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Excitation of electromagnetic waves in a waveguide with a medium, which is a two-level system, is considered.
To describe the processes, both classical electrodynamics methods and quantum mechanics methods are used. The
nature of the processes under study turns out to depend on the relationship between the Rabi frequency and the line
width of the excited wave packet. It is shown that if the field energy density is high, then spatially inhomogeneous
Rabi frequencies arise, which leads to oscillatory behavior of the wave field amplitudes. If the levels of the excited
field are small, then the dynamics of the two-level quantum system becomes monotonic and the population inver-

sion tends to zero.
PACS: 03.65.Sq

INTRODUCTION

Below we consider the excitation of electromagnetic
waves in bounded systems that impose a choice of wave-
lengths on the modes of the wave packet and form the
spatial structure of the field in the waveguides. As a re-
sult, a field structure is formed, which is a standing wave.

Let the waveguide be filled with a medium, which is
a two-level system of dipoles. To describe such a sys-
tem, we use the semiclassical model of the interaction of
the field and particles (see, for example, [1]). In this
case, we describe the medium by quantum mechanic,
and the field in the classical representation. The impor-
tant role is played here by the Rabi frequency, which
determines the probabilities of induced radiation or ab-
sorption of field quanta [2, 3]. In this case, the popula-
tion inversion is capable of rapidly oscillating changes
(nutations). The inversion change interval is determined
by the choice of initial conditions, i.e., the inversion at
the initial moment can be quite small or approach its
maximum value equal to the number of states at the
upper level.

The nature of the process depends on the relation-
ship between the wvalues of the Rabi frequency
Q=|d,||E®)|/h (where d,, E— the dipole moment
of the particle and the amplitude of the electric field,
respectively) and the line width of the wave packet y,, .
Since the population inversion u=p, —p, (where
p.,p, are the number of particles at the upper and

lower energy levels, respectively) due to the require-
ment of energy conservation is related to the number of

field quanta N = E(?)|’ /Arho~ u=p,—p,, with a sig-
nificant population inversion or in strong fields, the line
width can be neglected y, <Q=|d,, || E(t)| /. Obvi-
ously, the field energy high
|E@)[ /Am >>y h’/|d, |' (for population inversion,

this condition will change u>>y., -h/(®|d,[’)). In

density s

this mode, noticeable nutations of population inversions
with different frequencies along the waveguide length
corresponding to local Rabi frequencies whose interfer-
ence determines the behavior of the wave field can be
expected (see, for example, [4]).

Under the condition y,, > Q that corresponds to low

levels of electric field intensity or small values of popu-
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lation inversion, the behavior of a two-level system, first
formulated in [5], becomes monotonic, the population
inversion tends to zero, and the characteristic time of the

field change increases 7, ~ 7, / Q.

The aim of the work is to determine the efficiency of
oscillation generation depending on the line width and
the level of energy loss to radiation.

1. MODEL OF AN ACTIVE WAVEGUIDE

We consider a one-dimensional model for perturba-
tions of the electric field, polarization, and population
inversion slowly varying with time, describing the exci-
tation of electromagnetic waves in a two-level active
medium, the equations of which can be represented in
the form (see, for example, [1])
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where the transition frequency @ between the levels
corresponds to the field frequency. We neglect the re-
laxation of the inversion due to external reasons.

The decrement of field absorption in the medium is

0, .The matrix element of the dipole moment (more
precisely, its projection onto the direction of the electric
field) is d ,, . The population difference u=n-(p, —p,)
per unit volume, and p_, p, the relative level popula-
tions in the absence of a field, y,,— the width of the
spectral line, n is the density of the dipoles of the active
medium. Here, the line width is inversely proportional
to the lifetime of states, which is due to relaxation proc-
esses. Fields are represented as
E =[E(t)-exp{—iot} + E* () -exp{iot}],
P=[P(t)-exp{—iot}+P*(t)-exp{iot}] .
Wherein < E* >=2|E(t)|*. The number of field

quanta is then equal < E* > /4nhw =2 |E|’ /4nho =N .
For slowly varying amplitudes, use the equations
OE(t)
t

