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Abstract. The properties of characteristic vector families for intervals of the feature space are
under investigation. The search algorithms for the closed characteristic vectors and vectors generating
the maximum intervals of the specified feature space region are considered in the paper.

BBEJIEHUE

AJITOpUTMBI ¥ METOJBI KJIACTEPHOTO aHAJIM3a BO MHOTOM COCTABJISIIOT OCHOBY TPHJIO-
JKeHnil aHam3a JaHHbIX. PocT 00béMa JIAaHHBIX, MOJJIEXKAIUX 00paboTKe, MPeIbIBIIsSeT
psij;, TPeOOBAHUI K UCIOJIb3YEMbIM aJrOPUTMaM KJIACTEPU3AIUU: BO3MOKHOCTh HAXO/UTh
KJIACTEPHI B MMPOCTPAHCTBAX OOJIBINON Pa3MepHOCTH, HATJISTHOCTD, JJETKOCTh HHTEPIpeTa-
AU TOJYYEeHHBIX PE3YIbTATOB, OTCYTCTBUE HEOOXOMMMOCTU TMPHUBEICHUS MUCXOTHBIX TAH-
HBIX K KAKOMY-JTH00 KAHOHHYECKOMY BHJIy W TaK Jajee.

B HeKOTOpBIX caydasdx BLIMOJHEHHE MHOTHX W3 3THX TPeOOBaHWiT MOTYT OOeCHevnTh
AJITOPUTMBI M METOJIbI aHAIN3a (DOPMATHHBIX MOHATHI |1, 2, 6], ceTounbIe METO/IHI.

Ieavto cmamovbu aBAIETCS PACCMOTPEHNe TOHITHS WHIMKATOPHOTO BEKTOPA HWHTEPBa-
Jla, TIPU3HAKOBOT'O MPOCTPAHCTBA, U3YUYEeHHE CBOMCTB CeMeiicTBa TaKUX BEKTOPOB, IMMOCTPO-
eHne U OODOCHOBaHWE AJTOPUTMA MOWCKA 3aMKHYTHIX HHJIMKATOPHBIX BEKTOPOB W WHJIU-
KaTOPHBIX BEKTOPOB, MOPOK/IAIONINX MaKCUMaJ/IbHbIe HHTEPBAJIbI 3alaHHOI 00/1aCTH TPH-
3HAKOBOTO MTPOCTPAHCTBA.

1. MAKCUMAJIbHBIE UHTEPBAJIbI OBJIACTU IIPU3HAKOBOTI'O
ITPOCTPAHCTBA

{Ap, A1,..., A1, } — ceMeiCcTBO MHOXKeCTB, KazK/J0e W3 KOTOPBIX KOHEYHO W JIHHEH-
HO ynopsao4denno. [IpsaMoe nponssepnenne MHOKECTB ceMeiicTBa A onpezensier n-mepHoe
MPU3HAKOBOE MPOCTPAHCTBO S

S:A()XAIX"'XATL,L

Inorna na obo3Hadenne A; CCHIAIOTCS Kak HA M3MepeHune (arpubyT, JIOMeH) mpu-
3HAKOBOTO HpocTpancTpa. II0CKOIbLKY MHOMXKECTBO 3Ha4YeHHil MO KaxKjaomy A; smmeiino
YIIoOpAJ09€HHO, MOXKHO I'OBOPHUTH O MOJIOZKUTEJIBHOM U OTPpUIATEJIbHOM HallpaBJIEHUAX I10
COOTBETCTBYIONIEMY M3MEPEHUIO.

n; =1]A;,i=0,1,...,n— 1 — MormHOCTH JOMeHA A;.
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DJIeMeHTBI ToMeHa A; MOXKHO IMepeHyMepoBaTh M, B JaJbHeiImeM, BCermaa CINTATh,
aro A; = {0,1,...,n —1}.

[Iyctb H C S — HekoTopas 00JacTh MPU3HAKOBOTO HpocTpaHcTBa S. WHTepBan I,
cofepKanuiicss B obactu H, Ha3pIBaeTCsd MaKCHUMaJbHBIM HHTEpBaoM obiactu H, ecin
He CYIIeCTByeT ero cOOCTBEHHOIO HaJMHTepBaJia, cojeprkaiierocs B obsactu H.

