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Excitation of the Cherenkov electromagnetic radiation by a relativistic electron bunch in a dielectric waveguide is
considered taking into account the frequency dispersion of the dielectric permittivity. Electric polarization in an
isotropic dielectric medium and, accordingly, polarization charges and currents induced by the Coulomb electric
field of a relativistic electron bunch are determined. The spatial-temporal structure of the excited wakefield in a
dielectric waveguide is obtained and investigated. It is shown that the excited field consists of a potential

polarization electric field and a set of eigen electromagnetic waves of the dielectric waveguide.

PACS: 41.75.L.x, 41.85.Ja, 41.69.Bq

INTRODUCTION
Electric charge (electron bunch), moving in a
dielectric medium with a super light speed, radiates
wake electromagnetic waves — Cherenkov radiation [1,
2]. Since the wakefields in the dielectric are slow
(v, <C,v,, — phase velocity of the wave), they can be

used for acceleration charged particles. The method of
acceleration of charged particles by the wakefields
excited in a dielectric medium is very prospective and
presently much give one's attention to it. In theoretical
works devoted to this topic [3-6], as a rule, the
frequency dispersion of the dielectric permittivity of the
medium is not taken into account. In the framework of
this approximation, the permittivity is independent of
frequency and is a constant. Meanwhile, accounting of
frequency dispersion leads to a number of qualitative
features in the picture of excitation of wakefields in
dielectric media. First of all, the permittivity can be
equal to zero &(w,)=0. The frequency w=a,

corresponds to the longitudinal (potential) polarization
oscillations of the dielectric medium. In addition, the
condition for the appearance of Cherenkov radiation, its
frequency spectrum and, in general, the wakefield field
picture in a dielectric medium change.

In this paper the process of excitation of Cerenkov
radiation of electromagnetic waves by a relativistic
electron bunch in a condensed medium, taking into
account the frequency dispersion of the dielectric
constant is investigated. For the case of a dielectric
waveguide, expressions for the wakefield fields are
obtained and studied.

FORMULATION OF THE PROBLEM.
BASIC EQUATIONS

We consider a dielectric waveguide made in the
form of a homogeneous dielectric cylinder whose lateral
surface is covered by an ideally conducting film. A
monoenergetic relativistic bunch of charged particles
propagates uniformly and rectilinearly along the
waveguide. The initial system of equations contains the
Maxwell’s equations
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rote =11 rotFI:la—E+4—nlxt,
c ot cot ¢
divD = 4np,, , divH =0, 1)

Pox» Juq are densities of external charges and currents, in

our case of an electron bunch, D =E +4xP is electric

induction, P is vector of electrical polarization of the
dielectric medium. The Maxwell equation must be
supplemented by a material equation for the electrical

polarization of the P .
In a condensed medium, each atom is in a local

electric field E,_, which can be very different from the

loc ?
macroscopic field E, which is described by Maxwell's
equations (1). The local electric field E,_ includes both

the external field E and the total electric field of the
induced dipoles surrounding the given atom. In a
crystalline medium with a cubic crystal lattice, the local
electric field is described by the Lorentz formula [7]

E. :E+4§ﬁ. )

Taking into account the Lorentz formula (2), the
material equation (3) has the form

@ Ze*N -

e +@P = E, 3)
where  wi= @°'— p’3, gﬁéﬁ is plasma
m

frequency, o, is the frequency of the dipole

oscillations of the dielectric condensed medium, which
is lower than the frequency of the individual atomic
dipole oscillator a .

We shall solve the problem of exciting the wakefield
by an axisymmetric electron bunch in a dielectric
waveguide as follows. Let us first determine the field
(Green's function) of a moving charge, which has the
form of an infinitely thin ring with a charge density

dp=-dQ 050 2 t) @

0 7l 0
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where r, is ring radius, t, is the time of flight of an

elementary ring bunch into a waveguide, , v, is bunch

velocity, dQ(r,,t,) iS the charge of particles in the ring

connected with the current density of the bunch at the
entrance to the dielectric waveguide (z=0) j,(t,.1,)

by the relation dQ = j,(t,,1,)27zr,dr,dt,. The current
density of an elementary ring charge is related to the
charges (4) by the relation dj =v,dp€,, €, is unit

z
vector in the longitudinal direction. We expand the
values in the Fourier integrals in the Maxwell’s

equations (1) and also in the material equation (3)

(EGYHG): I(me |:|wk—i(urda)7 IS _ j f){ue—iluzdw, (5)
r=t-z/v,~t,, E.,H. is electromagnetic field
(Green's function) of elementary charge (4) and current.

