Areas of existence of bulk and surface electronic modes of 

waveguide are also defined. The results are presented in the form of dependences on the parameter q = 2ωpe
2/ωce
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INTRODUCTION 
 

The Trivelpeace-Gould (TG) modes [1] – the 

eigenmodes of a cylindrical waveguide completely or 

partially filled with neutral plasma in a magnetic field – 

are well-known. The behavior of the frequencies of the 

TG modes of a plasma at rest and moving along a 

magnetic field is determined. The motion of plasma 

electrons leads to a radical rearrangement of the 

frequency spectrum of TG modes observed in the 

laboratory frame of reference. Due to the Doppler shift, 

the modes traveling towards the motion can become 

low-frequency. In this case, an electron-ion instability is 

possible due to the relative motion of electrons and ions 

(of the Buneman instability type).  

TG modes are also known in non-neutral plasma [2], 

in which, along with the longitudinal magnetic field, 

there is radial electric field due to the uncompensated 

space charge of the particles of the plasma itself. Under 

the action of crossed fields, charged particles drift in 

azimuth. Moreover, electrons drift faster than ions. The 

relative motion of electrons and ions is a common 

property of non-neutral plasma. Usually, high-frequency 

electronic modes due to the Doppler shift can fall into 

the area of low (ionic) frequencies. In this case, 

Cherenkov [3] or cyclotron resonance between the 

electron mode and ions and the development of 

electron-ion instability are possible. The instability due 

to the relative azimuth motion of the plasma 

components must be universal in non-neutral plasma. 

The dispersion equations for the electron modes of 

neutral and non-neutral plasmas and their solutions 

coincide with the substitutions [2]: 

 

, ce e
→  → .                      (1) 

 

     In (1)   is the mode frequency in the laboratory 

frame of reference, ' =  – me
rot is the frequency in 

the frame rotating with frequency e
rot, m is the azimuth 

number, e
rot = (–ce+e)/2 > 0 is the “slow” electron 

rotation frequency in crossed fields, ce=eB/(mec)<0, 

e < 0 and me are the charge and mass of the electron,  

Ωe = sgn(e)[ωce
2–4eEr/(mer)]1/2 is the “modified” cyclo-

tron frequency of electron in crossed fields, the radial 

electric field Er is due to the uncompensated plasma 

space charge Er = (me/2e)ωpe
2r(1–f) < 0, f = ni/ne is the 

charge neutralization coefficient, ne,i=const are the 

electron and ion densities, pe
2=4e2ne/me is the square 

of the Langmuir electron frequency, r is the distance to 

the waveguide axis. 

 Having reduced the problem of determining the 

spectra of non-neutral plasma to relations (1), this was 

often limited. However, for comparison with 

experiment, the frequencies of non-neutral plasma 

modes just in the laboratory frame are of interest, and, 

as can be seen from [1], the motion of the plasma has a 

significant effect on the shape of the spectra.  

The dispersion equation for the electron modes of 

non-neutral plasma was investigated in various limiting 

cases. For waves propagating across the magnetic field 

(kz = 0), the dispersion equation is simplified and admits 

analytical solutions, one of which (diocotron mode) falls 

into the region of low (ionic) frequencies [2, 3]. In rare 

articles, in which the frequencies of TG modes were 

determined at kz ≠ 0, the consideration was carried out in 

the region of low frequencies, rarefied plasma, and in 

the absence of ions: 

 

, e

rot pe ce      ,   0f = .              (2) 

 

We note in this connection the articles [4, 5]. It was 

shown in [4] that the diocotron and lower hybrid modes 

reach zero frequencies already at small values kz and 

become negative at large values kz. The results obtained 

are valid only in a small range of parameter values (2) 

and do not give an idea of the behavior of modes 

outside this range. The behavior of the upper hybrid 

modes was not analyzed in [4, 5], assuming that their 

frequencies are outside the area (2). However, due to the 

Doppler shift, the upper hybrid modes of non-neutral 

plasma can also fall into the area of low (ionic) 

frequencies and lead to electron–ion instability.  

