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Neutron kinetics of a nuclear burning wave in moving incompressible neutron-multiplying medium in the pres-
ence of nuclear reactions is developed. A spherical reactor is considered, where fuel moves with acceleration to the
center of the reactor at a velocity V(r)=Vg(R/r), and the burning wave travels radially from the center to periphery.
The fuel that came to the origin was unloaded from the reactor, and U-238 was loaded to the peripheral area at the
same rate. Comparison of theoretical results with computer simulation using MCNPX code was performed.

INTRODUCTION

In this article, the theory of nuclear reactor on spher-
ical standing burning wave is developed. The neutron
kinetics of a nuclear burning wave in a moving neutron-
multiplying medium in the presence of nuclear reactions
was developed. Computer simulation of moving and
standing spherical burning waves in a nuclear reactor
was performed using MCNPX code [1].

The reactor core consists of four areas: the outer
zone made of U-238, the breading zone where produc-
tion of Pu-239 takes place according to the scheme
U-238 + n = U-239 — Np-239 — Pu-239, the inner
region in which Pu-239 is burning, and central area con-
sists of burnt fuel. The fuel moves with acceleration
from periphery to the center of the reactor. It is shown
that in such a system a spherical standing wave travels
radially from the center zone to periphery. The burning
wave consists of two regions: the external — breading
zone and the internal — burning area. Distributions of
the neutron flux, the U-238, Np-239, and Pu-239 iso-
tope concentrations and the specific power in the stand-
ing spherical burning wave are obtained in this paper.
The conditions for existence of spherical standing burn-
ing waves are investigated. It is shown that an operation
mode of the standing-wave reactor is characterized by
two combinations of nuclear cross sections and single
function defining the stability boundaries of the stem.
Stability region of spherical waves was found to be
broader then stability region of one-dimensional travel-
ing burning waves in an infinite medium. A state dia-
gram of such a reactor has been obtained.

Concept of the traveling wave nuclear reactor
(TWRY) is one of the brilliant ideas of 20-th century. It
suggests using depleted uranium (or thorium) as fuel
and promises to supply inexhaustible source of energy
worldwide. This idea was proposed by S.M. Feinberg,
realized in theory by L.P. Feoktistov [2] and developed
in many publications (see bibliography in [3]), in which
several ways of its practical implementation were sug-
gested. One of the most promising designs of TWR is a
fast reactor, which is able to work in maneuverable
mode [3, 6]. Mathematical modeling of TWR using
MCNPX code was performed in [4, 7, 8].
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Computer simulation of reactor on standing and
traveling spherical burning wave has been carried out in
present article. The computer model of the reactor using
the MCNPX code is a ball of 2 m radius filled with ura-
nium dioxide fuel. In the traveling spherical wave mode,
nuclear burning begins in the central zone of the core
enriched with uranium. When concentration of Pu-239
in U-238 becomes high enough due to breeding mecha-
nism according to the scheme U-238 + n = U-239 —
Np-239 — Pu-239, a spherical burning wave appears;
then it breaks away from the ignition region and contin-
uously moves to the edges of the core during
~ 150 years. In our model at a power of 240 MW, the
burning wave velocity was 0.5 cm/year. The mode of a
standing spherical burning wave (SWR) was achieved
by selecting the values of fuel speed and reactor power.
Radial distributions of neutron flux, power density and
the concentrations of Pu-239 and U-238 in the spherical
standing burning wave were obtained using MCNPX
code. A comparison of theoretical results with the data
of numerical simulation has been carried out. Possibility
of using depleted uranium as a nuclear fuel in reactors
on spherical burning wave is confirmed.

1. NEUTRON KINETICS EQUATION
IN MOVING NEUTRON-MULTIPLYING
MEDIUM

Let us consider nuclear burning wave in incompress-
ible uranium-based medium, which moves to the center
of the reactor at velocity V/(r) = Vr(R/r)?, where Vg is
speed of fuel at periphery of the reactor atr = R.

The simplest description of neutron kinetics and
burning of nuclear fuel can be obtained using the coor-
dinate system x ', y ', ', in which the fuel is stationary:
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where W(F',t) is neutron flow; v is speed of neutrons;
ng (I'',t) is concentration of **U; A, (F',t) is concen-
tration of **Np; n,(F't) is concentration of **Pu;

n,(F',t) is concentration of fission products; D - neu-

tron transport operator; X, =g, N,— Macroscopic
cross-section of fission and X, = o 4N, + 04Ny + 0N,
— macroscopic neutron absorption cross section. S —

term describing the reactor operating controls; Ggq—
transmutation cross-section of ***U to ***Pu; T,44— time
of the decay in chain U = **Np > *Pu; o, -

fission cross-section of **Pu; v — the number of fission
neutrons; O ,4 and O,y — neutron absorption cross-

sections for nuclei **U and **Pu; o is neutron ab-
sorption cross-section for fission products. To simplify
We put 0,4=0,9=0,.
Boundary conditions have to be added to Egs. (1)
and (2):
P(o0, 1) =0, ¥'(0, 1) = 0, ng(oo, t) = 0,

g (o0, ) = 0, ne(o0, t) = 0, ng(eo, t) = ng(0). (3)

