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Slow wave propagation in 1D non-uniform plasma with tilted magnetic field with respect of direction of non-
uniformity is considered. The second order differential equation describing the slow wave is derived from the
Maxwell’s equations. The analysis of this equation reveals a singular point for the solutions, which could be
associated with the Lower Hybrid Resonance. The condition of the resonance is found to be dependent on the tilting
angle. Among two WKB solutions only one is singular. The wave vector behaves as 1/x in LHR point for the
singular solution. The amplitude diverges only for x-component of the electric field. The solution describes
propagating wave both to the left and to the right of the LHR point. The analytical solution obtained in the vicinity
of the LHR has a special feature of having drop of its amplitude in the LHR point because of residual damping of
the wave inside the LHR location. The energy flux also makes drop down there.
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INTRODUCTION

The slow wave (SW) plays an important role in
certain scenarios of plasma heating and current drive,
and also in wall conditioning discharge sustaining. Its
field structure is studied well within one-dimensional
model including the zone of lower hybrid resonance
(LHR) [1-3]. The LHR phenomenon is a base for the
lower hybrid heating and current drive concepts. The
mode conversion scenario of the minority heating also
includes the LHR mechanism for the wave absorption.
In a standard minority heating scenario the LHR appears
at the plasma periphery, and its role in wave
propagation and power balance is not yet studied
sufficiently.

In hot plasma in a LHR zone, the slow wave
converts into the ion Bernstein wave. In cases of radio-
frequency discharge start-up or a wall conditioning
discharge the ions are cold and the wavelength of ion
Bernstein wave becomes extremely short. Under such
conditions, it is expedient to treat LHR without account
of wave conversion.

The previous theoretical considerations it was
assumed that plasma gradients are oriented
perpendicular to the steady magnetic field. This is
almost true for fusion machines because the plasma
density is approximately constant at the magnetic
surface. However, the magnetic field module has some
variations, and the plasma dielectric tensor follows
them. For such reason it is of interest to consider a case
when the magnetic field is not perpendicular to plasma
gradients.

In this paper, a 1D non-uniform plasma with a tilted
magnetic field is considered. The second order
differential equation describing the slow wave is
derived from the Maxwell’s equations. The analysis of
this equation reveals a singular point for the solutions.
However, the point located aside of the lower hybrid
resonance found using earlier theoretical results. The
solutions obtained are also different. These solutions
and location of the singular point are discussed in this
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SLOW WAVE EQUATION AT LHR
VICINITY

The problem is considered in slab geometry with
non-uniformity of plasma along the x coordinate. Time-
harmonic Maxwells equations read:
VxVxE-kiD=0. )
The electric displacement field in cold plasma is
D=&-E=¢ E-ighxE+(g —&,)hh-E. (2
Where h is the unitary vector along the magnetic field:
h=(sine,0,cos) . 3)
Uniformity of plasma and magnetic field in y and z

directions allows one to represent the electric field
through Fourier harmonics

E(x,y,2) =E(X)exp(ik,y +ik,z). (4)
Closeness to the LHR means thatdi >>k,, k,. Using
X

this and formulas (1-4), one can obtain the following
equation for the slow wave:

iaiEerbiEﬁcEZ:O. (5)
dx dx dx

Here

a=kie /d,,

b =2ik,sinacosak; (g —&,)/d,, (6)

a2 2 4 2
c=sin“acos” ak; (g —¢,)" /d, -
ks (¢, sin” & + ¢, cos® &) +

ik, d .
—=—[kgsinacosa(g —&,)],
d, dx
and
d, =k>—kle",
¢ =¢ cos’a+gsin‘a,
ko=a)/C.
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WKB ANALYSIS

In the WKB analysis di: ik, and one can obtain
X

the dispersion equation for the equation (5). As it is
expected, it could be written in the form standard for the
slow wave:

&
2 I 1,2 2
ki ___(kn —koe,). (7
€
In the particular case under consideration
2 2 2 2 2 ain?2
ki =k, cos” a+k; +k;sin“a, (8)
ki =k;sin® a+k cos® a. 9)