In the limiting case of a waveguide completely filled 

with non-neutral plasma (Rp = Rw, where Rp,w are the 
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plasma and waveguide radii), the dispersion equation is 

also simplified. Its solutions are found analytically (see 

[2]). The solutions define four families of electronic 

modes: “fast” (FLH) and “slow” (SLH) lower hybrid 

modes and “fast” (FUH) and “slow” (SUH) upper 

hybrid modes. In [6, 7], the dependences of the 

frequencies of these modes on the parameter 
 

2 22 pe ceq    .                                (3) 

 

were built. It was shown that, due to the Doppler shift, 

long-wavelength (kzRp<<1) lower hybrid SLH modes 

with an azimuthal number m ≥ 1 fall into the low-

frequency area and reach zero frequency at small values 

of the parameter q. Upper hybrid SUH modes with an 

azimuth number m  2 fall into the low frequency 

region at large values of q ( 1q  ). SUH modes with an 

azimuth number m = 1 do not fall into the low 

frequency area for any allowable values of the 

parameter q. This excludes the possibility of excitation 

of electron-ion instabilities of the SUH mode with m = 1 

in a waveguide completely filled with non-neutral 

plasma.  

However, long-wavelength low-frequency 

oscillations with an azimuthal number m = 1 are still 

observed in experiments with non-neutral plasma (see, 

for example, [8–13]). Apparently, there is instability of 

long-wavelength along the magnetic field low-

frequency oscillations in a negative radial electric field 

(directed to the axis) with a significant degree of 

neutralization and partial filling of the waveguide with 

plasma: 

          ,ci ce pe     ;    kzRw << 1;     f  1;   

( )
1

1q f
−

 − ;    Rp < Rw  .            (4) 

 

Only the lowest radial mode is excited. The excitation is 

fast. This presumably means that ~ci    .  

Different authors attracted different mechanisms of 

instability excitation (see reviews in [13, 14], but even 

now, decades later, the nature of the instability has not 

been reliably clarified.  

Can the relative motion of electrons and ions of non-

neutral plasma be the cause of the low-frequency 

instabilities observed in the above-mentioned [8-13] and 

other similar experiments? For this, in any case, it is 

necessary that the eigenmodes of oscillations with the 

azimuthal number m = 1 fall into the region of low 

(ionic) frequencies at the values of the plasma 

parameters (4).  

Let us find out whether there are eigenmodes with 

an azimuthal number m = 1 in the low-frequency region 

when the waveguide is partially filled with non-neutral 

plasma Rp/Rw < 1 and at different values of charge 

neutralization coefficients f.  

     In this paper, the frequency spectra ω of eigenmodes 

with the azimuth number m = 1 of a waveguide partially 

filled with non-neutral plasma (Rp < Rw) are numerically 

determined from the dispersion equation over the entire 

admissible range of parameter q (3), various values of 

the charge neutralization coefficient, 0  f 1, and finite 

values of the longitudinal wave vector kz . Ions are taken 

into account only as a neutralizing background (in f). 

The areas on the parameter plane (, q) are also 

determined, where the electron modes are bulk in the 

plasma, and where they are surface. The results were 

presented in [14]. In present paper the studies of the 

behavior of neutral plasma modes are presented.  
 

1. DISPERSION EQUATION. 

CALCULATION MODEL 
 

The dispersion equation for the potential modes of a 

waveguide partially filled with a homogeneous rigidly 

rotating non–neutral plasma has the well–known form 

[2] 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

m z w m z p m z p m z w

z p

m z w m z p m z p m z w

K k R I k R K k R I k R
k R

K k R I k R K k R I k R

 −
=

−

( )
( )

1 2

m z p

z p

m z p

J Tk R
Tk R m

J Tk R


=  +  .                     (5) 

     In (5) Jm is the Bessel function of the first kind of 

order m, Im, Km are the modified Bessel functions, J'm, 

I'm, K'm are their derivatives with respect to the entire 

argument, 

2 3

1

T


 −


.                                (6) 

 

This definition differs from the definition given in [1, 2] 

by the value kz
2. The components of the dielectric 

permeability tensor of a cold electron plasma ε1, ε2, ε3 

have the form 

1 2

2 1

3

0

0

0 0

ij

i

i

  
 

 = −   
  

,         (7)   

2

1 2
1

pe
 = −


,     

2

2 2

pe e 
 =

 
,    

2

3 2
1

pe
 = −


, 

 

where ν2≡ω'2–Ωe
2. When the waveguide is uniformly 

filled with electrons and ions, the combination Er/r, 

frequency Ωe and other frequencies in (5), (7) do not 

depend on the radius  r.  

In the theory of non-neutral plasma, the parameter q 

plays an important role [2, 3]. Along with f it determines 

the ratio of the electric and magnetic components of the 

Lorentz force: 
 

( ) ( )24 1 1r e ceeE m r q f = −  ,        (8) 

 

and, therefore, determines all the characteristic 

frequencies of the plasma components: the “modified” 

cyclotron frequency  Ωα (α=e,i) and the rotation 

frequency ωα
rot (see (11), (12)). Only in the range of 

values q 
 

( )max0 1 1q q f   −             (9) 

the finite motion of electrons along the radius is realized 

and the equilibrium state of the ensemble of electrons, 

and, hence, of the entire plasma, is possible.  