+6, - E(t) = 2inaP(), C))
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Py 4h[E(t)P (OH—-E*(P@®], (6)

we use the notation u/ p, = M , and immediately note

HE, (5)

that changes in the population inversion will be deter-
mined by the choice g and the initial conditions,
Q,=d, |- |E,|/h=d, |{4rw- 1, /#]"* is the Rabi
frequency corresponding to the electric field amplitude,
B E(®) B P(?) drw
" [4nhou,1”’ " [4nhou,” Q)
I',=7,/Q,, ®=05,/Q, and rewrite equations (4) -

s T=Qt,
0

(6) in complex form

% ep=Lp, 7)
or 2
% i r.p-—iME, @®)
T
M i [E*P—EP¥]. ©)
or

In the case of a large absorption level, the system of
the equations can be written as

oM

—=-20|EJ, (10)
or

0 oM

—+I, ]—/—=-M|EJ". 11

[ P 2] P |E| (1
Here in expressions (10) and (11), a representation

M=(M +M*)/2 is used where it is taken into ac-

count that the right-hand side of (10) is always a real
value.

The generation cases described by equations (10) -
(12), when the natural line width is much less than the
Rabi frequency I',, <<1, under the conditions of the

formation of a standing electromagnetic wave due to
reflections from its boundaries, were considered in [4,
6]. If the conditionI",, >>1 is satisfied, the oscillatory

character (nutation) of the population inversion and,
accordingly, the phase changes of the population inver-
sion can be neglected and equations (7) - (9) should be
written in the form

6—N+2®N=N'M, (12)
ot r,
%z_zN'M (13)
ot r,

Note that the transition from equation (11) to equa-
tion (12) is similar to the transition to the case of a no-
ticeable spectral field width, when the spectral line
width is greater than the inverse characteristic time of
the change in the amplitude of the perturbations [7 - 11].
In this case, the line width noticeably exceeds the Rabi
Q frequency, while the characteristic time of the field
change is proportional 7, ~ y,, / Q°.

In dimensionless variables, this condition can be
written as I'|, >>O0P/P-0tr, which corresponds to a

strong inequality y,, >>Q =|d, || E(t)|/f. In other
words, the line width noticeably exceeds the Rabi fre-
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quency, which is possible at sufficiently low levels of
the electric field intensity or small values of the popula-
tion inversion y,, >> [47w]"* |d,, |/ R,

It is not difficult to see that this is a somewhat sim-
plified version of the balanced (speed) equations of a
two-level system in the presence of an electric field,
first formulated in [5].

To solve the problem of field interaction in a limited
system (waveguide), one should use the local character
of population inversion and, accordingly, polarization,
determining these quantities in separate spatial sectors.
The electromagnetic field in this case can be represented
in the waveguide in the form of a standing wave, which
is due to the partial reflection of the field from the
boundaries of the system. In the case of radiation from a
waveguide, when &, # 0, one should choose the field

dependence in each of the spatial sectors 1< j<S§ in
the form of a relative number of quanta

1 . i
|E].(T=0)|2=2§~|E(T=O)|2~Sln2{2ﬂé+a}, (14)
where « is the almost constant phase associated with
5, . Obviously, Z2%Sin2{2ﬁé+a} =m in the case
j
considered below, when a countable number of waves

fit along the waveguide b=mA. The total (relative)
number of field quanta can be written as

N(T)=2Z|E_,~(T) F=2|E@F.  (15)

Generally speaking, o, = b),

cE*(x=0) , <|E>
/(
T 4

where b=mA is the waveguide length. It is easy to see
that [’ (x=0)=2<|E| >Sin’a and &, ~(Sin’ a)/2b,
where ¢ is the group velocity of the wave, outside the
waveguide.

The system of equations (7) - (9) in this case is

transformed as follows. For local variables and, the
equations

0P,
L+T,P, =—iM E,, (16)

or
oM

T

where E,,-(r)=(\E)-|E<r)|-sm{2n§'+a}, and

~=2iE P *-E *P ], (17)

S
lZ(M/. +M *)=M.
25
For the number of field quanta, one can write the
equation (conservation law, a consequence of equations
(7) and (9))
6—M+8—N+2®N=O. (18)
20t Ot
The selected time scales and attenuation values in
this description are related to the scales of a simple
model [4] as follows 7 — S, ©—>265. Upon tran-

sition to a new scale, all the results of this work and
work [4] under neglected line width (I';, = 0) are com-
pletely identical.
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2. THE RESULTS OF NUMERICAL
MODELING

We consider the solutions of system (16) - (18) us-
ing the following notation

ND) %ZN,@, M) :éZM;,(r),
E (r)=42N(7) -Sin(Zﬂéj .

