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ÂÇÂÅØÅÍÍÎÃÎ ÍÎÐÌÀËÜÍÎÃÎ

ÏÑÅÂÄÎÐÅØÅÍÈß

Àííîòàöèÿ. Èññëåäîâàíà çàäà÷à âçâåøåííûõ íàèìåíüøèõ êâàäðàòîâ ñ ïîëî-
æèòåëüíî-îïðåäåëåííûìè âåñàìè M è N äëÿ ìàòðèö ïðîèçâîëüíîãî âèäà è
ðàíãà. Äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü M-âçâåøåííîãî ðåøåíèÿ
íàèìåíüøèõ êâàäðàòîâ ñ ìèíèìàëüíîé N-íîðìîé ñèñòåìû Ax=b.

Êëþ÷åâûå ñëîâà: âçâåøåííàÿ ïñåâäîîáðàòíàÿ ìàòðèöà, âçâåøåííîå íîð-
ìàëüíîå ïñåâäîðåøåíèå, çàäà÷à âçâåøåííûõ íàèìåíüøèõ êâàäðàòîâ.

ÂÂÅÄÅÍÈÅ

Èíòåðåñ ê ïðîáëåìå âçâåøåííûõ íàèìåíüøèõ êâàäðàòîâ â çíà÷èòåëüíîé ñòåïå-

íè îáóñëîâëåí åå ìíîãî÷èñëåííûìè ïðèëîæåíèÿìè. Â ÷àñòíîñòè, âçâåøåííûå

ïñåâäîîáðàòíûå ìàòðèöû èñïîëüçîâàëèñü ïðè ïðîåêòèðîâàíèè è îïòèìèçàöèè

ñòðîèòåëüíûõ êîíñòðóêöèé, â òîìîãðàôèè, â ñòàòèñòèêå è ò.ä. Íàõîæäåíèå

âçâåøåííûõ íîðìàëüíûõ ïñåâäîðåøåíèé îñíîâàíî íà íåêîòîðûõ ñâîéñòâàõ

âçâåøåííûõ ïñåâäîîáðàòíûõ ìàòðèö. Îáëàñòü ïðèëîæåíèé âçâåøåííûõ ïñåâ-

äîîáðàòíûõ ìàòðèö è âçâåøåííûõ íîðìàëüíûõ ïñåâäîðåøåíèé íåïðåðûâíî

ðàñøèðÿåòñÿ.

Îïðåäåëåíèå âçâåøåííîé ïñåâäîîáðàòíîé ìàòðèöû ñ ïîëîæèòåëüíî-îïðåäå-

ëåííûìè âåñàìè âïåðâûå ââåäåíî â [1], à ïîíÿòèå êîñîé ïñåâäîîáðàòíîé ìàòðè-

öû — â [2]. Ðàçëè÷íûå âàðèàíòû âçâåøåííûõ ïñåâäîîáðàòíûõ ìàòðèö è âçâåøåí-

íûõ íîðìàëüíûõ ïñåâäîðåøåíèé ñ âûðîæäåííûìè âåñàìè èçó÷àëèñü â [3–5].

Âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè âçâåøåííûõ ïñåâäîîáðàòíûõ ìàòðèö

ñ èíäåôèíèòíûìè è ñìåøàííûìè âåñàìè, à òàêæå íåêîòîðûå èõ ñâîéñòâà ðàññìàò-

ðèâàëèñü â [6–8]. Ïðèìåíåíèå âçâåøåííîé ïñåâäîîáðàòíîé ìàòðèöû â ñòàòèñòèêå

îïèñàíî â [10–14]. Ìíîãî ðåçóëüòàòîâ ïî âçâåøåííûì îáîáùåííûì ïñåâäîèí-

âåðñèÿì ïðèâåäåíî â [15–17]. Áîëüøîå êîëè÷åñòâî ïóáëèêàöèé ïîñâÿùåíî àíà-

ëèçó âëèÿíèÿ âîçìóùåíèé èñõîäíûõ äàííûõ íà ðåøåíèÿ çàäà÷ âû÷èñëåíèÿ ïñåâ-

äîîáðàòíûõ ìàòðèö è íîðìàëüíûõ ïñåâäîðåøåíèé (ñì., íàïðèìåð, [18–22]).

Èññëåäîâàíèå ñâîéñòâ âçâåøåííûõ ïñåâäîîáðàòíûõ ìàòðèö è âçâåøåííûõ

íîðìàëüíûõ ïñåâäîðåøåíèé, à òàêæå ïîñòðîåíèå ìåòîäîâ ðåøåíèÿ ýòèõ è äðóãèõ

çàäà÷ îïèñàíû â [23–29].