From the material equation (3) we find the
expression for the Fourier component of the polarization

P :g(a))—1E , (6)

2 472_ @

2
[0}

ew)=1-—"—. @)
— &

The system of Maxwell's equations (1), taking into
account the relations (7), is conveniently reduced to
equations for the longitudinal Fourier component of the
electric field

where

lirdEﬁ ’E,, _i k? dQ5(r—r0)7 (8)
rdr dr 7 we(w) r,

k? =kle(w)-K* k=wlv,, k,=w/c. On the ideally

conducting side surface of the dielectric waveguide

r =b, the longitudinal component of the electric field is

equal zero

E, (r=b)=0. 9)
On the surface r=r, along which the ring electron

bunch propagates, the longitudinal Fourier component
of the electric field satisfies the boundary conditions

Ezw(r = r-0 +0) - Ezw(r = r0 _O)’
H 2
dE,, oo _UE, = LMdQ_ (10)
dr dr 7, we(w)

The solution of equation (8) taking into account the

boundary  conditions  (9)-(10) has the form
- 0 2

EGZ (I’,T) — _L dQJ. da)e—imr kL (a))GO (kLr’ kLrO) , (11)
2 we(w)J,(k, b)

where

J,(k, NA (K, 1,k b), r<r,
G kork = DA k. e
ok 16)A (k,r.k D), r<r,
Ag (k1K b) = Jo(k, I)N, (k, b) = J, (k b)N, (k. r) .
The integrand in (11) has simple poles @ =+, —i0

(a)g = Ja)ﬁ +af ) located in the lower half-plane of the

complex variable « and being zeros of the dielectric
constant &(w)=0. As noted above, these poles

correspond to the excitation of longitudinal polarization
oscillations of the dielectric medium. Calculating the
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residues at these poles, we find the expression for the

polarization wakefield. excited by a ring electron bunch
2

ESD(r, 1) =3dQ 2 4(r) cos @,z T, (k, 1.k, 1),
V,

0

1 I (k"R (k1. kD), <1y,
lo(k,b) [ 1K, )R (K,r K, D), b>r >,
Rk, 1.k b) =K, (k, N1, (k,b) —Ky(k ), (k,r),

where k, =, /V,, x(z) is unit function.

The integrand in (11) has also simple poles, which
are determined from the equations

Fo(kpr,kpro):

@* > A2
D, (w)=—¢&(@w) ———-—=0. (12)
c? V. b?

These roots determine the frequency spectrum of the
Cerenkov electromagnetic waves excited by an electron
ring bunch in a dielectric waveguide. In the spectral

equation (12), A, are the roots of the Bessel function
Jo(X) . The spectral equation (12), taking into account
the explicit expression for the dielectric constant (7),
can be given a form more convenient for analysis

Dn (CD) = i%(af _a)czhn)(a)2 +Vs2tn) = 0,

2.0
VoYo @ — @y

where
2 2\-1
7/0 :(1_ﬂ0) ’ﬂo ZVO/C' wchn :a)dxchn’ Vstn :a)dxstn’

o= S0 [, 13)

2 1 2 ;1 2y\2 2

Xstn :E(b0+yn)+ Z(b0+yn) +yn' (14)
A.C

bozygz(ﬂgzgo_l)l Yn :a)dbﬁg%’

& =1+w} | ] is static permittivity of the dielectric

medium &, =&(w —0). The poles w=zta,,—i0 are
also located in the lower half-plane of the complex
variable @ nearly the real axis. The frequencies
w=am,, are the frequencies of the electromagnetic
waves of the dielectric waveguide, which are in the
Cerenkov synchronism /3 &(e,,,) =1 with the electron

bunch. Since these frequencies are always real, the
Cherenkov radiation of electromagnetic waves excited
by an electron bunch in a dielectric waveguide takes
place for all values of the electron bunch velocity and
parameters of the dielectric waveguide (in our case, the
values of the static dielectric constant &, and the radius

of the waveguide b).
In addition to the real Cherenkov poles, there are
also a pair of complex conjugate poles w = +iv, in the

stn
integrand (11) located on the imaginary axis. These
poles correspond to a quasi-static electromagnetic field
localized in the region of the electron bunch.
Calculating the residues at all these poles of the
integrand (11), we find the expression for the
Cherenkov electromagnetic field excited by a thin ring
electron bunch
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ESV(r,7) = ZSZQZ I, (r,n,) [0y, signze = +
n=1

+20,,x(7)cos Chnr] , (15)

where
2_2 2 2
yn Wy @Dy — Dy a)d — Vchn
Hy = 1Ochn = v Mstn T '
wd + Vstn a)chn‘gchn Vchn gstn
2
_ Bhen — @5 &, stn + ] 50
gchn - 2 2 gchn -
Dnen — Wy stn + a)d
3o (AT 1D)35 (2,1 16)
1_In (r’ ro) -
I (4,)

The Cerenkov electromagnetic field includes a bipolar
field pulse which propagates in the waveguide with the
bunch velocity and localizes in the vicinity of the ring
electron bunch, as well as a set of eigen monochromatic
waves of the dielectric waveguide propagating behind
the bunch.

