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Quantum-mechanical problem on electron motion through the model potential barrier of the metal-vacuum system

with an additional near-surface dipole layer is considered. Taking into account the continuity conditions of the

wave functions and their derivatives at the interface between the two media, general expressions of the coefficient

of transparency of the potential barrier and a current density of field emission is obtained in the framework of this

model. It is shown the influence of the effective thickness of the dipole layer of the metal surface on a value of the

field emission current density.

PACS: 537.533.2;539.182

1. INTRODUCTION

Despite the fact that the theory of field emission un-
der influence of external electromagnetic fields, writ-
ten by Fowler and Nordheim in the 20 years of the
last century [1], this topic is relevant, in particular, in
the task of overcoming high-gradient breakdowns in
accelerating structures for receiving charged particles
of high energies on modern accelerators. Field emis-
sion is one of the stages of occurrence of high-gradient
breakdown in accelerating structures.

Experiments on the modeling accelerator struc-
tures of the compact linear electron-positron acceler-
ator in the CLIC (Compact Linear Collider) project,
carried out at the European Center for Nuclear Re-
search, CERN, showed that when introducing power
of a high-frequency electromagnetic field, which pro-
vides the electric field strength on the accelerat-
ing axis a value of the order of 100MV/m, high-
frequency high-vacuum breakdowns arise on the sur-
face of the accelerating structure [2-4]. Therefore,
when CERN begins to design the CLIC accelera-
tor, the problem of high-vacuum high-gradient break-
downs is arisen.

Since each breakdown leads to a loss of the density
of the charged particle beam and to damage of the
surface of material, various methods of increasing the
resistance to high-gradient breakdown of the acceler-
ating structure are being investigated. One way to
eliminate the problem of high-vacuum high-gradient
breakdowns is to reduce the current density of the
field emission. At this stage, CERN studies condi-
tioning of the surface of electrodes to increase the
stability of metal surface of accelerating structures to

high-gradient breakdowns [2]. Other possible ways to
overcome high-gradient breakdowns are implantation
of some elements, (for example, argon, nitrogen, zir-
conium ions) into the near-surface layer of the metal;
vacuum coating of a more refractory metal film on
the surface; desorption of molecules of gases from the
surface of the metal; the location of the accelerating
structure in an external magnetic field.

In the works [5,6] the influence of the magnetic
field on the field emission current is theoretically in-
vestigated. Theoretically in [6] was shown a change
of the potential barrier under the influence of a mag-
netic field parallel to the metal surface and provides
the ability to reduce the probability of breakdown
and increase the stability of accelerating structures to
high-gradient breakdowns by introducing them into
a magnetic field system.

In the investigation [7], the potential barrier
model for two W-Cs systems was considered: with
a thin layer and a hyperfine layer of cesium. The ef-
fect of equa-lizing the Fermi levels of the two-metal
system in the dipole layer and the value of the work
functions of each component of the metal-metal sys-
tem are taken into account. A similar form of a po-
tential barrier was considered in works [8,9], in which
the authors theoretically described the field emission
of electrons from nanoscale objects for the barrier de-
picted in Fig.1. In the work [8] the author has showed
the effect of the Coulomb blockade phenomenon on
the magnitude of the field emission current.

The purpose of this paper is to generalize Fowler-
Nordheim theory of field emission from a metal with
an additional near-surface dipole layer.
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2. FIELD CURRENT FROM A METAL
WITH AN ADDITIONAL

NEAR-SURFACE DIPOLE LAYER

Fowler and Nordheim [1] obtained the formula for
the current density of field emission on the basis of
finding the transparency coefficient of the potential
barrier D(W) as a function of the electron energy
W at the boundary from the metal to the vacuum.
In this case, the continuity conditions of the wave
functions and their derivatives were used at the in-
terface between the two media. The transparency
coefficient is defined as the ratio of the flux density
of the wave passing through the barrier to the density
of the falling wave flux:

D(W ) =
j1
j0

, (1)

where j1, j0 are the density fluxes of the wave passing
through the barrier and the falling wave, respectively.

