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DIFFUSION IN MOMENTUM OF RELATIVISTIC ELECTRONS
WITH A THERMAL SPREAD PASSING THROUGH AN UNDULATOR
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The longitudinal momentum diffusion of electrons moving in a spatially periodic magnetic field of an undulator
is investigated, taking into account their initial energy spread. Expressions for the coefficient are obtained and the
dependences of the diffusion coefficient are determined both on the distance traveled by the electrons in the undula-
tor and on the value of the initial energy spread of the electrons. The possibility of decreasing the wavelength in

X-ray free electron lasers is discussed.
PACS: 41.60.-m, 41.60.Cr, 52.25.Gj

INTRODUCTION

The change in the mean square value of the momen-
tum in the flow of electrons interacting by means of the
electromagnetic fields they produce at the stage of spon-
taneous emission was studied in [1]. In this work, the
radiative relaxation of the electrons at the pre-Brownian
stage of the evolution of the system [2], when the elec-
trons have the same initial energy, is considered.

Since electrons move with different velocities in real
flows, it is necessary to establish a quantitative criterion
that determines the possibility of neglecting the differ-
ence in the initial velocities of electrons when describ-
ing the radiation relaxation of the beam. In addition, one
should take into account that the difference in the ve-
locities of electrons makes it possible to study the diffu-
sion of electrons in momentum space at the kinetic stage
of the evolution of the system [3], when the motion of
the electrons in the process of radiation relaxation be-
comes completely random. The description of electron
momentum diffusion in such flows is also of consider-
able interest in connection with the development of X-
ray free electron lasers (FEL) based on self-
amplification of spontaneous emission by a monoener-
getic ultrarelativistic electron beam moving in an undu-
lator [4 - 10].

1. DIFFUSION COEFFICIENT

The expression for the diffusion coefficient obtained
on the basis of the dynamics of individual particles mo-
tion can be written in the form [1, 2]

(8. F)= [, [ F e,

D =—
2dt a, (1)

x Fz(b)[X(tl H qOS )]f(q()b) \F (tOS )quS ’
where Ap. = p. —< pz>, p is the momentum of the elec-
Ffs)(x,t;xs) is the pair interaction force,

X(f:CIOs)=(X(O)(flf;xgo)(t,qm )), X = (r,p), p=myv, m

is the mass of the electron,y = (1-v*/c*)™, ¢ is the

tron,

velocity of light, x§°) = (r(o),pg,o) ) are the equilibrium

N
trajectory and momentum of sth electron in an undula-
tor, o, = (Xog» Vos-lossPos ) are the initial coordinates

and momentum of the sth electron at the time #,; when
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it intersects the z=0 plane, dgq, =dp,.dx,, dv,dt,,;
£(g,,) is the single particle momentum distribution of
electrons, Q is the region of integration over the initial

coordinates and momenta of emitting electrons.

We will assume that the relativistic electrons beam
moves in the positive direction of the z axis in a static
periodic magnetic field of the undulator

H, =H, [ex cos(k,z)+e, sin(kuz)J,
where k, =27/, , H, and A, are the amplitude and
period of the magnetic field, e, ,e ,e_ are the unit vec-

tors of the Cartesian coordinate system X, y, z.

In the approximation of a small value of the undula-
tor parameter, the expression for the diffusion coeffi-
cient has the form [11]
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Dz =( UJ '[dtl jdpL'Os?/gsw(plos)(D ’ (2)
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(r %3) (Bs R, kést 2R3Y§S}Smw

Ry, | cosy
+(st Y JkOSR*

V= szsku (Roz + ﬂzsR*)’ kos = ﬂzsyzzsku .

To obtain the explicit expressions for the diffusion
coefficient, we use simplifying assumptions. Let us con-
sider the spread in momenta of the electrons moving
near the beam axis x;=y,=0. We will take into account
the electromagnetic field of the emitting electrons mov-
ing only behind the considered (test) electron. We as-
sume that the distance between the considered electrons
is much greater than the thermal dispersal of these elec-
trons during the process under consideration, i.e. r’
>>E, Nevertheless, in this case, thermal dispersal of the
electrons at a distance greater than the wavelength of

undulator radiation A =4, (1 +K? )/ 2y¢, is possible.