In theoretical studies, the behavior of the frequencies 

  of eigen plasma oscillations is usually represented as 

a dependence on the longitudinal wave vector kz. At the 

same time, the dependences of eigen plasma frequencies 
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on external fields, plasma density are measured in the 

experiment, i.e. actually on the parameter q, while kz 

remains unchanged and is often undefined or incorrectly 

estimated. It is the parameter q that is controlled and 

changed in the experiment. The dependences of 

frequencies on a parameter q are more suitable for the 

purpose of comparison theory with experiment. In 

accordance with these remarks, we consider the quantity 

q as an independent variable and present the calculation 

results as dependences on this variable. All quantities 

included in the dispersion equation (5) were expressed 

as functions of q. All frequencies were normalized to 

ce : 

 

( ) 
1

2sgn 1 (1 ) 0e ce e q f  = − −  ,                (10) 

( ) ( ) ( ) 
1

21 2 sgn 1 1 1 ,

e

rot ce

e q f

  =

= − + − −  

                
(11)

 

cex     ,               (12) 

( ) ( ) ( ) 
1

22 sgn 1 1 1 .

cex x

m e q f

   = +

+ − + − −  

             
(13)

 

 

The dependences of the components of the tensor (7) 

on q take the form:  
 

( )
1 2

2
1

1 1

q

x q f
 = −

 − + −
 ,          (14)

( )

( ) ( )

2 2

1
2

2

1 1

sgn 1 1
,

q

x q f

e q f

x

 = 
 − + −

− −  




                          (15) 

3 2

2
1

q

x
 = −


.                                     (16) 

The parameters of the problem are 
 

m , f , z pk R , 1p wR R  .                (17) 

 

For unambiguity, we consider the azimuth number to be 

positive (m>0). Frequencies x', x can take positive and 

negative values. In the calculations presented in this 

paper, the parameters (17) set equal: m  = +1, kzRp = 1, 

Rp/Rw = 1/2. The derivatives of the Bessel functions J'm, 

I'm, K'm in (5) were replaced by their expressions using 

recurrent formulas [15].  

The calculations were carried out within the entire 

range of allowable values of q (9). In the process of 

solving the dispersion equation (5), the eigen 

frequencies in the rotating frame of reference x' (12) 

were determined, and from it the frequencies x (13) in 

the laboratory frame of reference were determined. 
 

2. AREAS OF EXISTENCE OF BULK AND 

SURFACE MODES 

Let us determine the areas on the plane of 

parameters x, q, in which the modes in the plasma are 

bulk or surface. This is determined by the sign of the 

quantity T2 (6). Modes that are located in the region 

where T2 > 0, are bulk. The dependence of the mode 

potential on the radius in plasma has the form Jm(Tkzr). 

Modes located in the region where T2 < 0 are surface 

modes. The dependence of the mode potential on the 

radius in plasma has the form Im(│T│kzr). The 

boundaries between the regions are located where the 

value T2 changes sign, and this is determined by the sign 

reversal of the tensor components ε1 and ε3.  

In variables (x'2, q), the shape of the boundaries has 

a particularly simple form (Fig. 1). Areas where T2 > 0 

and modes are bulk are shaded and indicated by arrows. 

In a neutral plasma (f = 1) these are two bands, in non-

neutral plasma (f < 1) these are two triangular areas that 

touch at the value 
 

( )2 3 2tq q f=  − .                       (18) 

 

The equality ω'2=ωpe
2= Ωe

2 holds at the point of 

touch [2]. In other areas, we have T2<0, here the modes 

are surface.  

As can be seen from (14), (16), the component 1 

depends on  x'2, f  the component depends only on x'2, 

and does not depend on  f. On the plane of variables (x'2, 

q), the components 1, 3 do not depend on the 

characteristics of the wave and the degree of filling of 

the waveguide (m, kzRw, kzRp). The position of the 

boundaries does not depend on them either. This is also 

true for the boundaries on the plane (x’, q). 