The density of the field current j is given by:

j = e ·
∫ ∞

0

D(W ) ·N(W )dW , (2)

where D(W ) is the coefficient of transparency of the
potential barrier; N(W ) is the number of electrons
incident on a surface of unit area per unit time with
a kinetic energy W normal to the surface; e is the
electron charge. From expression (2) one can obtain
the Fowler-Nordheim formula for current density:

jF−N =
e

4 · π2 · h̄
·

√
µ

(µ+ χ) · √χ
·

·F 2 · exp

− 4k

3F
· χ

3

2

 , (3)

where F = e ·E; E is constant electric field strength;
χ is the work function; µ is the usual parameter of
the electron distribution in the Fermi-Dirac statistics
equivalent to the thermodynamic partial potential of

an electron; k =

√
2 ·m
h̄

; m is the free electron mass

[1].
Let’s consider the phenomenological model of the

potential barrier of the metal-vacuum system, which
is depicted in Fig.1. It is shown that the region I
is the inner region of the metal, region II is the ef-
fective thickness d of the near-surface dipole layer,
the region II and III are regions of metal modifica-
tion, and the IV region is the potential barrier at the
metal-vacuum interface. Height C of the second and
fourth area, depicted in Fig.1 is equal to the sum of
the work function χ of the investigated metal and its
the thermodynamic partial potential of an electron
µ, C = µ + χ. It is possible to use the introducing
such layer in order to describe the metal with modi-
fication of the metal surface. One can suppose that
the effective thickness of the dipole layer is a sum
of a volumes of all creating defects and emptiness of

a modified metal surface. For example, one of the
methods of defect formation is bombarding the sur-
face of the copper structure by high-energy beams of
copper ions. The size of the effective thickness d of
the dipole layer can be estimated using the simple
formula:

d = n · h · V , (4)

where n is the concentration of the formed de-
fects, h is the thickness of surface modification,
V is the point defect volume, p = h + d.

Fig.1. Diagram of the potential barrier for the
escape of electrons from a modified metal surface to
vacuum

The wave functions for each of the regions of the
potential barrier have the form:

Ψ1 = A1 · exp (i · k1 · x) +B1 · exp (−i · k1 · x) , (5)

Ψ2 = A2 · exp (−β · x) +B2 · exp (β · x) , (6)

Ψ3 = A3 · exp (i · k1 · x) +B3 · exp (−i · k1 · x) , (7)

Ψ4 =

√(
−C −W

F
+ x

)(
k2 · F

) 1
6 ·

·H(2)
1
3

(
2

3
· k ·

√
F

(
−C −W

F
+ x

) 3
2

)
, (8)

where A1, B1, A2, B2, A3, B3 is complex amplitudes

of wave functions; k1 =
√
2·m·W
h̄ ; β =

√
2·m·(C−W )

h̄ .
The wave function and its partial derivatives must
be single-valued and continuous [10]. Conditions for
the continuity of the wave functions on the bound-
aries of these regions (see Fig.1) have the form:

Ψ1(−p) = Ψ2(−p) ,

Ψ
′

1(−p) = Ψ
′

2(−p) ,

Ψ2(−h) = Ψ3(−h) ,

Ψ
′

2(−h) = Ψ
′

3(−h) , (9)

Ψ3(0) = Ψ4(0) ,

Ψ
′

3(0) = Ψ
′

4(0) .

As a result, we obtain a system of equations for find-
ing complex amplitudes:
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A1 · exp (−i · k1 · p) +B1 · exp (i · k1 · p) = A2 · exp (β · p) +B2 · exp (−β · p) ,
i · k1 ·A1 · exp (−i · k1 · p)− i · k1 ·B1 · exp (i · k1 · p) = −A2 · β · exp (β · p) +B2 · β · exp (−β · p),

A2 · exp (β · h) +B2 · exp (−β · h) = A3 · exp (−i · k1 · h) +B3 · exp (i · k1 · h) ,
−A2 · β · exp (β · h) +B2 · β · exp (−β · h) = i · k1 ·A3 · exp (−i · k1 · h)− i · k1 ·B3 · exp (i · k1 · h) ,

A3 +B3 =

√
C −W

F
· exp

(
−π · i

2

)
·
(
k2 · F

) 1
6 ·H(2)

1
3

(
exp

(
−3 · π · i

2

)
·Q
)

,

i · k1 ·A3 − i · k1 ·B3 =
1

2
·
(
C −W

F

)− 1
2

· exp
(
π · i
2

)
·
(
k2 · F

) 1
6 ·H(2)

1
3

(
exp

(
−3 · π · i

2

)
·Q
)
−

−
(
C −W

F

)
· k

√
F ·
(
k2 · F

) 1
6 · exp

(
3 · π · i

2

)
·
dH

(2)
1
3

(
exp

(
−3 · π · i

2

)
·Q
)

dQ
,

(10)

where Q = 2
3 · k ·

√
F ·
(
C −W

F

) 3
2

.