Assuming also that the beam radius is greater than
the wavelength of undulator radiation in the transverse
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direction: r, >>X, /2m, where A =L, /B,V,, » using
Eq. (2), we find
_ ne* K* kln,

4y2 \%

D

z

jdzl jdszsygsW(szs)X
T “

/2

x [ dosin ex“(e)cos[y;kuax(e)]-r;nax (z,,0),
0

where y =1+f,, cos6.
Suppose that the function w (p,os) is a Maxwellian
Pzos ~Pom )

2
W(szs )= \/2—7117 CXp|:— ( 2p2 :| . (5)
th th

We will assume that the initial thermal spread in the
beam, as well as an increase in the energy spread of the
electrons, due to the radiation interaction, satisfy the
conditions py << p., Ay<<yn. Substituting (5) into (4)
and integrating over the longitudinal momentum using
the value of the integral [12], we obtain the following
expression for the diffusion coefficient [11]

D.(p

V4

)= ne* K* k2y?n, j.dz
= )z
4y2 \F 0 (6)

/2

j d0sin 0y (0)r 1 (21,0)ax(0)z -2, )]

2

where a(x) = exp(— x—zJ cos(nx), n==k, (1 - pﬂ}

Z, p;
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Pk, Yz (cosG+BZS) Y sin 0

max
Pre-Brownian stage. In the case z <<z, from ex-

Ze

pression (6), taking into account (1), we obtain
i<(A )2>_ net K* yikﬁnb . (15/16)2, z<z,
dz Pz 2ZVB(Z/Z,, ), z>z,

where

2
B(x):é 1—l +3—5 arctg. I —Eln I+ +1—5.
3 x) 16 4) x 2 32x

Kinetic stage. In the case z>>z,_, the asymptotic

- (7)

2.2
Y V:

expression for the diffusion coefficient (6) at z >z,
takes the form

52 (2 K2 2
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Z(ZJ 5222 4{ V2p, }
2 1 22 6
where B,(x)=—arctgx——+————,
o) T s S

X
¢(x) —1-2xe™ je’z drt .
0
For very large deviations of the momentum from the
equilibrium value (x is large) and very small deviations
of the momentum (x is small), we have
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Fig. 1 shows the graph of the function ¢(x).
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Fig. 1. Function ¢ entering the formula
for the diffusion coefficient
Expression (8) at z >> z, takes the form
(p:=Pon)’
524 K4 42 PP
D. = e Kivumy K2z, ze 2pi (10)

16y° v,

Thus, at large distances, the diffusion coefficient is
independent of z. Such a dependence of the diffusion
coefficient on the coordinate or on time corresponds to
the kinetic stage of the evolution of a system consisting
of a large number of particles (see, for example, [3, 13-

15]).
2. MONOENERGETIC BEAM
For self amplification of spontaneous ultrashort wave-
length electromagnetic radiation, the spread in the mo-

mentum of relativistic electrons should be sufficiently
small p,, <<p_.\,/L, (see, for example, [5, 16]). This
inequality can be rewritten as L, <<2z,, where
L,=X\,/pp is the distance at which the intensity of
electromagnetic radiation reaches its maximum value,
pip = (K1, f4nr, P2 (1, /1,13
1,= mc? / |e|=17 kA. Therefore, at the stage of sponta-

neous emission (z<L,), the initial energy spread of elec-
trons can be neglected, assuming that the electrons are
monoenergetic: w(p_,)=8(p., — p.,). In this case, us-

2
Vol Ny s

1, =TC|€

ing equations (2) and (3), the expression for the mean
square spread of the longitudinal momentum can be
written in the form

4
((ap.P) =5 20 (1)
Xmax (Cl ’y)
j dxgz(x) , (12)
0

4 1
V= j dg, (¢ - C])j dy(B.o+ )
0 0

2.
where g(x)= (1 ——zj sinx+252%
x x
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xmax=me at Ogy<y*(gl)’ xmangl at
Y*(Ql)g <I;
6B ty). ( c]—cr}
L max ;
)= Boi—y? (60) = max| 04755

Q = kuz ’ C] = kuzl ’ Cr = Bzoyzorbku = 2Tcrb/}\l
Formula (12) can be transformed into a simpler form

8
=— dxux(;+2 dxux(; T |, (13)
S e ]
where u(x,C)=(C—x) g (x), G =min(Q’Qr)'

Fig. 2 plots the normalized momentum spread
<(Ay > < > / m*c? as a function of coordinate

z, calculated by formulas (11), (13) for the values
Ho=1.4 kG, A;=4 cm, 1,=50 um, I,=1 kA (a), 4 kA (b),
(my=2.6 10" cm™, 1.32:10"cm™, respectively). The
curves correspond to the radiation wavelength A and

the energy of electrons E, = mczyo: 2 (5.76) (black),

1.5 (6.65) (red), 1.0 (8.15) (green), 0.5 A (11.53 GeV)
(blue).
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Fig. 2. Dependence of the normalized longitudinal
momentum spread <(Ay)2> on the z coordinate

in meters; 1,=1 kA (a), 4 kA (b). The numbers
on the curves represent the radiation wavelength 1
in angstroms

The dependences on the z coordinate were calcu-
lated up to the values of L,. The white circles on the
curves indicate the values z,,; of the momentum spread
in coordinates in which the displacement of the elec-
trons relative to the equilibrium trajectory, due to the
radiation spread in the momentum, reaches half the
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wavelength of the radiation:

2\ 12 2 -
2zre,<(ApZ) > =70P-0N . The black circles on the

“rel
curves correspond to the displacement of the electrons
by the wavelength A of the radiation.
It can be seen from the Fig. 2 that the spread in mo-
menta increases with an increase in the electron energy.
The distance z,.; also increases with an increase in the

electron energy in proportional to y})/z at z>z,. Since the

characteristic length of the undulator L, is proportional
to the energy of the electrons, the relative distance
Z,.1/L, decreases with increasing the energy of the

electrons.