In our problem only k, is allowed to vary, and if the
LHR resonance point is reached, then k? — oo. In this

case both k, and k; diverge. The dispersion equation
permits this if

k?/ k”2 =—¢g/le,. (10)
When k? — oo, from formulas (8), (9) one can

obtain

ki/k’=tan”«a (11)

and with account of this, the condition (10) could be
written as

g =0, (12)
if &~ isreal. If it is complex, the condition is

Reg" =0. (13)
It is interesting to note that

& =e, -ge,. (14)

This indicates that the LHR point occurs when the
diagonal component of the dielectric tensor in the
direction of plasma non-uniformity nullifies.

The singular solution has the wave vector component

k,=ib/a (15)
and the regular one has
k, =ic/b. (16)

Note here that the quantity a nullifies if the LHR
condition (12) is met.
In WKB approximation the singular solution is

E, :expugdxjexp(jikxdx).

Here the derivative over x is denoted by prime. The
phase of the solution logarithmically increases on
approach to the singular point. The amplitude remains
regular. The E, component of the field

a7

E, =[ik, diEZ —kg sinacosa(s —¢,)E,1/d,
X

(18)
has the singularity both in the phase and amplitude.

ANALYTICAL SOLUTIONS OF SLOW
WAVE EQUATION AT LHR VICINITY

Near the LHR point two solutions of equation (5)
could be found analytically using smallness of the
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coefficient before the leading derivative, a<<bL, where
L is the characteristic spatial scale of the non-uniformity
of plasma. The approximate solution of the differential
equation (5) can be obtained neglecting its last term.
The solution reads:

dx, dx
E =|exp(-|b—)—.
.= Jen(-[b0)~
Keeping lowest terms in Taylor series, a=aXx and

b ~b, the integrals above can be taken using analytical
continuation around point x=0.

£ _E exp(ib, /|a,|7 —b,/a,Inx), for x>0

* 7 exp[—h, /3, In(=X)], for x<0.

(20)

The solutions (20) fit well to the WKB solution (17)

even in the vicinity of the LHR point since the first
exponent in (17) does not vary rapidly there.

There is a drop in the amplitude of solutions (20).
The tunneling factor is

S =exp(-Imby|/ja|7). (21)
The drop in amplitude indicates the residual damping of
the wave in the LHR point. The x component of the
Pointing vector is
3c?
167w
for negative x, and for positive x the energy flux density
is smaller by the square of the tunneling factor
21—
IT, =S°IT,. (23)
This is so if Imby>0. In the opposite case, the picture
reverses.
Note here that the tunneling factor decreases with

k|, sin2 and the non-uniformity space scale.

(19)

I, = Imby|E,| 22)

CONCLUSIONS

Slow wave propagation in 1D non-uniform plasma
with tilted magnetic field with respect of direction of
non-uniformity is considered. The second order
differential equation describing the slow wave is
derived from the Maxwell’s equations. The analysis of
this equation reveals a singular point for the solutions,
which could be associated with the Lower Hybrid
Resonance. The condition of the resonance can be
written as Re(e,-£-e,)=0 (g here is the direction of

plasma non-uniformity). This condition gives the
conventional LHR condition when the non-uniformity
direction is perpendicular to the magnetic field. When
the magnetic field is tilted, the condition reveals the
dependence on tilting angle.

Among two WKB solutions only one is singular. The
wave vector behaves as 1/x in LHR point for the
singular solution. The amplitude diverges only for x-
component of the electric field. The solution describes
propagating wave both to the left and to the right of the
LHR point.