Let wus investigate the expression for the
electromagnetic  field (15) in the quasistatic

approximation @? >> . In this approximation, the
permittivity is independent of frequency &, =¢,.
Consider the most interesting case b, >0 or
v, >c/Jg, , when the Cerenkov radiation condition is

satisfied in the static approximation. In this case, from
expressions (13), (14) we find
AVy

\/;o_ b,fﬁ 50—1
Vi :a)d\/_oza)dyg\éﬂggo _1EVst'

Accordingly, for the expression of the Cerenkov electric
field, we obtain

EC (r,7) = __;‘S'Q ST, (r.1) [1(7) COS o7 +
0 n=1
A
+= B2 (g, —1)e, —on Zdn—_signze
ﬂo( 0 ) 0 a)dz c }i,n g
The amplitude and width of the quasi-static

electromagnetic pulse in the considered limiting case are
small. In the case b, <0 or v, <c/./s,, when the

Cherenkov radiation condition is not satisfied in the
quasistatic approximation we have

:a)d«/_T:a)d%\él_ﬁ;go'

wd yn _

V= b«jl T

Then for the longitudinal component of the electric field
we obtain the following expression

EE™(r,7) = 4d QZH (r, r){ signze "= +

h? & "
2 b2 V2
+£2 (&, —De, 2°h”2/12 D x(7)cosw, T+

The electromagnetic field contains a set of bipolar
pulses with a characteristic width 1/v, and a

monochromatic  high-frequency wakefield with a
frequency a,, and a small amplitude.
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Consider an electron bunch with a current density
jo(rovto)zjoR(ro/rb)T(to/tb): (16)
where the function R(r,/r,) describes the dependence

of the bunch density on the radius (transverse profile),
r, is the characteristic transverse dimension, and the

function T (t,/t,) describes the longitudinal profile of
bunch density, t, is the characteristic duration of the
bunch. The value j, is related to the total charge Q by

the relation j, =Q/(s.t.), where s,,t. are the effective

area of the bunch transverse section and bunch duration.
The resulting electromagnetic field of the electron

bunch of the axisymmetric form (16) is found by

summing fields of the elementary ring charges (4)

E,(r,0) =E®(r,0) + ES(r,7),

E®)(r,7) = 2E, 20

1
k§b2 _L PpoI (r)zpol (T),

0

E, =475, Py () = je(k r,k r)R(r)r,dr,.

Z,y(0) = j T (t, /1, )cos @, (t, — 7)dt,,

—00

l o0
EC™(r,7)=E —E A
(r,7) OS*Lnllu

O stn(T) P = jR(I’/I’

J(urb)

J (/1 ) [2 Zchn (T)+

o (A,r/1)rdr, (17)

Z,.(2) = j T (t, /t, )OS @ (t,

—o0

—7)dt,,

Za (@)= [ T(t/t,)sign(z —t,)e " ldt,.

The electric field E™ describes the potential
polarization field excited in the dielectric waveguide by
an electron bunch, E®™ takes into account the

contribution to full field of the electromagnetic (vortex)
component of field, which is the sum of the eigen radial
harmonics of the dielectric waveguide.

Let us investigate the nature of the distribution of the
electric field in the dielectric waveguide, depending on
the shape of the bunch. First of all we consider a
symmetric bunch in the longitudinal direction, whose
density has a maximum at the entry time t, =0 and
decreases to zero at t, >+, T(t,)=T(-t,). In the
wave zone 7 >>t , the wakefield has the form of a set
of monochromatic waves
k b*P,

1 —~
E (r,7)=2E,— NT(w,)Ccosw. T+
,(r,7) OS*L[ ;. (NT () o7

& 3(rIb)

+D

n=1 ‘]12 (ﬂ’n )
where

chn P T ( chn) Cos a)chnz-:| '

T(w,) =2[T(t,/t,)cos o, t,dt,
0
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are amplitudes of the Fourier component of the function
T(t, /t,) on eigen frequencies o, =, @,

chn *
To determine the field in the volume of the
waveguide, including the region of the bunch, it is
necessary to specify specific longitudinal and transverse

density profiles. As an example, for a bunch with the
model profile T (t, /t,)=exp(—[t,|/t,) we have

t .
Z,, ()= Wﬂ[zg(r) cos w, T - signz exp(—|z| /t,) ],

t
VA )= b
Chn( ) a)czhntbz +1

t. =2t,. As follows from these expressions the electric

field of potential polarization oscillations, as well as the
fields of all radial harmonics, have the same structure.
Behind a bipolar solitary impulse, a monochromatic
wake eigen wave of a dielectric waveguide propagates
Amplitudes of the wakefield waves essentially depend
on the duration of the bunch. For a fixed number of
particles in the bunch, the amplitudes of wake waves are
the larger, the shorter the bunch. If more realistic
conditions @,t, >>1, @,,t, <<1 are fulfilled, then the

chn

polarization field of the electron bunch excites
noncoherence and its level is small. On the other hand,
for an electromagnetic wakefield, the electron bunch is a
completely coherent source.