We need to find a time-independent solution of
equations (1) in the form of a spherical standing wave
Y(r), ng (r), ng(r). Consider the movement of fuel mate-

rials rather slow: TgqV<<L, where L is the characteristic
size of the burning region, then Egs. (1), (2) can be in-

terpreted as quasi-stationary (v=o). The operator D we
choose in diffusion approximation.
The boundary conditions (3) look as follows:

¥(0) =0, ¥'(0) = 0, ng(o0) = 0,
Ne(o0) = 0, Ng(o0) =no. (4)

2. THEORY OF SPHERICAL NUCLEAR
BURNING WAVE

Equation for fluence

Now, instead of the r coordinate we will introduce a
new variable

I‘P(r ) dr'=
: V(r)

which is proportional to fluence F(x) and ranges from 0
to a maximum value of ¢, =o,F,,, . Let us choose

the function S(x) describing the automatic control on
excess reactivity p as: S =—pvZ V. After these

changes Eqgs. (1) and (2) become:
Do, 0(.0%
2VIR op\  op

dng
—L=-n,, 6
do 5 (6)
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do

P=42V,QR* /o, |2 dg, ©)

Xy =0¢Ng, (10)

Ea = Ga (n8 + n9) + GCnC

where Q is nuclei %°Pu fission energy release.
The boundary conditions (4) for the functions ¥(p),

ng(p), My (), Ne(p) look as follows:

W(0) =0;¥'(¢,) =0; ng (0) = 0; n,(0) =0; ny (0) =ny,

(12)

where ¢,

(11)

= ¢(0) is the maximum neutron fluence.

Equation for neutron flux density
Equations (6) - (8) can be solved:
Ng (@) =Nne™” Ny (@) =0ge/ T,Ny2™",
N.(¢) =200y | o, [1- L+ )], (13)
where n, is concentration of U-238 in the initial mate-
rial, and equation (5) becomes:

Do, d (r(p) d¥? }
a =20+1-2p)e" +
2n, V¢ dgo( R* do fri=2p)

O, _ 0.0,
+ —2-28 |pe " -2
Ga Ga

where  B=0.0,0410°
determines the speed of breeding in the system.

(14)
v(l-p)ee,

is a parameter, which

System excess reactivity calculation

Integrating equation (14) over ¢ taking into account
the boundary condition ¥(0) = 0, we obtain:

Do, r*(p) d¥?
2n,VZ¢ R de

f(p)=2pp-(1-2p)e" -+

|:089 2,8

a a

=f (o),

(15)
where

% - p)}[l d+p)e].

Substituting @ = @, in (15) and using the boundary
conditions (12), we obtain the equation for the system
excess reactivity p:

f () =0. (16)
Solving Eq. (16) we obtain expression for excess re-
activity, which is necessary for the existence of a sta-

tionary solution:
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where

_ 2P0, —(1-2p)(e ™ -1) and

° 1-(+g)e™
c=(v3—1J%+2ﬁ. (18)
o-a O-a

Eqg. (17) and (18) relate excess reactivity p to the
maximum fluence in unloaded fuel ¢,. This value lies in
the range 0 < @y <y, where y is the maximum fluence in

the flat burning wave [4] (Eq. (19) and Fig. 1):
" -1D° -y’

A= . (19
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Fig. 1. Dependence y(p)

Neutron field calculation

Substituting (17) to (15) we obtain:
Do, r'(p) dWw?
2n,VZ R dg

where f,(p,0,) =2Bp—(1-25-q,)(e" -1) +q,pe”.

The function f,(¢,Q,) has the following analytical
properties [7, 8]: f,(0,q,) =0, f(¢,,q,)=0; it be-
comes zero at the ends of the range 0 < @ < ¢, .
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equation (20) and introducing new dimensionless varia-

bles y = D D >\,
nVsR\ n,o,R

é’zo\/(noda)/Dr '

we get the system of equations:

glg :_f1(§0)/§2' (21)
do 2

ik 22
ac= e 22)

with boundary conditions

@() =0, ¢(0) =@, () =0. (23)

Set @, in the interval 0< @, < x and solve equations
(21), (22) with boundary conditions (23) by the shooting
method: choose a value y/,and start from " =0 with

initial conditions ¢(0) = ¢, and w(0)=y,; we ob-
tain solutions @(<") and (&) diverging at £ — 0.