MHuo2KecTBO BCeX MaKCHUMaJIbHBIX MHTEPBAJIOB 00acTu H Ha3bIBaeTCs COKPAIEHHOM
MHTEPBAIBHON CTPYKTYpoil 3roit obsacru [4]. Kaxkmyoo obracts H NpPHU3HAKOBOIO MPO-
cTpancTBa S MOYXKHO MPEJICTaBUTH B BUJE O0beIMHEHNsT HHTEPBAJIOB €e COKPAIIEeHHO nH-
TepBAJIbHON CTPYKTYPHI.

Y0610 ToukE 00sacTu H HA3BIBATH €IMHAYHBIME TOUYKAME (1-TOYKHN) Tak, KaK eCc/iu
OBl OBLTA 33aHa NHANKATOPHAA (DYHKIHUS ITOH 001aCTH, & HHTepBaJIbl obsacT H Ha3bI-
BaTh l-mHTepBajgaMu. Te TOUKH MPU3HAKOBOTO MPOCTPAHCTBA, KOTOPHIE HE COAEPKATCSI B
obnactu H, 6yznem HazbiBaTh 0-TOUKAMHU IMPU3HAKOBOI'O MPOCTPAHCTBA.

2. BEKTOPHOE IIPEACTABJIEHUE MHTEPBAJIOB

Y mpoctpancTBa S, pa3MepHOCTb KOTOPOTO N, WMeeTcs 2n HampaBieHuit. B kaxk-
JIOM U3MEpPEHHH 110 JIBa HAIIPABJICHUS: OTPUIATETHHOE U MOJOKUTEebHOE. JI1060it nHTEp-
BaJI MOYKET OBITH MOJIYYeH U3 WHTEPBAJIA, MPEICTABIAIONIEr0 TPOCTPAHCTBO S, yIaaeHneM
HEKOTOPOT'O YHuCJia 3HAUEeHUl U3 JJOMEHOB, 110 COOTBETCTBYIOIINM HAlpABJIEHUSIM.

Jlns onucanust nHTEpBaJa OYJAET UCHOJIH30BATHCS BEKTOP JITMHBI 2N

A= (ag, a1, ..., 02,0241, -, 02p—2, A2p—1) (1)

KOMIIOHEHTHI TAKOTO BEKTOPa paccMaTpuBaloTcs napamu. Kaskaas mapa cooTBeTCTBY-
eT OJIHOMY M3 U3MepeHUil TPU3HAKOBOIrO MpocTpancTBa. Kakjas KOMIIOHEHTa TAKOM maphl
OTBeYaeT OJHOMY M3 HAIpABJICHUil COOTBETCTBYIONIErO M3MEpEeHHsI.

[Tapa ag;, Gg;41 COOTBETCTBYET i-My H3MEDPEHHIO.

KoMIIOHeHTa ay; OTBeYaeT OTPUIATEILHOMY HAIIPABICHUIO (-I'O H3MEPCHHS.

KoMIOHEHTa a9;, | - HOJTOKHTEILHOMY HAIPABICHUIO.

SHaveHne Kak0if KOMIIOHEHTHI TaKO Maphl - 9UC/I0 3HAYEHUH, VIAIEHHBIX U3 JTOMe-
Ha A; 110 COOTBETCTBYIOIIEMY HAITPABICHUIO.

Taxkoit BekTOp Oy/ieM Ha3bIBATH WHIMKATOPHBIM BEKTOPOM MHTEPBAJIA U BEKTOPHBIM
OIMMCaHUEM HMHTEPpBaJIa.

Ecan BekTop A sIB/IsIeTCsl WHIAMKATOPHBIM BEKTOPOM mHTEpBaJia [, TO ya00HO TOBO-
puTh, uTo BeKTOp A mopoxaaer unrepsan I (obosuauenne A(l)), a uaTepBas I mOPOK-
naercst BeKTopoM A (oboznadenue [(A)).

Korna BekTop A sBIgercd omMCAHHEM HEIlyCTOrO MHTepBaJa, TO s KarxKJI0TO H3-
MepeHusl MPU3HAKOBOTO MPOCTPAHCTBA CyMMa KOMIOHEHT IO 3TOMY H3MEpPEHHIO MeHbIIe
MOIIHOCTH JOMEHa, 3HAYEHUIl 9TOr0 M3MepeHus:

a9; + G941 <mng, 0 =0,1,...,n—1. (2)

Ecnn a1g kKakoro-mmb0 u3 u3MepeHuit ag;+ag; 11 > N, ITO O3HAYAET, YTO TAKOWH BEKTOD
SIBJISIETCST OIMMUCAHUEM ITYCTOTO TOJIMHOYKECTBA.

