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Abstract. We study an analogue of unique factorization

rings in the case of an elementary divisor domain.

One of the main sources for all researches in the present paper is an
elementary divisor ring. Recall that a matrix over an associative ring
with identity has a canonical diagonal reduction if it can be reduced to a
diagonal form by left and right multiplications by some invertible matrices
so that each diagonal element is a total divisor of the subsequent one. If
any matrix over an associative ring with identity has a canonical reduction
then such a ring is called an elementary divisor ring [1].

Most of the known classes of elementary divisor rings significantly
depend on ascending chain condition on ideals. The first example of a
classical elementary divisor ring without ACC on ideals was found by
Vanderbern in 1915, namely, the ring of analytic functions [2]. In a more
abstract form, this example allowed Helmer [3] to introduce a new class
of elementary divisor rings called the class of adequate rings.

All notations and necessary definitions are well-known. They can also
be found in [5].

Recall, that an element a of a commutative ring R with identity is said
to be adequate, if for any element b ∈ R one can find elements r, s ∈ R
such that the decomposition a = r · s satisfies the following properties:
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1) rR+ bR = R,
2) s′R+ bR 6= R for any noninvertible divisor s′ of element s.
If any nonzero element of a ring R is an adequate element, then R is

called an adequate ring.
Henriksen observed that in an adequate ring each nonzero prime ideal

is contained in a unique maximal ideal [4]. Furthermore Henriksen showed
that there exist elementary divisor rings which are not adequate [4].

A specific role in modern research of elementary divisor rings is played
by a K-theoretical invariant such as stable range. For example, an im-
portant role in studying of the elementary divisor rings is played by the
Hermite rings. A ring is called a right (left) Hermite ring if any 1 × 2
(2 × 1) matrix over this ring has diagonal reduction over this ring. An
Hermite ring is a ring which is both right and left Hermite.

Note that any Hermite ring is a finitely generated principal ideal ring
(in what follows we will call it a Bezout ring), i.e. a ring in which any
finitely generated left or right ideal is principal. In the case of commutative
rings we have the following result.

Theorem 1 ([5]). A commutative Bezout ring is an Hermite ring if and
only if it is a ring of stable range 2.

We say that a ring R has stable range 2 if for any elements a, b, c ∈ R
the equality aR + bR + cR = R implies that there are some elements
λ, µ ∈ R such that (a+ cλ)R+ (b+ cµ)R = R.

In the class of commutative Bezout rings of stable range 2 we have
that a Bezout ring is an elementary divisor ring if and only if it is a ring
of neat range 1.

Theorem 2 ([6]). A commutative Bezout domain is an elementary divisor
ring if and only if it is a ring of neat range 1.

A commutative ring R is said to be of neat range 1 if for any a, b ∈ R
such that aR+ bR = R there exists t ∈ R such that for the element a+ bt
the ring R/(a+ bt)R is a clean ring.

A ring R is called clean if each element of R is the sum of the unit
and an idempotent. Recall, that an element a of a commutative ring R is
called neat if R/aR is a clean ring. Notice that an indecomposable ring is
clean if and only if it is local.

Proposition 1. Let R be a commutative Bezout ring and a be a nonzero
and nonunit element R such that R/aR is an indecomposable ring. Then
for any representation a = r · s, where r 6∈ U(R), s 6∈ U(R) we have
rR+ sR 6= R.
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Proof. Let R = R/aR be an indecomposable ring. Suppose that a = r · s,
where r 6∈ U(R), s 6∈ U(R), we have rR + sR = R. Then ru + sv = 1
for some elements u, v ∈ R. Let r = r + aR, s = s + aR, u = u + aR
and v = v + aR, then r2u = r and s2v = s. Since R is indecomposable
and ru2 = ru, we have ru = 0 or ru = 1. If ru = 0 then sv = 1, because
ru+ sv = 1, namely sR+ aR = R.

Since a = r · s, it is possible only if s ∈ U(R). This contradicts the
selection of an element s. If ru = 1 then sv = 0, and similarly we have
r ∈ U(R). However, this is not possible.