The analytical solution obtained in the vicinity of the
LHR is written in terms of the exponential functions and
fits well to the WKB solution. The special feature of it
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is dropping of its amplitude in the LHR point because of
residual damping of the wave inside the LHR location.
The energy flux also makes droping there.
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PACITPOCTPAHEHUE MEJJIEHHBIX BOJIH B IIJIABME C HEOJJHOPOJHOCTBIO,
HE NEPIIEHIUKYJAPHON MATHUTHOMY I10JI1O

B.E. Mouceenko

PaccmoTpeHO pacnpocTpaHeHHE MEIUICHHBIX BOJH B OJHOMEPHOH HEOJHOPOJHON IIa3ME€ C HAKJIOHHBIM
MarHUTHBIM II0JIEM OTHOCHTENbHO HampaslieHus HeomHoponHoctd. [luddepeHunansHoe ypaBHEHHE BTOPOTO
MOpPsi/IKA, ONMCHIBAIOIEe MEJICHHYIO BOJHY, BBIBOAMTCS M3 ypaBHEHHH MakcBemia. AHaIW3 3TOTO ypaBHEHMS
BBISBIISIET OCOOYIO TOUKY LISl PEIICHUMA, KOTOpas MOXKET OBITh CBS3aHA C HIKHUM THOpUAHBIM pe3onancoMm (LHR).
OO6Hapy>XeHO, UTO YCJOBHME pe30HaHca 3aBUCHUT OT yria HakioHa. Cpemu nByx pemenuid BKB Tompko onmnHo
SIBJISCTCSI CHUHTY/SIPHBIM. BomHOBOM BekTop BemeT ceOst kak 1/X B Touke LHR mnst cHHrymsipHOro pemieHwus.
AMIIUTYJa PacXomUTCsl TOJBKO JISl X-COCTABIISOLIEH AIIEKTPHUYECKOro MNoJjsi. PelieHue omuchiBaeT Oeryuiyro
BOJIHY KaK CJIeBa, Tak ¥ crnpasa oT Toukn LHR. Ananutndeckoe pemenue, moiaydeHHoe B okpectHoctn LHR, nmeer
0COOCHHOCTD, 3aKIIOYAIONIYIOCS B MaJCHUM €ro aMIumTyabl B Touke LHR m3-3a octarouHOro 3aTyxaHusi BOJIHBI
BHyTpH Mectononoxenust LHR. IToTok sHepruu taxke magaeT B 3TOH 30HE.

IHNOMUWPEHHA INNOBIJIBHUX XBWJIb Y IIJTA3MI 3 HEOJHOPIJHICTIO,
HE NIEPHEHAUKYJISIPHOIO 10 MATHITHOI'O ITOJISA

B.€. Moiceeuxo

PosrnsHyTO MommpeHHs MOBUTPHUX XBHIIb B OJTHOBHMIPHIN HEOXHOPIAHIN IJIa3Mi 3 TIOXHIMM MAarHITHUM TIOJIEM
I10JI0 HAIpaBJIeHHsI HEOAHOpinHOCTI. Judepennianbae piBHSIHHS IPYroro MOpsAKY, IO ONHCYE MOBUIBHY XBHIIIO,
BUBOAMTHCA 3 PIBHAHb MakcBeiua. AHai3 IIbOTO PiBHSHHS BUSIBIISIE OCOOJIMBY TOUKY IUISl PILLICHB, sIKa MOXE OYyTH
noB's3aHa 3 HIKHIM TiOpuaHuM pe3onancom (LHR). BusBieHo, mo yMOBa pe30HAHCY 3aIeKUTh Bil KyTa HAXHITY.
Cepen aBox pimiedb BKB Tinbku ofiHe € CHHTYNIsIpHUM. XBHJIBOBHH BEKTOp IMOBOAWUTHCA sK 1/X B Touni LHR s
CHHTYJISIDHOTO illIeHHS. AMIUTITY/Ia PO3XOIUTHCS TIJIBKH ISl X-KOMIIOHEHTH €JIEKTPUYHOI0 NoJisl. PillleHHs onucye
XBMIIIO, 1110 ODKUTS SIK 3J1iBa, Tak 1 mpaBopy4 Big Touku LHR. Ananituune pimenns, orpumane B okonuui LHR, mae
0COOJMBICTB, siKa MoJisirac B MajiHHI Horo ammiitynu B Touni LHR 3a paxyHOK 3alMIIKOBOrO 3aracaHHsi XBHJIL
ycepenuHi po3ranryBanHs LHR. TToTik eHeprii Takox majae B il 30Hi.
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