If N(0)=0.001 M(0)=1S=100, T',=0, ®=0
the calculation results are identical [4] under conditions
at the corresponding scales indicated above (Figs. 1 and
2).

An increase in the line width leads to smoothing of
the field oscillations and the average population inver-
sion in the volume of the waveguide (see Figs. 1 and 2).
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Fig. 1. Behavior of field intensity in time for values:
1- F]ZZO,' 2 - F]ZZO.J,' 3- F12:0.5,' 4 - F12:0.9,'
5 -T'1,=1.9 in the absence of energy output (©=0)
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Fig. 2. The behavior of the average inversion versus
time for values: 1 - I'1;=0; 2 -1,=0.1; 3 -1,=0.5;
4-T1,=0.9; 5-1,=1.9in the absence of energy output
(©=0)

In all cases, the inversion with time in an oscillatory
manner or monotonically (with a large line width) tends
to zero. The distribution of M along the length of the
waveguide (by sectors j) at the moments of the first
maximum and the first minimum N have the form
(Figs. 3 - 5):
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Fig. 3. The distribution of M by sectors at the moments
of the first maximum and the first minimum N for line
widths I';;,=0.1 in the absence of energy output (©=0)
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Fig. 4. The distribution of M by sectors at the moments
of the first maximum and the first minimum N with line
widths I'1;,=0.5 in the absence of energy output (©=0)
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Fig. 5. The distribution of M by sectors at the moments
of the first maximum and the first minimum N with line
widths I'1;,=0.9 in the absence of energy output (©=0)

Let us imagine the time dependence of NV for different
® and also consider the change in the linear increment of
the process dN / Ndt , the maximum relative field inten-
sity N,y and the maximum energy flux from the sys-

tem ©®-N,,,, as functions of ®, which are responsible
for the energy output from the waveguide (Figs. 6 - 8).
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Fig. 6. Dependence of N on time for different ©.
1-0=0;2-0=0053-0=01;,4-0=0.2 (a);
the linear increment of the process y = dN/Ndr,
the maximum attainable field intensity Ny y, as well
as the maximum energy flux from the system ©-Nyy,
as a function of @ (b). 1 — Nuars 2 —Ymaxs 3 — O Ny
In all cases I';,=0
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Fig. 7. Dependence of N on time for different ©.
1-0=0;2-0=0053-0=01,4-0=0.2 (a);
the linear increment of the processy = dN / Ndt , the
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maximum attainable field intensity Nyy, as well
as the maximum energy flux from the system ©-N,, .
as a function of © (b). 1 — Nyuws 2 — Vmaxs
3 — O N, In all cases I'1,=0.1
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Fig. 8. Dependence of N on time for different ©.
1-0=0;2-0=0053-0=01,4-0=0.2 (a);
the linear increment of the process y = dN |/ Ndt , the

maximum attainable field intensity Nyyy,
as well as the maximum energy flux from the system
®-N,, . as afunction of © (b). 1 —Nyux, 2 = Vinaxs

3 — O N, In all cases I'1,=0.5

A feature of the solutions of system (16) - (18) for
large values of ®, when the energy is noticeably re-
moved from the system, is the presence of only one
field maximum. Apparently, this is due to the rapid de-
crease in the level of inversion in the waveguide [12].
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Fig. 9. Dependence of N,,.x on ®@ and I},
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In Fig. 9 a diagram of the dependence of the maximum
field amplitude as a function of two variables ® and I'|,
is presented in Fig. 9.

CONCLUSIONS

The paper shows of the process is the excitation of
electromagnetic waves in a waveguide, filled with two-
level system of dipoles. The radiation generationde-
pends on the relationship between the values of the Rabi
frequency Q =|d,, || E(¢t)|/h(where d, and E are the
dipole moment of the particle and the amplitude of the
electric field, respectively) and the line width of the
wave packet y,,. With a significant population inver-

sion  u>>y,-h/(w|d,[) or in strong fields
Q=d,||E#)|/h>>y,, the line width can be ne-

glected.