ITpumewyanme 1. /19 Hac mpejCcTaB/IsiOT WHTEpPeC HemycTbie WHTepBaJibl. [loaTomy
BEKTOPA-ONKMCAHUs, B KOTOPBIX XOTs OBbI JIJIsi OJIHOI'O M3MEPEHUsI BBIMOJIHIETCS yCJIOBHE
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a9 + G911 > N, UCKIIOYAIOTCI U3 paccMOTpenud. Ecam Bcé ke moTpedyeTcs HCIOTb-
30BaTh IyCTOE MOJAMHOXKECTBO, TO B KadecTBe HHIMKATOPHOTO BEKTOpa Oy/IeT HCIOJIb30-
BATHCS BEKTOP, B KOTOPOM 3HaUYeHUe KayKJI0W KOMIIOHEHTHI PABHO MOIIHOCTH JIOMEHa TI0
COOTBETCTBYIOIIEMY M3MePEeHNI0 TPU3HAKOBOT'O ITPOCTPAHCTBA, TO €CTh BEKTOP, B KOTOPOM

a2i:a2i+1:ni,izo,l,...,n_l. (3)

3. JIEKCUKOTPA®UYECKUI IMOPAOJOK HA MHOXKECTBE MHANKATOPHBIX
BEKTOPOB

Onpenenenne 1. Ilycts A, B — nunaukaTopHble BeKTOpa. BekTop A JekcmuecKu mpej-
IeCTBYeT BEKTOPY B, ecim cymiecTByer HalpaBjeHue k takoe, 9To ap < bg, a 1Mo Bcem
HAIMPABJIEHUSIM, MPEIIECTBYIONIMM HAIPABIeHUIO k, 3HAYEHWS KOMIOHEHT BEKTOPOB A
n B coBmamarorT:

A < B & Fk(ar < bg,Vj < k(a; =0,)). (4)
JList cokparienus 3anmucu Oy/IeT MCI0JIb30BaThCs CJeyIoliee 0003HAYEHNe:
A<k B & ap <bg,Vj < k(a; =bj). (5)
Torua, onpe/ieienne JIEKCHIECKOTO TTOPSIIKA, 3AIUIIETCS B BUJIE
A< B <& Jk(A <y B). (6)

V1100HO UHIUKATOPHBIE BEKTOPA Mepeduparh B JIEKCHIECKOM MOPSIIKe, HAUNHAS C BeK-
topa (0,0,...,0,0), KOTOpbIi ABIAETCA WHIAUKATOPHBIM BEKTOPOM MPH3HAKOBOTO MPO-
CTpaHCTBa S.

AJIropuTM BBIYHC/IEHUS] BEKTOPA, HEIIOCPEJACTBEHHO JIEKCUIECKH CJIEAYIOIINM 33, TeKY-
UM BEKTOPOM, OCHOBAH Ha CJIEIYIOIINX COOOPAYKEHUSIX.

Jlekcudeckuii MOpPSI0K — MOPSI0K JimHeiHbiil. [ToaToMy BekTOpa, pacrnosioKeHHbIe
B JIEKCHMYECKOM TIOps/IKe, MOYKHO TpoHyMepoBaTh uuciaamvu (,1,..., HaunHAs C BEKTO-
pa (0,0,...,0,0). Torma mepexos OT TEKYIIEr0 BEKTOPA, K BEKTOPY HEMOCPEICTBEHHO
JIEKCHYIECKU CICAYIONIAM 3a TeKYIIHM, OCYIIEeCTBISIETCS NpHOABIeHUEM eTUHHUIbI K HO-
Mepy TeKYIIero BEeKTOpa W 3alUCH BEKTOPHOTO MPeJCTaBIeHUs IMOJTYIeHHOTO Ynucaa. 10
eCTh, WHANKATOPHBIN BEKTOP MOXKHO pacCMaTPUBATh KaK MO3UIMHUOHHYIO 3alWCh HEOTPH-
MATETHHOTO MEJIOTO YHUCTa.

Otrmanst OT OOBITHOTO MO3UIMOHHOTO TIPEICTABICHUST TUCEJT 3aAKTI0IAI0TCI B CIIETY-
FOIIEM:

1. st KazK10i naphl MO3UIUIA, COOTBETCTBYIONIUX OJIHOMY U3 MU3MEPEeHUil, UCIOIb3Y-
eTcsl CBOE OCHOBaHMeE, KOTOPOe COBIIA/IaeT C MOIITHOCTBHIO JIOMEHA 3TOI0 U3MEPEeHUs.