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ è äîêàçàòåëüñòâó ñóùåñòâîâà-

íèÿ è åäèíñòâåííîñòè âçâåøåííîãî íîðìàëüíîãî ïñåâäîðåøåíèÿ. Îòìåòèì, ÷òî

â [25] äëÿ äîêàçàòåëüñòâà èñïîëüçîâàëñÿ äðóãîé ìàòåìàòè÷åñêèé àïïàðàò.
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1. ÏÐÅÄÂÀÐÈÒÅËÜÍÛÅ ÑÂÅÄÅÍÈß

Ââåäåì îáîçíà÷åíèÿ. Ïóñòü R m n� — ìíîæåñòâî ìàòðèö ðàçìåðà m n� . Äëÿ

ìàòðèöû A R m n
�

� îáîçíà÷èì A T ìàòðèöó, òðàíñïîíèðîâàííóþ ê À, rank ( )A —

ðàíã ìàòðèöû À, R ( )A — ìíîæåñòâî îáðàçîâ ìàòðèöû À, �( )A — íóëü-ïðî-

ñòðàíñòâî À, | | | | — åâêëèäîâà âåêòîðíàÿ è ñîãëàñîâàííàÿ ñ íåé ñïåêòðàëüíàÿ

ìàòðè÷íàÿ íîðìà, I — åäèíè÷íàÿ ìàòðèöà.

Äëÿ ïðîèçâîëüíîé ìàòðèöû A R m n
�

� è ñèììåòðè÷íûõ ïîëîæèòåëüíî-îïðå-

äåëåííûõ ìàòðèö M è N ïîðÿäêà m è n ñîîòâåòñòâåííî åäèíñòâåííàÿ ìàòðèöà

X R m n
�

� , óäîâëåòâîðÿþùàÿ óñëîâèÿì:

AXA A� , (1)

XAX X� , (2)

( )MAX MAXT
� , (3)

( )NXA NXAT
� , (4)

íàçûâàåòñÿ âçâåøåííîé ïñåâäîîáðàòíîé ìàòðèöåé Ìóðà–Ïåíðîóçà äëÿ ìàò-

ðèöû À è îáîçíà÷àåòñÿ X A
MN

�
� . Â ÷àñòíîñòè, êîãäà M I R m m

� �
� è

N I R n n
� �

� , ìàòðèöà X , óäîâëåòâîðÿþùàÿ (1)–(4), íàçûâàåòñÿ ïñåâäîîáðàò-

íîé ìàòðèöåé Ìóðà–Ïåíðîóçà è îáîçíà÷àåòñÿ X A�
� .

Îáîçíà÷èì A # âçâåøåííóþ òðàíñïîíèðîâàííóþ ìàòðèöó ê À: A N A M#
�

�1 T .

Ïóñòü x R m
� , y R n

� . Âçâåøåííûå ñêàëÿðíûå ïðîèçâåäåíèÿ â R m è R n èìå-

þò âèä

( , )x y y MxM �
T , x y R m, � ,

è

( , )x y y NxN �
T , x y R n, � ,

ñîîòâåòñòâåííî. Âçâåøåííûå âåêòîðíûå íîðìû ïðåäñòàâèì â âèäå

| | | | ( , ) ( ) | | | |/ / /x x x x Mx M xM M
� � �

1 2 1 2 1 2
2

T , x R m
� ,

è

| | | | ( , ) ( ) | | | |/ / /y y y y Ny N yN N
� � �

1 2 1 2 1 2T , y R n
� ,

ñîîòâåòñòâåííî.

Ïóñòü x y R m, � è ( , )x y M � 0. Òîãäà âåêòîðû x è y íàçûâàþòñÿ Ì -îðòîãî-

íàëüíûìè, ò.å. M x1 2/ - è M y1 2/ -îðòîãîíàëüíûìè. Ëåãêî ïîêàçàòü, ÷òî

| | | | | | | | | | | |x y x y
M M M

� � �
2 2 2 , x y R m, � .

Âçâåøåííûå ìàòðè÷íûå íîðìû èìåþò âèä

| | | | max | | | | | | | |
|| ||

/ /A Ax M ANMN
x

M
N

� �
�

�

1

1 2 1 2 , A R m n
�

� ,

| | | | max | | | | | | | |
|| ||

/ /B By N AMNM
y

N
M

� �
�

�

1

1 2 1 2 , B R n m
�

� .
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2. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È

Ðàññìîòðèì çàäà÷ó âçâåøåííûõ íàèìåíüøèõ êâàäðàòîâ ñ ïîëîæèòåëüíî-îïðå-

äåëåííûìè âåñàìè M è N

min | | | |
x C

Nx
�

, C x Ax b M� � �{ min}| | | | | , (5)

ãäå A R m n
�

� — ìàòðèöà ïðîèçâîëüíîãî ðàíãà, b R m
� .