Proposition 2. Let a be a nonzero nonunit element of a commutative ring
R. Then R/aR is an indecomposable ring if and only if for any element b
such that b(1− b) ∈ aR we have b ∈ aR or 1− b ∈ aR.

Proof. Suppose that for any element b such that b(1− b) ∈ aR we have
b ∈ aR or 1− b ∈ aR. Let R = R/aR and e be an idempotent of R. Let
e = e + aR. Since e2 = e, this implies e(1 − e) ∈ aR. Then e ∈ aR or
1− e ∈ aR, i.e. e = 0 or e = 1.

Conversely, suppose that R = R/aR is an indecomposable ring and
there are elements r and s with rR+sR = R, and if r ·s ∈ aR then r /∈ aR
and s /∈ aR. Write rs = at and, as rR+ sR = R, we have rx+ sy = 1 for
some elements x, y ∈ R. Then

rx = r2x2 + rxsy = r2x2 + atxy

and

rx(1− rx) = atxy.

Let rx = rx+ aR. Thus rx is an idempotent of R. We claim that rx is a
nontrivial idempotent. If rx = 0 then rx ∈ aR. Since rx+ sy = 1,

r2x+ rsy = r2x+ aty = rrx+ aty ∈ aR.

Since r2x+rsy = r(rx+sy) = r, we have r ∈ aR, which is a contradiction.
If rx = 1 we have 1 − rx ∈ aR, i.e. sy ∈ aR. Since rx + sy = 1, then
rsx+ s2y = s and we have s ∈ aR, which is again a contradiction.

Proposition 3. Let a be a nonzero nonunit element of a commutative ring
R such that R/aR is an indecomposable ring. Then for any representation
a = bc, where bR+ cR = R, either b ∈ U(R) or c ∈ U(R).
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Proof. Let R = R/aR be an indecomposable ring. Suppose that a = bc,
where b /∈ U(R), c /∈ U(R) and bR+ cR = R for some elements b, c ∈ R.

Let bu+cv = 1 for some elements u, v ∈ R. Then b
2
u = b, where b = b+aR,

u = u+ aR. Since R is an indecomposable ring and (bu)2 = bu, we have
bu = 0 or bu = 1. If bu = 0, then bu = at for some element t ∈ R. Since
bu+ cv = 1 and bu = at we have at+ cv = c(bt+ v) = 1, i.e. c ∈ U(R),
but this is impossible. If bu = 1 then bu− 1 = as for some element s ∈ R.
Then

bu− as = bu+ bcs = b(u+ cs) = 1,

i.e. b ∈ U(R), and this is impossible.

Definition 1. Let R be a commutative ring. An element a ∈ R is called
pseudo-irreducible if for any representation a = bc, where bR+ cR = R,
we have b ∈ U(R) or c ∈ U(R).

Definition 2. Let R be a commutative ring. An element a ∈ R is
called pseudo-prime if for any elements b, c ∈ R such that bc ∈ aR and
bR+ cR = R we have b ∈ aR or c ∈ aR.

By Proposition 3 we have the following results.

Proposition 4. For a commutative ring any pseudo-prime element is
pseudo-irreducible.

Proposition 5. Let R be a commutative Bezout domain. Then any
pseudo-irreducible element R is pseudo-prime.

Proof. Let a be a pseudo-irreducible element of R. Let bc ∈ aR and
bR + cR = R. Consider bR + aR = dR, then b = db0, a = da0 and
b0R + a0R = R. Let b0u + a0v = 1 for some elements u, v ∈ R. Since
b, c ∈ aR, then bc = at for some element t ∈ R. Consider b, c = db0c = da0t,
then b0c = a0t. Since b0u+ a0v = 1, then

c = b0cu+ a0cv = a0tu+ a0cv = a0(tu+ cv).

Since bR + cR = R and c ∈ a0R, we have a0R + dR = R. Since a is a
pseudo-irreducible element and a = a0d, where a0R+ dR = R, we have
a0 ∈ U(R) or d ∈ U(R). If a0 ∈ U(R) then b ∈ aR. If d ∈ U(R) then
c ∈ aR.

Clearly, every nonunit and nonzero element in a local ring is a pseudo-
irreducible element.
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An element a of a commutative ring R is said to be colocal if R/aR is
a local ring. Obviously, any atom and any power of an atom is a colocal
element.