2. JIng KaxKoil mapbl MO3UIAHA, COOTBETCTBYIONINX OTHOMY W3 M3MEPEHWil, JTOTAKHO
BBIMIOJIHATHCS OPpaHuuenne (2), 9TO MO3BOJSAET UCKIIOYUTH U3 PACCMOTPEHHS ITy-
CTble UHTEePBAJIbI.
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4. BBIYUCJIEHUE HEIIOCPEACTBEHHO JIEKCUYECKHU CJEAYIOIIELO
NMHANKATOPHOI'O BEKTOPA

[IceBnokom aaropurMa.

Bxon. A — Tekymmii WHINKATOPHBINH BEKTOP;
Boeixon. A + 1 — uHAMKATOPHBINH BEKTOP, HEMOCPEACTBEHHO JIEKCHIECKH CJIELYFOIIHii
3a BEKTOpOM A.

MeTon.

1) i=n—1
2) while i>0
3) Agiqy1 = Agiq1 + 1
4) if as; + ag;1 <n; then return A
5) aziy1 =0
6) Ag; = Qg; + 1
7) if ay; < n; then return A
8) QAo = 0
9) i=i—1

10) end while

11) return A

[TpuBeennbIil ICEBIOKO/ OCHOBAH HA COODOPAKEHUSIX IPE/IIECTBYIONIEr0 pa3/ieia.
B nasnbmeiiinem, BeIducIeHre BEKTOPA, HEIIOCPECTBEHHO JIEKCHIECKH CJIEIYIONIEero 3a
TeKyIuM BeKTopoM A, Oymer obo3nadarbes A + 1.

5. SAMKHYTHIE UHTEPBAJIbI ITPU3HAKOBOTO ITPOCTPAHCTBA

[Tycts A C S — HEKOTOpPOE MOAMHOYKECTBO TOUYEK MPU3HAKOBOTO MPOCTPAHCTBA.

O6o3HaunM [A] HANMEHBIHIT HHTEPBAJ TPOCTPAHCTBA S, COJEPKAIIHIT TOIMHOKECTBO
Toyek A (MHTepBaJbHOE 3aMBbIKaHNe, HHTepBaIbHas 06009Ka MHOKeCTBa A).

Omneparysi ”HTEPBAJIHHOIO 3aMbIKAHWUs 00/1aaeT OOBIYHBIME CBOICTBAMHU OIEPAIUN
3aMBbIKaHus [5]:

AC B=[A] CB], (7)
AC 4], (8)
[[A]] = [A]. (9)

O6o3naunm I(S) — cemeiicTBO BcexX MHTEPBAJIOB MPU3HAKOBOTO MPOCTPAHCTBA S.

I € I(S) — dbukcupoBaHHbIi WHTEPBAT U3 ITOTO CeMeHCTBA.

I N H — noaxmuO)KecTBO Touek obsactu H, comepxkamuxcs B unrepsaie [ (1-roukn
IIPOCTPAHCTBA S, cojeprKanuecss B uarepsase I).

[I N H] — HauMeHbInuii ”HTEpPBAJ IPOCTPAHCTBA S, colepzKaImii noaMuokectso [N H
(MHTEpBaJbHOE 3aMbIKAHUE MOJMHOXKECTBA 1-TOYEK MPOCTPAHCTBA S, COMEPKAIIUXCSA B
unTepsase I).

Onpenenenne 2. Nurepsan I € I(S) Ha3piBaeTCs 3aMKHYTHIM (OTHOCHTETHHO O0JIACTH
H)), ecu [[NH]=1.
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YrBepxkaenue 1. Kaotcdvili 1-unmepsan A8AAEMCA 3GMEHYMDBILM UHMEPEANOM.

Joxazameavcmeo. Iyers [ € I(S)u I C H.
Tak kaxk I C H, to I N H = I u, crepoarensro, [I N H| = [I].

Drto, ¢ y4érom odeBnaHOrOo papeHctBa [I] = I, mo3BoJsSeT cmesaTh BHIBO,
aro ([N H] = 1. O

IIpumeganue 2. B cuny yTBepkKaeHus 1, MaKCHUMaJIbHBIE 1-WHTEPBAJIBI NUMEeT CMBICT
MUCKATh CPeJI 3aMKHYTHIX WHTEPBAJIOB.