Â äàëüíåéøåì âåçäå ïðåäïîëàãàåòñÿ âåùåñòâåííîñòü èñïîëüçóåìûõ ñêàëÿ-

ðîâ, âåêòîðîâ, ìàòðèö è ïðîñòðàíñòâ.

3. ÄÎÊÀÇÀÒÅËÜÑÒÂÎ ÑÓÙÅÑÒÂÎÂÀÍÈß È ÅÄÈÍÑÒÂÅÍÍÎÑÒÈ

ÂÇÂÅØÅÍÍÎÃÎ ÍÎÐÌÀËÜÍÎÃÎ ÏÑÅÂÄÎÐÅØÅÍÈß

Ïóñòü ëèíåéíîå ìíîãîîáðàçèå L — íåïóñòîå ïîäìíîæåñòâî ïðîñòðàíñòâà R,

çàìêíóòîå ïî îòíîøåíèþ ê îïåðàöèÿì ñëîæåíèÿ è óìíîæåíèÿ íà ñêàëÿðíóþ

âåëè÷èíó (åñëè x è y — ýëåìåíòû L 	 � �, , òî ýëåìåíòîì L ÿâëÿåòñÿ � �x y� ).

Âåêòîð x N -îðòîãîíàëüíûé ê ëèíåéíîìó ìíîãîîáðàçèþ L (x LN
 ), åñëè x

ÿâëÿåòñÿ N -îðòîãîíàëüíûì ê êàæäîìó âåêòîðó èç L.

Ëåììà 1 [30]. Ñóùåñòâóåò åäèíñòâåííîå ðàçëîæåíèå âåêòîðà x, à èìåííî

x x x� ��

~ ,

ãäå �x L� , ~x LN
 .

Ïóñòü À — ïðîèçâîëüíàÿ ìàòðèöà. ßäðî ìàòðèöû À, îáîçíà÷åííîå �( )A , —

ýòî ìíîæåñòâî âåêòîðîâ, êîòîðûå À îòîáðàæàåò â íóëü: � � �( ) :A x Ax{ }0 .

Ìíîæåñòâî R ( )A îáðàçîâ ìàòðèöû À åñòü ìíîæåñòâî âåêòîðîâ, ÿâëÿþùèõñÿ

îáðàçàìè âåêòîðîâ ïðîñòðàíñòâà R èç îáëàñòè îïðåäåëåíèÿ À, ò.å.

R ( ) :A b b Ax x� � 	{ }.

Ïóñòü L — ëèíåéíîå ìíîãîîáðàçèå â ïðîñòðàíñòâå R, N -îðòîãîíàëüíîå

(M -îðòîãîíàëüíîå) äîïîëíåíèå ê L, îáîçíà÷àåìîå L N

(L M


), îïðåäåëåííîå êàê

ìíîæåñòâî âåêòîðîâ â R, êàæäûé èç êîòîðûõ N -îðòîãîíàëåí (M -îðòîãîíàëåí) ê L.

Çàìå÷àíèå 1. Åñëè x — âåêòîð èç R è x NyT
� 0 äëÿ ëþáîãî y èç R, òî x � 0.

Òåîðåìà 1. Ïóñòü A R m n
�

� , òîãäà � �

( ) ( )#A AR .

Äîêàçàòåëüñòâî. Âåêòîð x A��( ) òîãäà è òîëüêî òîãäà, åñëè Ax � 0. Ïîýòîìó

â ñèëó çàìå÷àíèÿ 1 èìååì x A��( ) òîãäà è òîëüêî òîãäà, åñëè y MAxT
� 0 äëÿ ëþ-

áîãî y. Ïîñêîëüêó y MAx A y NxT T
� ( )# , òî Ax � 0 òîãäà è òîëüêî òîãäà, åñëè x

N -îðòîãîíàëåí êî âñåì âåêòîðàì âèäà A y# . Âåêòîðû A y# îáðàçóþò R ( )#A .

Îòñþäà è èç îïðåäåëåíèÿ R 
 ( )A ñëåäóåò òðåáóåìîå óòâåðæäåíèå.

Òåîðåìà 2 [30]. Åñëè À — ìàòðèöà ðàçìåðà m n� è b — m-ìåðíûé âåêòîð, òî

èìååò ìåñòî åäèíñòâåííîå ðàçëîæåíèå b b b� ��

~
, ãäå � ( )b A�R , à

~
( )#b A�� .