By Proposition 5 and the fact that any local ring is an indecomposable
ring, we will notice that a colocal element is a pseudo-irreducible element.

Note that any clean element is a neat element [7]. Since any local ring
is a clean ring, we have that any colocal element is a neat element. Note
that a commutative clean ring is indecomposable if and only if it is a local
ring.

The following fact will be useful to us.

Proposition 6. Any nonunit divisor of a neat element of a commutative
Bezout domain is a neat element.

Proof. Let R be a commutative Bezout domain and let a be a neat element
of R. By [6], for every elements b, c ∈ R such that bR + cR = R there
exists a ∈ R such that a = r · s, where rR+ bR = R, sR+ cR = R and
rR+ sR = R.

Let a = x · y, then rR + xR = αR, r = αr0, x = αx0 for some
elements r0, x0 ∈ R such that r0R + x0R = R. Since a = r · s = x · y,
we have αr0s = αx0y. Then r0s = x0y. Since r0R + x0R = R, we have
r0u + x0v = 1 for some elements u, v ∈ R. Since r0s = x0y, we have
r0su + x0sv = s, x0(yu + sv) = s. We have x = αx0, where αR ∈ bR,
x0R ∈ cR and αR+x0R = R, as rR ⊂ αR and sR ⊂ x0R, i.e. x is a neat
element.

By Proposition 4 we have the following result.

Proposition 7. A neat element of a commutative ring is pseudo-prime
if and only if it is a colocal element.

Proposition 8. Any colocal element of a commutative ring R is an
adequate element.

Proof. Let a be a colocal element. Since R/aR is a local ring, there exist
a unique maximal ideal M such that a ∈ M . For any element b ∈ R we
have two cases:

1) b ∈ M , then a = 1 · a, where 1 = r and s = a and for each nonunit
divisor s′ of a we have s′R+ bR ⊂ M , i.e. s′R+ bR 6= R;

2) b /∈ M , then we have aR+ bR = R.
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Definition 3. Let R be a commutative ring and a be a nonzero, nonunit
element of R. We will call a = a1 · a2 · · · an a complete comaximal
factorization of a if the ai are pairwise comaximal pseudo-irreducible
elements.

We will call R a comaximal factorization ring if any nonzero nonunit
element of R has a complete comaximal factorization.

By [6], any adequate element of a commutative Bezout ring is a neat
element. In the case of element with complete comaximal factorization,
we have the following result.

Theorem 3. Let R be a commutative Bezout domain. If a is a neat
element with complete comaximal factorization, then a is an adequate
element.

Proof. Let a = a1 · a2 · · · an be a complete comaximal factorization of
a, where ai are pairwise comaximal pseudo-irreducible elements. Since a
is a neat element, by Proposition 6, we have that ai is a neat element.
Moreover, by Proposition 7, we have that ai is a colocal element. By
Proposition 8, ai is an adequate element. Since the product of adequate
elements is an adequate element [5], we obtain that a is an adequate
element.

Definition 4. Let R be a commutative ring. An element a ∈ R is said
to be an element of stable range 1 if for any element b ∈ R such that
aR+ bR = R we have (a+ bt)R = R for some element t ∈ R.

Recall that a ring R is said to be a ring of stable range 1 if for any
elements a, b ∈ R such that aR+ bR = R we have (a+ bt)R = R for some
element t ∈ R.

Any colocal element is an example of a nontrivial element of stable
range 1. We notice that any idempotent of a commutative ring is an
element of stable range 1. Indeed, let R be a commutative ring and let
e2 = e ∈ R and eR + bR = R for b ∈ R. Then eu + bv = 1 for some
elements u, v ∈ R and (1−e)eu+(1−e)bv = 1−e. Then (1−e)bv = 1−e,
i.e. e + b(1 − e)v = 1. Because of the arbitrariness of an element b we
have that e is an element of stable range 1. Note that the product of the
elements of stable range 1 is an elements of stable range 1. We obtain the
following result.