The analytical form of the complex amplitudes A3

and B3 can be obtained using the results of the work
[1].

The coefficient of transparency of the barrier
D(W ) in accordance with (1), taking into account
the absence of sources of particles, one can find by
the formula:

D(W ) =
|B1|2 − |A1|2

|B1|2
= 1− |A1|2

|B1|2
. (11)

In general case the coefficient D(W ) depends on pa-
rameters: W , F , µ, χ, d, h and its analysis is done by
the numerical method. If d → 0 D(W ) becomes like
on expression that obtained by Fowler and Nordheim
[1]:

DF−N =
4 ·
√

W · (C −W )

C
·

· exp

(
−4 · k · (C −W )

3
2

3 · F

)
. (12)

The coefficient D(W ) is obtained by the numerical
method in general case on conditions

k1 · d << 1, β · d << 1 ,

k1 · h << 1, β · h << 1 , (13)

one can simplify to such analytical form:

D(W ) = DF−N ·
(
1− d

d0(W )

)
, (14)

where d0(W ) =

(
F

C −W
+ 2 ·

√
2 ·m
h̄

·
√
C −W

)−1

.

In this approximation the finding expression for
D(W ) do not depend on the thickness of surface mod-
ification h. Notice that on conditions (13) d << d0
for all W . At the value F = 5 · 109 eV/m for the
copper characteristics: C = 12 eV , µ = 7.5 eV ,
χ = 4.5 eV , W = µ, d0(µ) = 0.5 · 10−10 m−1.

In Fig.2 one can see dependences D(d) at afore-
mentioned parameters, that are calculated by the

equations (12) (a continuous curve) and (14) (the
line is depicted by dots). Dependence that are
shown by dot-dash line in Fig.2 describes the nu-
merical calculations D(d) at h = 10−11m. In
Fig.2 the graph of the dependence of the ana-
lytic formula (14) are similar to the dependence
D(d), that are calculated by the numerical method.

Fig.2. Graphs of dependence of the coefficient of
transparency of the barrier on d

The current density, which is determined by the ex-
pression (2) taking into account (11) at

N(W ) =
m

2 · π2 · h̄3 · (µ−W ) , (15)

in general case depends on parameters: F , µ, χ, d,
h. On condition d << d0(W ), the expression for the
current density of the field emission has the form:

j = jF−N ·
(
1− d

d0(µ)

)
. (16)

The dependence of the current density (16) on
the electric field strength is shown in Fig.3 (a con-
tinuous curve). One can take C = 12 eV , µ =
7.5 eV , χ = 4.5 eV , d = 10−11 m. Curve, de-
pict by dots, describes the current density Fowler-
Nordheim jF−N . As can be seen from Fig.3, the
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current density j of the field emission decreases by
1.3 times relative to the value jF−N at the value of
the electric field strength E ∈ [5 · 109; 1010]V/m.

Fig.3. Comparison of the dependences of the field
emission current density from the modified metal
surface to vacuum and for the metal-vacuum system

3. CONCLUSIONS

The model of a potential barrier of a metal with
an additional near-surface dipole layer is proposed
in the present work. It is possible to use the in-
troducing such layer in order to describe the metal
with modification of the metal surface. An analytic
generalization of the Fowler-Nordheim formula in the
case of the potential barrier, which is depicted in
Fig.1, was done. The analytic equations of the co-
efficient of transparency of the potential barrier and
the field emission current density were found on con-
dition d << d0(µ) with taking into account an ad-
ditional near-surface dipole layer. It is shown that
the field emission current decreases by 1.3 times rel-
ative to the value jF−N for considering the potential
barrier at d = 10−11 m.
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ÒÅÎÐÅÒÈ×ÅÑÊÎÅ ÈÇÓ×ÅÍÈÅ ÂËÈßÍÈß ÌÎÄÈÔÈÊÀÖÈÈ ÏÎÂÅÐÕÍÎÑÒÈ
ÌÅÒÀËËÀ ÍÀ ÂÅËÈ×ÈÍÓ ÒÎÊÀ ÏÎËÅÂÎÉ ÝÌÈÑÑÈÈ Â