Âåêòîð �b ÿâëÿåòñÿ ïðîåêöèåé b íà R ( )A , à
~
b — ïðîåêöèåé b íà �( )#A . Âåê-

òîðû �b è
~
b Ì -îðòîãîíàëüíû. Ñëåäîâàòåëüíî, A b A b# #

�� .

Â ñèëó òåîðåìû 1 äëÿ ñèììåòðè÷íîé ìàòðèöû À ñïðàâåäëèâû ñîîòíîøåíèÿ

� �

( ) ( )A AR , R ( ) ( )A A� �


 .

Òåîðåìà 3. Ïóñòü A R m n
�

� , òîãäà R R( ) ( )#A AA� , R R( ) ( )# #A A A� ,

� � �( ) ( )#A A A è � � �( ) ( )# #A AA .

Äîêàçàòåëüñòâî. Äîñòàòî÷íî óñòàíîâèòü, ÷òî

� � �( ) ( )# #A AA è � � �( ) ( )#A A A .
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Äëÿ ýòîãî èñïîëüçóåì òåîðåìó 1. ×òîáû äîêàçàòü ñîâïàäåíèå �( )#A ñ �( )#AA ,

îòìåòèì, ÷òî AA x#
� 0, åñëè A x#

� 0. Îäíàêî, åñëè AA x#
� 0, òî x AA xT #

� 0, ò.å.

| | | |#A x M � 0, èç ÷åãî ñëåäóåò ðàâåíñòâî A x#
� 0. Èòàê, A x#

� 0 òîãäà è òîëüêî

òîãäà, åñëè x AA xT #
� 0. Àíàëîãè÷íî ìîæíî óñòàíîâèòü, ÷òî � � �( ) ( )#A A A .

Äàëåå äîêàæåì òåîðåìó ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè âåêòîðà ðåøåíèÿ,

ìèíèìèçèðóþùåãî íîðìó íåâÿçêè | | | |Ax b M� ïî ìåòîäèêå, ïðåäëîæåííîé â [31]

äëÿ çàäà÷è íàèìåíüøèõ êâàäðàòîâ.

Òåîðåìà 4. Ïóñòü A R m n
�

� , b R m
� , b A�R ( ). Òîãäà íàéäåòñÿ âåêòîð �x, ìè-

íèìèçèðóþùèé íîðìó íåâÿçêè | | | |Ax b M� , è âåêòîð �x áóäåò åäèíñòâåííûì âåê-

òîðîì èç R ( )#A , óäîâëåòâîðÿþùèì óðàâíåíèþ Ax b� �, ãäå �b AA b
MN

�
� — ïðîåê-

öèÿ b íà R ( )A .

Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû 2 èìååì b b b� ��

~
, ãäå

~
( )b I AA b

MN
� �

� —

ïðîåêöèÿ b íà N A( )# . Ïîñêîëüêó äëÿ êàæäîãî x Ax A�R ( ) è
~

( )b AM�

R , òî

� ( )b Ax A� �R è
~

�b b Ax
 � . Ïîýòîìó

| | | | | | �

~
| | | | � | | | |

~
| | | |

~
b Ax b Ax b b Ax b

M M M M
� � � � � � � �

2 2 2 2 b
M

| | 2 .

Ýòà íèæíÿÿ ãðàíü äîñòèãàåòñÿ, ïîñêîëüêó �b ïðèíàäëåæèò ìíîæåñòâó îáðàçîâ

À, ò.å. �b ÿâëÿåòñÿ îáðàçîì íåêîåãî x0 : �b Ax� 0 . Òåì ñàìûì äëÿ ýòîãî x0 äîñòèæè-

ìà íèæíÿÿ ãðàíü

| | | | | | �| | | |
~

| |b Ax b b b
M M M

� � � �0
2 2 2 .

Ðàíåå ïîêàçàíî, ÷òî

| | | | | | � | | | |
~

| |b Ax b Ax b
M M M

� � � �
2 2 2 ,

è ñëåäîâàòåëüíî, íèæíÿÿ ãðàíü äîñòèãàåòñÿ òîëüêî äëÿ òåõ x * , äëÿ êîòîðûõ

Ax b* �� . Êàæäûé âåêòîð x * â ñîîòâåòñòâèè ñ òåîðåìîé 2 ìîæíî ïðåäñòàâèòü

â âèäå ñóììû äâóõ îðòîãîíàëüíûõ âåêòîðîâ: x x x* * *
�

~
� � , ãäå � ( )* #x A�R ,

~ ( )*x N A� .

Ïîýòîìó Ax Ax* *
�� è, ñëåäîâàòåëüíî, | | | | | | � | |* *b Ax b Ax

M M
� � �

2 2 . Îòìåòèì, ÷òî

| | | | | | � | | | | ~ | | | | � | |* * * *x x x x
N N N N
2 2 2 2

� � � ,

ãäå ñòðîãîå íåðàâåíñòâî âîçìîæíî, êîãäà x x* *
�
 (ò.å. åñëè x * íå ñîâïàäàåò ñî

ñâîåé ïðîåêöèåé íà R ( )#A ).