Obviously, in the latter case the field energy density
is high | E(t) [ /4r >>y i/ |d,, |* (for population in-
this change
u>>yl-h/(@|d,")). In this mode, noticeable nuta-
tions of population inversions with different frequencies
along the waveguide length (corresponding to local Ra-
bi frequencies) are observed.

While we can observe the interference of which de-
termines the oscillatory behavior of the wave field am-
plitude. Under the condition that corresponds to low
levels of electric field intensity

|E(t) /Ar <y h*/|d, " or small values of popula-

version, condition will

tion inversion <y i/ (@] d, ), the behavior of a

two-level system, as in [5], becomes monotonic, the
population inversion tends to zero, and the characteristic

time of the field change increases 7, ~ 7,, / .
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O 'EHEPAIIMY BOJTHOBOI'O NAKETA B BOJTHOBOJIE C AKTUBHOM CPEJION
B.B. Kocmenko, B.M. Kyknun, E.B. Iloxnonckuii

PaccMoTpeHO B030yk/IeHHE AIIEKTPOMArHUTHBIX BOJH B BOJHOBOJIE, KOTOPBII 3aII0OJIHEH CPEAOi, MPEeACTaBIIsIO-
el co0oil MBYyXypOBHEBYIO cucteMy. J1Jisi OonucaHusl MPOLECCOB UCIIONB3YIOTCS KaK METOJbI KJIaCCHYECKOH dIIeK-
TPOJUHAMUKHU, TaK U METOJIbl KBAHTOBOM MEXaHUKU. XapaKTep U3y4daeMbIX MMPOIIECCOB OKa3hIBAECTCS 3aBUCSIIUM OT
COOTHOIIICHUS MEXy YacTOTONH Pabu W MMpUHON JTHHUU BO30YXKIaeMOT0 BOJHOBOrO MakeTa. [loka3aHo, YTO eCiu
IUTOTHOCTH SHEPTHH TOJIS BEJIUKA, TO BOSHUKAIOT POCTPAHCTBEHHO-HEOIHOPOIHBIC YaCTOThI Padu, 4TO MPUBOAUT K
OCHWIIATOPHOMY TOBEACHUIO aMIUTUTY TOJS BOJNHBL ECIH YpOBHH BO30Y)KIa€MOTO IMOJS MaJibl, TO TUHAMHKA
JIByXYpOBHEBOIH KBAaHTOBOW CUCTEMBI CTAHOBUTCS MOHOTOHHOM, M MHBEPCHS HACETIEHHOCTEH CTPEMUTCS K HYJIIO.

PO 'EHEPAIIIO XBUJIBOBOI'O ITAKETY Y XBWJIBOBO/II 3 AKTUBHUM CEPEJOBUIIIEM
B.B. Kocmenko, B.M. Kyknin, €.B. Iloxnoncokuii

Po3risinyTo 30ymIKEHHS €IeKTPOMArHiTHUX XBHIIb Y XBHJIEBO/II 3 CEPEIOBHIIEM, IO MIPEACTABISE COOOI0 ABOPI-
BHEBY cucTeMy. J[JIs onucy npoleciB BUKOPHCTOBYIOTHCS SIK METOIM KJIACHYHOI €IEKTPOJMHAMIKH, TaK 1 METOIN
KBaHTOBOI MeXaHiKH. XapakTep JAO0CIIKYBaHUX MPOLECIB € 3aJIC)KHUM BiJI CITIBBIHOLIEHHS MiX 4acToToro Pabu i
LIMPUHOIO JIiHIT 30y/IKyBaHOTO XBHJIBOBOTO nakera. [loka3aHo, o SIKIIO TYCTHHA €HEeprii Mojis BeNnKa, TO BHHU-
KaloTh IPOCTOPOBO-HEOAHOPIIHI YacTOTH Padu, 1m0 mpu3BOIUTE 10 OCHUISTOPHOI MOBEIHKYA aMIUTITY/I IOJISl XBH-
Ji. Skmio piBHI 30y)KyBaHOT'O TOJIST Malli, TO TMHaMiKa JBOPIBHEBOI KBAHTOBOI CHCTEMH CTa€ MOHOTOHHOIO, 1 iHBe-
pcis HaceneHocTel IpAMye 10 HyJs.
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