Theorem 4. Let R be a commutative Bezout domain. Any neat element
with complete comaximal factorization is an element of stable range 1.
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Proof. Let a = a1 · a2 · · · an, where ai are pairwise comaximal pseudo-
irreducible elements. Since a is a neat element, we have that ai are colocal
elements. Since ai are elements of stable range 1, then a is an element of
stable range 1.

An example of a commutative comaximal factorization Bezout domain
can be found using this result.

Theorem 5. Let R be a commutative ring. Each nonzero nonunit element
of R which has only finitely many prime ideals minimal over it has complete
comaximal factorization.

Proof. Let’s prove by induction on the power of the set of minimal prime
ideals over elements. Let a be an element with unique minimal prime ideal
P over it.

Suppose the contrary, i.e. a = b · c, where bR + cR = R and either
b /∈ U(R) or c /∈ U(R). Since a = b · c ∈ P and bR+ cR = R then b ∈ P
and c /∈ P (or b /∈ P and c /∈ P ). Since cR 6= R, there exists a prime ideal
N such that c ∈ N . Since aR ⊂ cR, we have a ∈ N . Since P is a unique
minimal prime ideal over a, we have P ⊂ N . Since b ∈ P and c ∈ N ,
then R = bR + cR ⊂ N which is impossible, i.e. a is a pseudo-irreducible
element. Assume that the statement is proved for all elements such that
the power of the set of minimal prime ideals over them is equal to n.

Let a be an element of R for which the power of the set of minimal
prime ideals over it is equal to n+ 1. If a is a pseudo-irreducible element
then everything is proved.

Let a = b · c, where bR+ cR = R and b /∈ U(R) or c /∈ U(R). Then the
comaximality of b and c follows that the set of minimal prime ideals over
a is the disjoint union of the set of minimal prime ideals over b and the set
of minimal prime ideals over c. As b and c are nonunits, both these sets
are nonempty, thus both are proper subsets of the set of minimal prime
ideals over a, and hence are both of smaller power then the power set of
the set minimal prime ideals over a.

Therefore both b and c have complete comaximal factorization, and
then a have complete comaximal factorization.

For a commutative ring R, the Zariski topology on SpecR is the
topology obtained by taking the collection of sets of the form U(I) =
{P ∈ SpecR|I * P} (resp. V (I) = {P ∈ SpecR|I ⊆ P}), for every ideal
I of R, as the open (resp. the closed) sets. When considered as a subspace
of SpecR, Max (R) is called the max-spectrum of R. Thus, its open and



“adm-n3” — 2021/1/2 — 21:41 — page 157 — #163

B. Zabavsky, O. Romaniv, B. Kuznitska, T. Hlova 157

closed subsets are UR(I) = U(I) ∩ Max (R) = {M ∈ Max (R)|I ⊆ M}
and VR(I) = V (I) ∩Max (R) = {M ∈ Max (R)|I ⊆ M}, respectively.

A topological space X is called Noetherian if every nonempty set of
closed subsets of X, ordered by inclusion, has a minimal element. An ideal
I of R is called a J-radical ideal, if it is the intersection of all maximal ideals
containing it. Clearly, J-radical ideals of R correspond to closed subsets
of Max (R). Recall that a ring R is called J-Noetherian if it satisfies the
ascending chain condition on J-radical ideals. For a commutative Bezout
domain R, the J-Noetherian condition is equivalent to the condition that
every nonzero nonunit element of R has only finitely many prime ideals
minimal over it.

By [8], we have the following result.

Theorem 6. A commutative Bezout domain is comaximal factorization
if and only if R is a J-Noetherian ring.

Definition 5. A commutative domain R has finite character if each
nonzero element of R is contained in at most finitely many maximal ideals
of R.

A commutative domain R is h-local if R has finite character and each
nonzero prime ideal of R is contained in a unique maximal ideal.

Consequently we have the following result.

Theorem 7. Let R be a commutative Bezout domain whose each nonzero
prime ideal is contained in a unique maximal ideal. Then R is a comaximal
factorization if and only if R is an h-local domain.

Proof. If R is a comaximal factorization domain then by Theorem 6 for
each nonzero element a of R there is an element with only finitely many
prime ideals minimal over it. Since each nonzero prime ideal R is contained
in a unique maximal ideal, we have that a is contained in at most finitely
many maximal ideals of R, i. e. R has finite character.