Êàê ïîêàçàíî ðàíåå, x0 ìèíèìèçèðóåò | | | |Ax b M� òîãäà è òîëüêî òîãäà, åñëè

Ax b0 � �, è ñðåäè âåêòîðîâ, ìèíèìèçèðóþùèõ | | | |Ax b M� , êàæäûé âåêòîð ñ ìèíè-

ìàëüíîé íîðìîé äîëæåí ïðèíàäëåæàòü ìíîæåñòâó îáðàçîâ A # . ×òîáû óñòàíî-

âèòü åäèíñòâåííîñòü âåêòîðà ñ ìèíèìàëüíîé íîðìîé, ïðåäïîëîæèì, ÷òî �x è x *

ïðèíàäëåæàò R ( )#A è ÷òî Ax Ax b�

�*� � . Òîãäà x x A* #
� ( )� �R , íî A x x( � )* � � 0,

òàê ÷òî x x N A AN* #
� ( ) ( )� � �


R .

Ïîñêîëüêó âåêòîð x x*
�� N -îðòîãîíàëåí ñàìîìó ñåáå, òî | | �| |*x x N� � 0, ò.å.

x x*
�� .

Çàìå÷àíèå 2. Èìååò ìåñòî äðóãîå è, âîçìîæíî, áîëåå îáîñíîâàííîå óòâåðæ-

äåíèå, ýêâèâàëåíòíîå òåîðåìå.
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Ñóùåñòâóåò n-ìåðíûé âåêòîð y òàêîé, ÷òî

| | | | inf | | |#b AA y b AxM
x

M� � � .

Åñëè

| | | | inf | | | |b Ax b AxM
x

M� � �0 ,

òî | | | | | | | |#x A yN N0 � ñî ñòðîãèì íåðàâåíñòâîì ïðè x A y N0 
 | | | |# .

Âåêòîð y óäîâëåòâîðÿåò óðàâíåíèþ AA y b#
�� , ãäå �b — ïðîåêöèÿ b íà R ( )A .

Òåîðåìà 5. Ñðåäè âñåõ âåêòîðîâ x, ìèíèìèçèðóþùèõ íåâÿçêó | | | |Ax b M� ,

âåêòîð �x, èìåþùèé ìèíèìàëüíóþ íîðìó � min | | | |x x N� , ÿâëÿåòñÿ åäèíñòâåííûì

âåêòîðîì âèäà
�

#x N A My A y� �
�1 T , (6)

óäîâëåòâîðÿþùèì óðàâíåíèþ

A Ax A b# #
� , (7)

ò.å. �x ìîæíî ïîëó÷èòü ñ ïîìîùüþ ëþáîãî âåêòîðà y0 , óäîâëåòâîðÿþùåãî

óðàâíåíèþ A AA y A b# # #
� ïî ôîðìóëå �

#x A y� 0 .

Äîêàçàòåëüñòâî. Ñîãëàñíî óñëîâèþ òåîðåìû 3 R R( ) ( )# #A A A� . Ïîñêîëü-

êó âåêòîð A b# ïðèíàäëåæèò ìíîæåñòâó îáðàçîâ A # , îí äîëæåí ïðèíàäëåæàòü

ìíîæåñòâó îáðàçîâ A A# è òåì ñàìûì äîëæåí áûòü îáðàçîì íåêîòîðîãî âåêòîðà x

ïî îòíîøåíèþ ê ïðåîáðàçîâàíèþ A A# . Èíûìè ñëîâàìè, óðàâíåíèå (7) (ïî îòíî-

øåíèþ ê x) èìååò ïî êðàéíåé ìåðå îäíî ðåøåíèå. Åñëè x ÿâëÿåòñÿ ðåøåíèåì

óðàâíåíèÿ (7), òî �x — ïðîåêöèÿ x íà R ( )#A , ïîñêîëüêó Ax Ax� � ñîãëàñíî òåîðå-

ìå 2. Â ñèëó òîãî, ÷òî � ( )#x A�R , âåêòîð �x ÿâëÿåòñÿ îáðàçîì íåêîòîðîãî âåêòîðà y

ïî îòíîøåíèþ ê ïðåîáðàçîâàíèþ A # : �

#x A y� .