We select 1/, so that the region of divergence was as

far as possible.

Returning to the variables r, ¢(r), and ¥(r), we find
the radial dependences of the neutron fluence ¢(r), and
flux W(r), as well as the concentration profiles of plu-

tonium

Ng(r) =0y / o,y (1) e, (24)

uranium N (r) = n e ?") and fission products
N(r) =200y | o2y [1-(1+(r))e "], (25)

We also get the expression for power:
P= j Qz, WdV =
=47 QV.R*n0y0, | G [1-(L+p,)e ). (26)

The speed of fuel movement is proportional to the
power of the reactor. The burning wave profile remains
unchanged.

The main result of theory is that spherical standing-
burning wave can be described with tree parameters:
two combinations of nuclear cross sections ¢,  and neu-
tron fluence ¢, in unloaded fuel.

Fig. 2 shows an example for radial profiles of the
neutron flux in standing burning waves for material pa-
rameter = 1 (when y = 2 — the maximal value of ¢)
and different values of the parameter ¢g.
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Fig. 2. Radial dependences of the neutron flux
w({) in standing waves, y = 2

The maximum of neutron flux in the burning wave
(see Fig. 2) moves away from the center of the core
when ¢g increases and goes to infinity at g =.

Fig. 3 shows dependence the power of the standing
burning wave on the fluence ¢, at y = 1. The fundamen-
tal difference between a spherical standing-wave reactor
and a one-dimension traveling-wave reactor is that its



power can be physically limited by choosing a suffi-
ciently small parameter ¢, and small dimensions of the
core. Spherical standing-wave differs from a traveling
burning wave Feoktistov’s type, in which the power and
neutron fluxes are much more than modern structural
materials can allow.
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Fig. 3. Dependence of power of the standing burning
wave on the fluence gowith y =1
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Fig. 5. Dependence of U-238 concentration on the radi-
us in the standing burning wave

Figs. 4,5 show the dependences of the concentra-
tions of Pu-239, U-238 and fission products on the radi-
us in the standing burning wave of a spherical shape.
From Fig. 5 one can see that in the standing burning
wave with the specified parameters, the uranium isotope
U-238 burns out by 18%, and in the spent fuel there are
still ~ 6% Pu-239.

3. ANALYSIS OF STABILITY THE
SPHERICAL BURNING WAVE

In Fig. 6 the family of phase trajectories w(yp) for
different values of ¢q is shown.
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A necessary condition for stability of a standing

burning wave is the positivity of the values of ¢ and w

along the trajectory of the solution (<) and w(¢).

Thus, the entire trajectory of the dependence ¢(y)

should lie in the first quadrant. As can be seen in Fig. 6
this condition is valid.

Calculation of the minimum value of the parame-
ter with the scope of the solution

The condition p > 0 for the existence of a standing
spherical wave gives a relation:

¢ > 0o(B, 9o)- (27)

Relation (27) determines cmin(po) — the minimum
value of ¢, for which a stationary solution still exists for
a given value of ¢,. The dependence cnmin(¢o) has the
form:

2Pp,—(L=2p)(e " -1)
1-(l+g)e ™ '

Cmin ((00 ’ ﬂ) = (28)

The dependence cmin(@o, B) calculated using (28) for
the value g = 1 is shown in Fig. 7. The wave exists in
the open region of the graph. The dependence cyin(9o, 5)
has a minimum, indicated in the graph as cm(5), which
is located below the line q(f) corresponding to a plane
burning wave. One can see from Fig. 7 that a standing
spherical burning wave is more stable than a plane burn-
ing wave, and two times lower fluency ¢y is required for
existence of a standing wave.
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State diagram of a reactor on the standing spheri-
cal burning wave

The dependence of ¢,(f) is shown in Fig. 8 with
dotted line. It represents the lower limit of parameter ¢
for standing burning wave stability in a spherical reac-
tor. For comparison, the lower limit of ¢ for a plane
burning wave stability in an infinite medium q(5) [4] is
shown in the same graph.
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Fig. 8. State diagram of the reactor on a standing
spherical burning wave

The state diagram of a reactor on a standing spheri-
cal burning wave is shown in Fig. 8. In the pink shaded
region there are no standing waves, in the region shaded
in yellow the spherical standing waves exist only for
some values of ¢,. In the open region of the Fig. 8 the
waves exist for any values of ¢,.