If R is an h-local Bezout domain then any nonzero nonunit element
has only finitely many prime ideals minimal over it. By Theorem 5, R is
a ring with complete comaximal factorization.

Since any commutative h-local Bezout domain is an adequate do-
main [9] we obtain the following results.

Theorem 8. Let R be a commutative Bezout domain in which each
nonzero prime ideal is contained in a unique maximal ideal and R be a
comaximal factorization ring. Then R is an adequate domain.
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Since any commutative adequate Bezout domain is a ring in which
each nonzero prime ideal is contained in a unique maximal ideal, we obtain
the following results.

Theorem 9. Commutative adequate Bezout domain R is comaximal
factorization if and only if R is a h-local Bezout domain.

Note that a commutative Bezout ring of stable range 1 is an elementary
divisor ring. In the sequel we will study a commutative ring of stable
range 2 which is not a ring of stable range 1.

If R is an elementary divisor ring which is not of stable range 1, then
by Theorem 2, R contains a nonunit neat element. If in R any neat
element has a complete comaximal factorization then, by Proposition 7
and Proposition 8, any neat element is an adequate element, i.e. we obtain
the following result.

Theorem 10. Let R be a commutative elementary divisor domain which
is not a ring of stable range 1 and any neat element of R has a complete
comaximal factorization. Then there exists a nonunit adequate element
in R.

In particular, as a consequence we obtain the following result.

Theorem 11. For a commutative J-Noetherian Bezout domain R we
have:

R is a ring of stable range 1 or R contains a nonunit adequate element
which is an element of stable range 1.

Proof. If R is a J-Noetherian Bezout domain which is not of stable range 1,
then by Theorem 2, R has a neat element which has a complete comaximal
factorization a = a1 · a2 · · · an, where ai are pairwise comaximal pseudo-
irreducible elements. By Proposition 6 and Proposition 7, ai are colocal
elements. By Propositions 7 and 8, ai are adequate elements of stable
range 1 and a is an adequate element of stable range 1.

We recall the transfinite definition of the Krull dimension KdimM
of a module M (see [10]). By definition, we assume that zero modules
have Krull dimension equal to −1, and every nonzero Artinian module
has Krull dimension equal to zero. Let us assume that α > 0 is an ordinal
of the modules with Krull dimension β are defined for all ordinal numbers
β < α and M is a module such that KdimM 6= β. One says that the Krull
dimension KdimM is equal to α if for any infinite properly descending
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chain M1 > M2 > ... of submodules in M , there exists a positive integer
n such that KdimMn/Mn+1 < α.

All factor modules and submodules of a module with Krull dimension
have Krull dimension. For a ring R the right Krull dimension KdimRR is
the Krull dimension of the module RR, if it exists.

A module M is said to be finite-dimensional if M does not contain a
direct sum of infinite number of nonzero submodules. Each module which
has Krull dimension is finite-dimensional [10].

Moreover, we have the following result.

Theorem 12. Let R be a commutative Bezout ring. The following condi-
tions are equivalent:

1) R has Krull dimension.
2) Every factor ring of the ring R is finite-dimensional and does not

have proper idempotent essential ideals.

A submodule W is a waist if every submodule either contains W or is
contained in W .

We have the following result.

Proposition 9. A finite-dimensional commutative and indecomposable
Bezout ring R has a unique minimal prime ideal which is a waist in R.

Let R be a commutative Bezout domain which has Krull dimension.
By [11], R is an elementary divisor ring. According to Theorem 2, R

is a ring of neat range 1. If R is not a ring of stable range 1 then R has
no unit neat element.

Let a be a pseudo-irreducible element of R . Then R/aR is a finite-
dimensional indecomposable Bezout ring. By Proposition 9, R = R/aR,
which has a unique minimal ideal radR, which is a waist in R. Since
idempotents lift modulo a nil ideal, R/radR is an indecomposable Bezout
ring, i.e. R/radR is a domain.

Thus, we proved that if R is a commutative Bezout domain which
has Krull dimension, then any pseudo-irreducible element a ∈ R is an
element such that there exists a prime ideal P such that for any prime
ideals which contain a either P ⊂ N or N ⊂ P .
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