CONCLUSIONS

The analysis shows that at the initial stage of the
beam motion, when the distance traveled by it in the
undulator is small compared to the distance z., the rms
spread <(Ap,)*>"? linearly depends on the coordinate z,
for z>z,. The evolution of electrons in momentum space
at z<<z. corresponds to the pre-Brownian motion of
electrons.

The distance z. is equal in order of magnitude to the
distance, during which time t. (t~=z./v,) the thermal
dispersal of two electrons relative to each other reaches
half  the wavelength of  the radiation:

Vi Te =\/§7\./th?\./2. The time 1, does not depend on

either the beam density or the force of the pair interac-
tion of electrons and is the duration of the "synchro-
nous" interaction of two electrons. During this time, the
phase of the force acting on the test electron changes
to .

At distances much larger than z, the force of pair in-
teraction changes rapidly. As a result, at large distances
(z>>z,) the diffusion coefficient does not depend on the
coordinate, and the rms spread in the longitudinal mo-
mentum is proportional to z"*. In this case, the kinetic
stage of electron diffusion in momentum space is real-
ized, and their motion becomes completely random.

As follows from the above calculations, the radiative
interaction of electrons can lead to an increase in the
energy spread in the beams, which are used to obtain
coherent electromagnetic radiation of the nanometer and
a shorter wavelength range.

For example, for an electron beam and an undulator
with the parameters given above (see Fig. 2), an in-
crease in the energy spread as a result of radiation re-
laxation can prevent the production of coherent radia-
tion with a wavelength less than 1.5 A at I, =1 kA and
1.0 A at I, = 4 kA, respectively.
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JAOPY3UA 11O UMITYJbCY PEJATUBUCTCKUX QJIEKTPOHOB C TEIIJIOBBIM PA3BEPOCOM,
MNPOXOAAIIUX B OHAYJIATOPE

B.B. Oznusenko

UccnenoBana muddy3us 1O MPOAOIHHOMY HUMITYJbCY OJIIEKTPOHOB, JBIKYIIUXCS B IIPOCTPAHCTBEHHO-
HEPUOJMYECKOe MArHUTHOE II0J€ OHIYNATOpa, ¢ Y4EeTOM HX HadaJbHOTO dHepreTHdeckoro pasodpoca. IlomyueHsl
BbIpaXkeHus1 it kodduipenTa aupdy3uu U onpeneneHsbl 3aBUCUMOCTH €r0 Kak OT PacCTOSHUS, NPOWAEHHOTO
3NIEKTPOHAMH B OHIYJATOpPE, TaK U OT BEJIMYHMHBI HA4aJIbHOI'O SHEPIreTUYECKOro pa3dpoca eKTpoHoB. OOCykaaeT-
Cs1 BO3MOYXHOCTh YMEHBIIECHUS JUIMHBI BOJTHBI B PEHTT€HOBCKHX JIa3epax Ha CBOOOIHBIX AJIEKTPOHAX.

JAAD Y31 11O IMITYJIBCY PEJATUBICTCBKUX EJIEKTPOHIB 3 TEIIJIOBUM PO3KHUIOM,
IO NPOXOAATH B OHAYJIATOPI

B.B. O:znigeenko

JocmimkeHo nudy3ito 3a M03/10BKHBOTO IMITYJIbCY €JIEKTPOHIB, 110 PYXaIOThCS B IPOCTOPOBO-TIEPIOANYHE Mar-
HITHE TI0JIe OHAYIIATOPA, 3 YPaxXyBaHHAM IX IMOYaTKOBOT'O €HEPreTHYHOro po3kuay. OTpuMaHo BUpa3s s Koedimie-
HTa MUQy3ii i BU3HAYEHI 3aJIEKHOCTI MOTr0 SK BiJ BiICTaHi, B3JIOBX OHIYJSATOPA, TaK 1 BiJl BENUYNHH ITOYATKOBOTO
€HEePreTUYHOr0 PO3KUAY eNeKTPOHiB. OOTrOBOPIOETHCS MOKIIUBICTS 3MEHILIEHHS JJOBXKMHHM XBUIII B PEHTI€HIBCHKUX
Ja3epax Ha BUIBHUX €IEeKTPOHAX.
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