ÃÐÀÄÈÅÍÒÍÎ-ÓÑÒÎÉ×ÈÂÛÕ ÓÑÊÎÐßÞÙÈÕ ÑÒÐÓÊÒÓÐÀÕ

È.È.Ìóñèåíêî, Ð.È.Õîëîäîâ

Ðåøåíà êâàíòîâî-ìåõàíè÷åñêàÿ çàäà÷à î äâèæåíèè ýëåêòðîíà ÷åðåç ìîäåëüíûé ïîòåíöèàëüíûé áàðüåð

ñèñòåìû ìåòàëë-âàêóóì ñ ââåäåíèåì äîïîëíèòåëüíîãî ïðèïîâåðõíîñòíîãî äèïîëüíîãî ñëîÿ. Ó÷èòûâàÿ
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óñëîâèÿ íåïðåðûâíîñòè âîëíîâûõ ôóíêöèé è èõ ïðîèçâîäíûõ íà ãðàíèöå ðàçäåëà äâóõ ñðåä, ïîëó÷å-

íû îáùèå âûðàæåíèÿ êîýôôèöèåíòà ïðîçðà÷íîñòè ïîòåíöèàëüíîãî áàðüåðà è ïëîòíîñòè òîêà ïîëåâîé

ýìèññèè â ïðåäåëàõ äàííîé ìîäåëè. Ïîêàçàíî âëèÿíèå ýôôåêòèâíîé òîëùèíû äèïîëüíîãî ñëîÿ ïîâåðõ-

íîñòè ìåòàëëà íà çíà÷åíèå ïëîòíîñòè òîêà ïîëåâîé ýìèññèè.

ÒÅÎÐÅÒÈ×ÍÅ ÂÈÂ×ÅÍÍß ÂÏËÈÂÓ ÌÎÄÈÔIÊÀÖI� ÏÎÂÅÐÕÍI ÌÅÒÀËÓ
ÍÀ ÂÅËÈ×ÈÍÓ ÑÒÐÓÌÓ ÏÎËÜÎÂÎ� ÅÌIÑI� Â ÃÐÀÄI�ÍÒÍÎ-ÑÒIÉÊÈÕ

ÏÐÈÑÊÎÐÞÞ×ÈÕ ÑÒÐÓÊÒÓÐÀÕ

I. I.Ìóñi¹íêî, Ð. I. Õîëîäîâ

Ðîçâ'ÿçàíà êâàíòîâî-ìåõàíi÷íà çàäà÷à ïðî ðóõ åëåêòðîíà ÷åðåç ìîäåëüíèé ïîòåíöiàëüíèé áàð'¹ð ñè-

ñòåìè ìåòàë-âàêóóì ç ââåäåííÿì äîäàòêîâîãî ïðèïîâåðõíåâîãî äèïîëüíîãî øàðó. Âðàõîâóþ÷è óìîâè

íåïåðåðâíîñòi õâèëüîâèõ ôóíêöié i ¨õ ïîõiäíèõ íà ìåæi ðîçäiëó äâîõ ñåðåäîâèù, îäåðæàíî çàãàëüíi

âèðàçè êîåôiöi¹íòà ïðîçîðîñòi ïîòåíöéíîãî áàð'¹ðà òà ãóñòèíè ñòðóìó ïîëüîâî¨ åìiñi¨ â ðàìêàõ äàíî¨

ìîäåëi. Ïîêàçàíî âïëèâ åôåêòèâíî¨ òîâùèíè äèïîëüíîãî øàðó ïîâåðõíi ìåòàëó íà çíà÷åííÿ ãóñòèíè

ñòðóìó ïîëüîâî¨ åìiñi¨.
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