Èòàê, óñòàíîâëåíî, ÷òî ïî êðàéíåé ìåðå îäíî ðåøåíèå óðàâíåíèÿ (7) â ôîð-

ìå (6) ñóùåñòâóåò. ×òîáû óñòàíîâèòü åäèíñòâåííîñòü ýòîãî ðåøåíèÿ,

ïðåäïîëîæèì, ÷òî �

#x A y1 1� è �

#x A y2 2� óäîâëåòâîðÿþò óðàâíåíèþ (7). Òîãäà

A A A y A y# # #( )1 2 0� � è, çíà÷èò, A y y N A A N A# #( ) ( ) ( )1 2� � � , èç ÷åãî

ñëåäóåò ðàâåíñòâî AA y y# ( )1 2 0� � .

Ïîýòîìó y y N AA N A1 2� � �( ) ( )# # è, çíà÷èò, � �

# #x A y A y x1 1 2 2� � � .

Òàêèì îáðàçîì, ñóùåñòâóåò â òî÷íîñòè îäíî ðåøåíèå óðàâíåíèÿ (7) â ôîðìå (6).

Äîêàçàòåëüñòâî òåîðåìû 5 áóäåò çàâåðøåíî, åñëè óäàñòñÿ ïîêàçàòü, ÷òî íàé-

äåííîå â ôîðìå (6) ðåøåíèå â ñèëó òåîðåìû 1 ÿâëÿåòñÿ òàêæå ðåøåíèåì óðàâíå-

íèÿ Ax b� �, ãäå �b — âçâåøåííàÿ ïðîåêöèÿ b íà R ( )A , ò.å. A b A b# #
�� .

Â òåîðåìå 4 óñòàíîâëåíî, ÷òî ñóùåñòâóåò åäèíñòâåííîå èç R ( )#A ðåøåíèå

óðàâíåíèÿ
Ax b� �. (8)

Ýòî åäèíñòâåííîå ðåøåíèå, ñëåäîâàòåëüíî, óäîâëåòâîðÿåò óðàâíåíèþ

A Ax A b# #
�� .

Â ñîîòâåòñòâèè ñ ðàâåíñòâîì A b A b# #
�� åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (8),

ïðèíàäëåæàùåå R ( )#A , äîëæíî ñîâïàäàòü ñ �x — åäèíñòâåííûì ðåøåíèåì óðàâíå-

íèÿ (7), òàêæå ïðèíàäëåæàùèì R ( )#A . Íàêîíåö, âåêòîð �x, óïîìèíàåìûé ïðè äîêà-

çàòåëüñòâå òåîðåìû 5, â òî÷íîñòè ñîâïàäàåò ñ âåêòîðîì �x èç òåîðåìû 4.
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Èñïîëüçóÿ ïðåäñòàâëåíèå âçâåøåííîé ïñåâäîîáðàòíîé ìàòðèöû Ìóðà–Ïåí-

ðîóçà èç [30]

A A A AA A
MN
�

�
�# # # ) #( ,

ñëåäóþùóþ òåîðåìó äëÿ çàäà÷è (5) ìîæíî ñôîðìóëèðîâàòü â áîëåå êîðîòêîé ôîðìå.

Òåîðåìà 6. Ïóñòü A R m n
�

� , b R m
� , òîãäà x A b

MN
�

� — ýòî Ì -âçâåøåííîå

ðåøåíèå íàèìåíüøèõ êâàäðàòîâ ñ ìèíèìàëüíîé N -íîðìîé ñèñòåìû Ax b� .

ÇÀÊËÞ×ÅÍÈÅ

Â ñòàòüå ïîëó÷åíû ðåçóëüòàòû, êîòîðûå ÿâëÿþòñÿ òåîðåòè÷åñêîé îñíîâîé äëÿ

èññëåäîâàíèÿ è ðàçâèòèÿ òåîðèè âçâåøåííîé ïñåâäîèíâåðñèè è âçâåøåííûõ

ïñåâäîðåøåíèé, à òàêæå äëÿ ðàçðàáîòêè ìåòîäîâ âû÷èñëåíèÿ âçâåøåííûõ

ïñåâäîîáðàòíûõ ìàòðèö è âçâåøåííûõ íîðìàëüíûõ ïñåâäîðåøåíèé.

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

1. Chipman J.S. On least squares with insufficient observation. J. Amer. Statist. Assoc. 1964. Vol. 59,

Iss. 308. P. 1078–1111.

2. Milne R.D. An oblique matrix pseudoinverse. SIAM J. Appl. Math. 1968. Vol. 16, N 5. P. 931–944.

3. Ward J.F., Boullion T.L., Lewis T.O. Weighted pseudoinverses with singular weights. SIAM J. Appl.

Math. 1971. Vol. 21, N 3. P. 480–482.