4. COMPUTER SIMULATION
OF SPHERICAL TRAVELLING BURNING
WAVE

Computer model of STBW is a sphere with radius
R =2 m, filled with uranium dioxide based fuel, which is
divided into spherical layers with thickness of 5 cm. In
order to reach criticality an igniter containing enriched
uranium was located in the central part of the reactor
core. Due to transmutation under fast neutron irradia-
tion the *®U isotope converts to ?*°Pu according to the
chain: *®U + n = 2°U > *Np > ?*°Pu. When concen-

tration of *°Pu in the fuel reaches high level, spherical
burning wave appears; it breaks away from the central
area and moves to the edges of the active zone during
30 years. In this model the speed of the burning wave is
~0.5 cm/year at 240 MW power (see Figs. 9 and 10 in
which radial distributions of neutron flux and power are
shown).
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Fig. 9. Radial dependences of the neutron flux density in
a traveling spherical burning wave for period
of 30 years
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Fig. 10. Radial distribution of power fraction of the
layers in the traveling spherical burning wave during
30 years at 240 MW power

5. COMPUTER SIMULATION OF
SPHERICAL STANDING BURNING WAVE

In SWR model fuel is moving towards the burning
wave at the same speed, that ensures the stationarity of
breading and burning processes in the reactor. The re-
sults of computer simulation of a standing nuclear burn-
ing wave during 20 years are shown in Fig. 11. It shows
that parameters of the model ensure stationary of the
spherical nuclear burning wave when reactor is fed with
depleted uranium. Figs. 11-13 show dependences of
power density and concentrations of Pu-239 and U-238
on the radius, which were obtained using MCNPX
computer simulation of the spherical standing burning
wave. They are in qualitative agreement with the theo-
retical results (see Figs. 3-5).
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CONCLUSION

« Standing nuclear burning wave can exist not only
in one-dimensional geometry, but in systems with cy-
lindrical and spherical symmetries as well.

 Phenomenological theory of standing spherical nu-
clear burning wave was developed

« Existence of a standing spherical nuclear burning
wave was proved for a reactor with fuel continuously
moving toward the center.

- State diagram of such a reactor was proposed and
the boundaries of the standing wave existence were de-
fined.

» Mathematical modeling of reactor on spherical
standing burning wave was carried out using MCNPX
code, and obtained numerical results are in agreement
with results of the phenomenological theory.
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COEPUYECKASA CTOAYASA BOJIHA AJEPHOI'O I'OPEHUS C BHEITHUM
ABTOMATHYECKHUM KOHTPOJIEM PEAKTUBHOCTHA

10.A. Jlenexo, B.B. I'aun, A.B. I'ann

brina pa3zButa HEUTpOHHAs KMHETUKA CTOSTUEH BOJIHBI SIEPHOTO TOPEHUsI B HEUTPOHHO-PAa3MHOXKAIOIEH cpene,
KOTOpast He CXKMMACTCSI M SIBJIICTCS TIOABIIKHOMW, IPU HAJIMYHU SIACPHBIX peakiuii. PaccMoTpeH chepuieckuii peak-
TOP, B KOTOPOM BOJIHA SIJIEPHOTO TOPEHUS IBUKETCS paJuajbHO OT IIEHTPa, a TOIIMBO — B UEHTP peaktopa. [loka-
3aHO, YTO MPU MOJIMUTKE TAKOW CUCTEMBI 28 B Heil MOKET CYIIECTBOBATh CepUUCCKasi CTOsIUAs BOJIHA SJICPHOTO
roperus. [IpoBeneHO cpaBHEHHE TCOPETUIECKUX PE3YIIBTATOB C JAaHHBIMH YUCICHHOTO MOJEIHPOBAHHS TaKOTO pe-
akTopa ¢ ucronp3oBaHneM koga MCNPX.

COEPUYHA CTOAYA XBUJIA AAEPHOI'O I'OPIHHA 3 30BHIINHIM ABTOMATHYHUM
KOHTPOJIEM PEAKTUBHOCTI

10.A. Jlenexo, B.B. I'ann, A.B. I'anun

Byna po3BuHeHa HEHTpPOHHA KIHETHKA CTOSMOI XBHWII SIIEPHOTO FOPIHHS B HEWTPOHHO-PO3MHOXKYIOUIM Cepelo-
BUIIi, KOTPE HE CTUCKAETHCA Ta € PyXOMHM, IIPU HAsIBHOCTI SACPHHUX peakiii. PosrmsuyTo chepuunmii peakrop, B
SIKOMY XBWJIS SIICPHOTO TOPIHHS PyXaeThCs palialibHO Bif IIEHTPA, a MAINBO — I0 HEeHTpa peakTopa. IlokasaHo, mo
TIPH MiPKUBIICHH] Takoi cucteMu 22U B Hill MOKe iCHYBATH ceprHdHa CTOSYa XBHIIS sIEPHOTO TopinHs. IIpoBeseHo
MOPIBHAHHSA TEOPETUYHHUX PE3yJbTATIB 3 JaHUMH YHCEIHHOTO MOJEIIOBAHHS TaKOTO PEaKTopa 3 BUKOPHUCTAHHAM
kony MCNPX.