On the plane of variables (x, q), the position of the 

boundaries between the areas of bulk and surface modes 

for different values of the neutralization coefficient f is 

shown in Fig. 2. There are four regions where the modes 

are bulk (T2>0). They are indicated by arrows. In other 

regions, the modes are surface. The non-neutral plasma 

components 1, 3 and the position of the boundaries 

depend on the azimuthal number m , but still do not 

depend on the degree of filling of the waveguide and the 

longitudinal wave vector (kzRw, kzRp). For a neutral 

plasma (f = 1), the position of the interfaces does not 

depend on the azimuth number  m  either.  

The solutions of the dispersion equation (5) are also 

shown in (see Fig. 2) for neutral and non-neutral 

plasmas.  
 

3. MODES OF WAVEGUIDE PARTIALLY 

FILLED WITH NEUTRAL PLASMA 
 

On Fig. 2,a the solutions of equation (5) for neutral 

plasma (f=1) depending on the variable q are shown. 

Solutions exist for all values q from the interval 

0 < q < ∞. On Fig. 2,a shows solutions in the interval 

0 < q < 10.  
 

3.1. FAMILIES OF SOLUTIONS 
 

Four families of solutions are identified: families of 

fast (FLH) and slow (SLH) lower hybrid modes, 

families (FUH) of fast and slow (SUH) upper hybrid 

modes. These modes are bulk for all values of q.
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Fig. 1. Areas of existence of bulk (shaded) and surface 

modes on the parameter plane ('2/ce
2, q) for different 

values of the charge neutralization coefficient 

(f): f = 1(a); 0.75 (b); 0.5 (c); 0.25 (d); 0 (e). The 

quantities qmax and qt are defined in (9) and (18) 
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Fig. 2. Normalized frequencies /|ce| of eigenmodes of 

a waveguide partially filled with plasma depending on 

the parameter q at various values of the neutralization 

coefficient (f): f = 1 (a); 0.75 (b); 0.5 (c); 0.25 (d); 0 

(e). The solid lines are the boundaries of the areas of 

existence of bulk and surface eigenmodes 
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     In the areas where they are located, the inequality is 

fulfilled T2>0. Their frequencies lie in the frequency 

intervals:  

the SLH family – ( )( )min , 0pe ce−      ,  

the FLH family – ( )( )0 min ,pe ce     ,             (19) 

the SUH family – ( )( )max ,UH pe ce−   −   ,  

the FUH family – ( )( )max ,pe ce UH      .  

The value 2 2

UH pe ce =  + denotes the hybrid 

frequency of the neutral plasma. 

For the parameters chosen for the calculation, the 

SUH family modes are located very close to each other 

and to the hybrid frequency –ωUH, while the FUH 

family modes are located very close to the frequency 

+ωUH. This situation takes place in a wide range of 

calculation parameters. The SLH and FLH modes are 

located much more “freely”. The bandwidth where these 

modes are located increases with increasing kz. Inside 

the band, the modes are irregularly distributed: the 

modes are closely spaced in pairs. Thus, the 1st and 2nd 

radial modes are located close to each other, the 3rd is 

farther from them. The 3rd and 4th modes are located 

close, and the 5th are farther from them, and so on. The 

same irregular arrangement of radial modes takes place 

in the families of upper hybrid modes FUH and SUH. 

These four families are also present in a waveguide 

completely filled with plasma and lie in the same 

frequency intervals (19). The behavior of the waveguide 

modes for complete and partial filling with plasma is 

similar. With partial filling, the frequencies of the 

modes of the SLH and FLH families shift slightly 

upward, towards positive frequencies. In this case, the 

frequencies of the modes of the FUH and SUH families 

also shift towards positive frequencies, but negligibly 

little. The asymmetry in the location of the fast (F) and 

slow (S) modes is due to the last term on the right side 

of the dispersion equation (5) and is a demonstration of 

the plasma magnetoactivity. 
 

3.2. DIOCOTRON AND CYСLOTRON MODES 

 

When the waveguide is partially filled with plasma, 

along with the enumerated four families of modes, two 

modes appear, located beside, but separate from the 

families. They demonstrate a somewhat different 

frequency dependence on the parameter q.  

The mode labeled “1” in Fig. 2,a is associated with 

the SLH mode family. In a neutral plasma, its frequency 

(and azimuthal phase velocity) is negative over the 

entire range of the parameter q. In non-neutral plasma 

(f<1) mode “1” is called “diocotron” mode. This term 

arose in the theory of non-neutral plasma several years 

after the publication of [1].  

Mode “2” is related to the FUH family of modes. Its 

frequency is in the interval │ωce│<ω2<ωUH and is 

always positive.  