4. Ãàëáà Å.Ô., Äåéíåêà Â.Ñ., Ñåðãèåíêî È.Â. Âçâåøåííûå ïñåâäîîáðàòíûå ìàòðèöû è âçâåøåí-

íûå íîðìàëüíûå ïñåâäîðåøåíèÿ ñ âûðîæäåííûìè âåñàìè. Æóðí. âû÷èñëèò. ìàòåìàòèêè è

ìàò. ôèçèêè. 2009. Ò. 49, ¹ 8. Ñ. 1347–1363.

5. Ñåðãèåíêî È.Â., Ãàëáà Å.Ô., Äåéíåêà Â.Ñ. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü âçâåøåííûõ

ïñåâäîîáðàòíûõ ìàòðèö è âçâåøåííûõ íîðìàëüíûõ ïñåâäîðåøåíèé ñ âûðîæäåííûìè âåñàìè.

Óêð. ìàòåì. æóðí. 2011. Ò. 63, ¹ 1. Ñ. 80–101.

6. Âàðåíþê Í.À., Ãàëáà Å.Ô., Ñåðãèåíêî È.Â., Õèìè÷ À.Í. Âçâåøåííàÿ ïñåâäîèíâåðñèÿ ñ èíäå-

ôèíèòíûìè âåñàìè. Óêð. ìàòåì. æóðí. 2018. Ò. 70, ¹ 6. Ñ. 752–772.

7. Ãàëáà Å.Ô., Âàðåíþê Í.À. Ïðåäñòàâëåíèå âçâåøåííûõ ïñåâäîîáðàòíûõ ìàòðèö ñ ñìåøàííûìè

âåñàìè ÷åðåç äðóãèå ïñåâäîîáðàòíûå ìàòðèöû. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç. 2018. Ò. 54,

¹ 2. Ñ. 17–25.

8. Ãàëáà Å.Ô., Âàðåíþê Í.À. Ðàçëîæåíèå âçâåøåííûõ ïñåâäîîáðàòíûõ ìàòðèö ñî ñìåøàííûìè

âåñàìè â ìàòðè÷íûå ñòåïåííûå ðÿäû è ïðîèçâåäåíèÿ. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç.

2019. Ò. 55, ¹ 5. Ñ. 67–80.

9. Goldman A.J., Zelen M. Weak generalized inverses and minimum variance linear unbiased

estimation. J. Res. Nat. Bur. Standards Sect. 1964. Vol. 38, N 4. P. 151–172.

10. Watson G.S. Linear least squares regression. Ann. Math. Statist. 1967. Vol. 38, N 6. P. 1679–1699.

11. Zyskind G. On canonical forms, non-negative covariance matrices and best and simple least squares

linear estimators in linear models. Ann. Math. Statist. 1967. Vol. 38, N 4. P. 1092–1109.

12. Rao C. R., Mitra S.K. Generalized inverse of a matrix and its applications. Proceedings of the Sixth

Berkeley Symposium on Mathematical Statistics and Probability. 1972. Vol. 1. P. 601–620.

13. Rao C.R., Mitra S.K. Generalized inverse of matrices and its applications. New York: Wiley, 1971. 240 p.

14. Rao C.R., Mitra S.K. Theory and application of constrained inverse of matrices. SIAM J. Appl. Math.

1973. Vol. 24, N 4. P. 473–488.

15. Nashed M.Z., Votruba G.F. A unified operator theory of generalized inverses. Generalized inverses

and applications. Publ. Math. Res. Center Univ. Wisconsin. 1976. N 32. P. 1–109.

16. Nashed M.Z. Generalized inverses and applications. New York: Acad. Press, 1976. 1024 p.

17. Ben-Israel A., Greville T.N.E. Generalized inverses: Theory and applications. New York:

Springer-Verlag, 2003. 420 p.

18. Õèìè÷ À.Í. Îöåíêè âîçìóùåíèé äëÿ ðåøåíèÿ çàäà÷è íàèìåíüøèõ êâàäðàòîâ. Êèáåðíåòèêà è

ñèñòåìíûé àíàëèç. 1996. ¹ 3. Ñ. 142–145.

ISSN 1019-5262. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2020, òîì 56, ¹ 4 33



19. Õèìè÷ À.Í., Íèêîëàåâñêàÿ Å.À. Àíàëèç äîñòîâåðíîñòè êîìïüþòåðíûõ ðåøåíèé ñèñòåì ëè-

íåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ ïðèáëèæåííî çàäàííûìè èñõîäíûìè äàííûìè. Êèáåðíå-

òèêà è ñèñòåìíûé àíàëèç. 2008. ¹ 6. Ñ. 83–95.