The wakefield field (17) consists of a set of
electromagnetic eigen modes of the dielectric
waveguide. For Gaussian transverse profile model of the

laser pulse intensity R(r/r)=exp(-r’/r}) we

[ 2x(7)cos a,,r —signrexp(|z| /t,) ],

obtained P, = (1 /4)exp(-A’r’ /4b%). So, a finite
number of radial harmonics are efficiently excited, if

CONCLUSIONS

The process of excitation of the wake Cherenkov
radiation by an electron bunch in a dielectric waveguide
is investigated. The polarization of the dielectric
medium induced by the electric field of the REB is
determined. It is shown that the excited electric field
consists of a potential field of polarization oscillations
and a set of eigen electromagnetic waves of a dielectric
waveguide.
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YEPEHKOBCKOE M3JIYYEHHME 3JEKTPOHHOI'O CT'YCTKA B IUSJIEKTPHYECKOM CPEJIE
C YACTOTHOM JUCHEPCHUEN

B.A. banakupes, U.H. Onuwenko

PaccmarpuBaercss  BO30YXKIEHHE  YEPCHKOBCKOTO  AJIEKTPOMATHUTHOTO — W3IYYCHUS  PEISTUBHUCTCKAM
ANEKTPOHHBIM IyYKOM B JUIJCKTPUYECKOM BOJHOBOJE C YYETOM YaCTOTHOH AWCIEPCHH IHAICKTPHUYSCKOU
npoHunaeMoctd. OmpeneneHbl dJIEKTpUYecKas TMOJsApHU3alus B M30TPOMHON JMAIEKTPUUECKOH cpene W,
COOTBETCTBEHHO, TOJSPHU3AIMOHHBIE 3apsibl M TOKW, WHAYIIMPOBAHHBIE KYJOHOBCKHM OJJIEKTPUUYECKUM IIOJIEM
PENIATUBUCTCKOTO 3JIEKTPOHHOTO Tydka. lloxydeHa ® mccienoBaHa NPOCTPAHCTBEHHO-BPEMEHHAs CTPYKTypa
BO30YKIIEHHOTO BOJIHOBOTO ITOJISI B IMDJIEKTPUIECKOM BOHOBOJE. [10kazaHo, 9TO BO30YKAEHHOE ITOJIE COCTOMT M3
AJIEKTPUYECKOTO TIOJISI TMOTEHIMAIBHOW TOJSPHU3AIMH M MHOXKECTBA COOCTBEHHBIX O3JIEKTPOMArHUTHBIX BOJIH
JIURJIEKTPUIECKOTO BOTHOBOAA.

YEPEHKIBCBKE BUITPOMIHIOBAHHS EJTEKTPOHHOI'O 3I'YCTKA B JIEJJEKTPUYHOMY
CEPEJOBUII 3 YACTOTHOIO JUCHEPCIEIO

B.A. Banaxipes, |.M. Oniwenko

Posrisnaersess  30y/KEHHS  YEPEHKIBCBKOTO — €JIEKTPOMArHiTHOTO — BUIIPOMIHIOBAHHS — PEJISITUBICTCHKUM
SJIEKTPOHHUM 3TYCTKOM Y JI€JIeKTPUYHOMY XBHJICBOAI 3 YpaxyBaHHSAM 4YacTOTHOI AMCIepcii IieIeKTpHYHOI
IIPOHUKHOCTI. BU3HAUCHO eNEeKTpUYHY MOJIIPU3ALI0 B 130TPOIHOMY JIiEIEKTPHYHOMY CEpENIOBHUINI i, BiAMOBIIHO,
MONSApU3ALiHI  3apsAAM Ta CTPYMH, IHAYKOBaHI KyJOHIBCBKAM €IIEKTPUYHHM TIOJEM pEJISTHBICTCHKOTO
€JIEKTPOHHOTO Myuka. OTpUMaHO Ta JOCIIHKEHO ITPOCTOPOBO-YaCOBY CTPYKTYPY 30Y/XKEHOTO KIIbBATEPHOIO MOJIS
B JiCJICKTPUIHOMY XBHJIeBOII. IlokazaHo, 10 30y/KEHE TOJie CKIANAEThCS 3 TOTEHINHHOTO TOJSpHU3aIiifHOTO
EJICKTPUYHOTO MO Ta HA0OPY BIACHUX €IEKTPOMArHITHUX XBHJIb AI€IEKTPUIHOTO XBUIEBOY.
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