At q→0, modes “1” and “2” approach the SLH and 

FUH families, respectively, which demonstrates their 

connection with these families. At sufficiently small 

values q, these modes are bulk. With increasing of q, 

they go beyond the frequency ranges (19) and become 
surface modes. 

     When kzRw→0 and q is finite, the frequency of mode 

“1” tends to a nonzero value, while all modes of the 

SLH family tend to zero. Similarly, the frequency of mode 

“2” tends to a value that differs from ωUH, while all 

modes of the FUH family tend to ωUH. This is a 

common feature of modes “1” and “2”.  

Calculations show that as the degree of filling of the 

waveguide with plasma increases (Rp/Rw→1–0), mode 

“1” approaches the family of SLH modes. Mode “2” 

moves away from the FUH family of modes and 

approaches the frequency │ωce│. In non-neutral plasma, 

mode “2” is called “cyclotron”. 
 

3.3. COMPARISON WITH THE RESULTS  

OF ARTICLE [1] 

The potential modes of a waveguide partially filled 

with neutral plasma were studied in [1], where the 

dependences of natural frequencies on the longitudinal 

wave vector kz were presented (see Fig. 8 in [1]). On 

Fig. 3 of present article are presented the solutions of 

Eq. (5) depending on kz for the same values of the 

parameters as in Fig. 8 in [1], with the difference that in 

present article the azimuth number m is considered 

positive (m=+1>0 ), and the mode frequencies ω can be 

positive and negative. In [1], the frequencies were 

considered positive, and the azimuthal numbers m were 

considered positive and negative.  

Comparison Fig. 8 [1] and Fig. 3 of present article 

shows that the modes located at the bottom of Fig. 8 

marked “+1” and “–1” correspond in Fig. 3 to lowest 

radial modes of the FLH and SLH families, respectively 

(indicated by dotted lines). The modes located at the top 

of Fig. 8 [1], marked “n=+1” and “–1”, correspond in 

Fig. 3 of present article to the modes, denoted by the 

numbers “2” and “1”, respectively. The upper hybrid 

modes of the FUH and SUH families in Fig. 8 [1] are 

absent. They are located above the frequency range 

shown in Fig. 8 [1]. 
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Fig. 3. Frequencies of the Trivelpiece-Gould modes of a 

waveguide partially filled with neutral plasma (f = 1). 

The calculation parameters (indicated at the top of the 

figure) are the same as in Fig. 8 in [1] 

The behavior of the presented modes in both figures 

looks the same, but in Fig. 3, the frequencies ω are 

normalized to │ωce│, while in Fig. 8 in [1], the 

normalization to ωpe is erroneously indicated. The 

normalization of frequencies to │ωce│ is correct. This 

misprint is repeated in some monographs.
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Note that mode “2” within the entire range of values 

of parameter kzRp presented in Fig. 3, is a surface mode. 

Mode “1” is a surface mode for sufficiently large values 

of kzRp, approximately at kzRp>1.2. At smaller values of 

kzRp, mode “1” is bulk. 

 
CONCLUSIONS 

 

     In present article the solutions are given of the 

dispersion equation for the potential eigenmodes of a 

waveguide partially filled with neutral or non-neutral 

plasma – the Trivelpiece-Gould modes. The frequencies 

are presented as dependences on the parameter q, which 

determines the equilibrium and stability of non-neutral 

plasma. For the purpose of comparing theory and 

experiment, such a representation is much more 

informative than the commonly used dependences of 

frequencies on wave vector kz, because it gives an idea 

of the dependences of frequencies on external fields and 

plasma parameters that are controlled and changed in 

the experiment. The areas where the modes are surface 

and where are bulk are determined. They have an 

extremely simple form. The behavior of neutral plasma 

modes is analyzed.  
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МОДИ ТРАЙВЕЛПІСА-ГУЛДА ХВИЛЕВОДА,  

ЧАСТКОВО ЗАПОВНЕНОГО ЗАРЯДЖЕНОЮ ПЛАЗМОЮ 

 

Ю.М. Єлісеєв 

 

Частотний спектр власних мод з азимутальним числом m = 1 визначається числовими методами для 

хвилеводу, частково заповненого нейтральною або зарядженою плазмою. Розрахунки виконуються в межах 

усього допустимого діапазону густини електронів і напруженостей магнітного поля для різних значень 

ступеня нейтралізації заряду і поздовжнього хвильового вектора. Також визначені області існування 

об'ємних та поверхневих електронних мод хвилеводу. Результати представлені у вигляді залежностей від 

параметра q = 2ωpe
2/ωce

2. 
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