20. Íèêîëàåâñêàÿ Å.À., Õèìè÷ À.Í. Îöåíêà ïîãðåøíîñòè âçâåøåííîãî íîðìàëüíîãî ïñåâäîðåøå-

íèÿ ñ ïîëîæèòåëüíî-îïðåäåëåííûìè âåñàìè. Æóðí. âû÷èñë. ìàòåì. è ìàòåì. ôèç. 2009. Ò. 49,

¹ 3. Ñ. 422–430.

21. Wei Y., Wang D. Condition numbers and perturbation of the weighted Moore-Penrose inverse and

weighted linear least squares problem. Appl. Math. Comput. 2003. Vol. 145, Iss. 1. P. 45–58.

22. Wei Y. A note on the sensitivity of the solution of the weighted linear least squares problem. Appl.

Math. Comput. 2003. Vol. 145, Iss. 2–3. P. 481–485.

23. Ãàëáà Å.Ô., Äåéíåêà Â.Ñ., Ñåðãèåíêî È.Â. Ðàçëîæåíèÿ è ìíîãî÷ëåííûå ïðåäåëüíûå ïðåäñòàâ-

ëåíèÿ âçâåøåííûõ ïñåâäîîáðàòíûõ ìàòðèö. Æ. âû÷èñ. ìàòåì. è ìàòåì. ôèç. 2007. Ò. 47, ¹ 5.

Ñ. 747–766.

24. Áëþìèí Ñ.Ë., Ìèëîâèäîâ Ñ.Ï. Âçâåøåííîå ïñåâäîîáðàùåíèå â îïòèìàëüíîì óïðàâëåíèè äèñ-

êðåòíî-àðãóìåíòíûìè ñèñòåìàìè. Èçâ. ÐÀÍ. Òåõí. êèáåðíåòèêà. 1992. ¹ 1. Ñ. 227.

25. Ìîë÷àíîâ È.Í., Ãàëáà Å.Ô. Âçâåøåííîå ïñåâäîîáðàùåíèå êîìïëåêñíûõ ìàòðèö. Óêð. ìàòåì.

æóðí. 1983. Ò. 35, ¹ 1. Ñ. 53–57.

26. Elden L. A weighted pseudoinverse, generalized singular values and constrained least squares

problems. BIT. 1982. Vol. 22. P. 487–502.

27. Wei Y. The weighted Moore–Penrose inverse of modified matrices. Appl. Math. Comput. 2001.

Vol. 122, Iss. 1. P. 1–13.

28. Ward J.F. On a limit formula for weighted pseudoinverses. SIAM J. Appl. Math. 1977. Vol. 33, N 1.

P. 34–38.

29. Ward J.F., Boullion T.L., Lewis T.O. Weighted pseudoinverses with singular weights. SIAM J. Appl.

Math. 1971. Vol. 21, N 3. P. 480–482.

30. Wang G., Wei Y., Qiao S. Generalized inverses: Theory and computations. Beijing: Science Press,

2004. 294 p.

31. Àëáåðò À. Ðåãðåññèÿ, ïñåâäîèíâåðñèÿ è ðåêóððåíòíîå îöåíèâàíèå. Ìîñêâà: Íàóêà, 1977. 223 ñ.

Íàä³éøëà äî ðåäàêö³¿ 05.03.2020

Î.Ì. Õ³ì³÷, Î.À. Í³êîëàºâñüêà
²ÑÍÓÂÀÍÍß ÒÀ ªÄÈÍ²ÑÒÜ ÇÂÀÆÅÍÎÃÎ ÍÎÐÌÀËÜÍÎÃÎ ÏÑÅÂÄÎÐÎÇÂ’ßÇÊÓ

Àíîòàö³ÿ. Äîñë³äæåíî çàäà÷ó çâàæåíèõ íàéìåíøèõ êâàäðàò³â ç äîäàòíî-âèç-
íà÷åíèìè âàãàìè M òà N äëÿ ìàòðèöü äîâ³ëüíîãî âèãëÿäó òà ðàíãó. Äîâåäå-
íî ³ñíóâàííÿ òà ºäèí³ñòü M-çâàæåíîãî ðîçâ’ÿçêó íàéìåíøèõ êâàäðàò³â ç
ì³í³ìàëüíîþ N -íîðìîþ ñèñòåìè Ax b� .
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À.N. Khimich, E.A. Nikolaevskaya
EXISTENCE AND UNIQUENESS OF THE WEIGHTED NORMAL PSEUDOSOLUTION

Abstract. The problem of weighted least squares with positive definite weights
M and N for matrices of arbitrary form and rank is analyzed. The existence and
uniqueness of the M-weighted least-squares solution with a minimal N -norm of
the system Ax b� are proved.

Keywords: weighted pseudoinverse matrix, weighted normal pseudosolution,
weighted least squares problem.
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