IIpumeuanne 3. 3aMKHYTHIe HHTEPBAJILI HHTEPECHBI U caMu 1o cebe. Hanpumep, B ana-
muze hopManbHbX moHaTHii [1], [2] ©X MOXKHO paccMaTpUBATBCA KAK COJNEPIKAHUS «HH-
TepBaJbHLIX» (POPMAJLHBEIX MOHATHIL. B 3a1auax pacnosnaBannsg o6pa3oB 3aMKHYTLIC HH-
TEPBAJIBI MOTYT OBITH UCIOIB30BAHBI JIJIS TIOCTPOCHUST PA3THIHBIX TUIoTe3 [6].

6. PEIIETKA MHTEPBAJIOB M PEHIETKA NMHANKATOPHBIX BEKTOPOB

Jist cemeiicra I(.S) BBIMOTHSETCST CBOCTBO 3aMbIKAHUS [3] OTHOCHTELHO OTIEPAITHH
nepecedenust. [Tosromy I(S), yopsijioueHHOE OTHOIEHUEM BKJIIOUeHUs C, SBJISETCS 110J1-
HOU PeméTKoil.

O6o3Haunm A(S) cemeiicTBO BceX MHAMKATOPHBIX BEKTOPOB MPU3HAKOBOTO MPOCTPAH-
crBa S.

Mexmy muokectBamu I (S) u A(S) cymecrByer B3auMHO-OHO3HAYHOE COOTBETCTBIE
(c yuérom mpumveuanus 1):

I(A) < A(I).

Ha Bekropax cemeiicta A(S) ciaemyonum oOpa3oM OMPEIeISeTcsl OTHOIIEHHE TIPe/T-
mrecTBOBaHOE <:

A< B<& I(B)CI(A). (10)
Tak onpeseIéHHOEe OTHONIEHNE MPENIECTBOBAHUS SIBJISIETCST OTHOIIEHUEM MOPSIJIKA, JBOM-
CTBEHHBIM K TMODSIJIKY, ONPEIENsIeMOMY OTHONIeHneM BKoYeHns C ua muoxkecrse I(S).
[Tosromy, muOKeCTBO A(S), YIOPSAI0UeHHOE OTHOIIEHHEM <, SIBJISIETCS JTBONCTBEHHBIM K
pemérke (I(S),C) u, cieg0BaTeIbHO, ABAAETCS TOJHON PENTETKOM.

C ucnosb30BaHNeM BBEJIEHHOTO OTHOIICHUS TPEJIIeCTBOBAHMUS, OIPEIETIIOTCI OTHO-
IIEHNs] CTPOTOr0 < W HEMOCPEJCTBEHHOIO < MPEJIIIeCTBOBAHNS.

A<B&S A< BuA#B.

A<B&A<BuidCe AS): A< C < B.

Vreepxkaenne 2. [lycmv A, B € A(S).
A<B&a;<b, j=01,....2n—1. (11)
Joxazameavcmeo. A < B < I(B) C I(A)
& 10 KaKJIOMY U3 21 HAIPaBJICHUI MPU3HAKOBOIO MPOCTPAHCTBA, B nuTepBase I(A)
y/IaJIeHO He OOJIbIIe 3HAYEHH, YeM yIAJeHO [0 COOTBETCTBYIONUM HAIDPABICHHSIM B HH-

tepsaJte I(B)
<:>aj§bj,j:0,1,...,2n—1. H
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U3 yTBepxaeHnd 2 cieayer

YrBepxkaenue 3. Pewémounviti nopadok < na mHoscecmse unOUKAMOPHBLL BEKMOPOS
C COTPAHENUEM NOPAIKG BAONHCEN 6 NEKCUNECKUT NopAdok <:

A<B=AS<B. (12)
Tak ke, n3 yTBepXK/IeHUs 2 cJIeayeT

YrBepxkaenue 4.
A%B@H'k(ak—Fl:bk,V]%k(a]:b])) (13)

7. OIEPATOP 3AMBIKAHUA HA PEIIETKE MHINKATOPHBIX BEKTOPOB

[lycte H C S — obacts npocrpancra S. Ha muoxkecrBe A(S) ompeennm omepa-
Top ", KOTOPBIT KasK10My HHAMKATOPHOMY BEKTOPY A CTaBUT B COOTBETCTBUE MHIMKATOD-
HBI BeKTOp A", mopoyk 1aromuii HauMeHbINNil WHTePBaJI, COIeP KAIIHii Te ke 1-TOUKH, ITOo
1 WHTEPBAJI, MOPOKIAEMBINH HCXOTHOW BEKTOPOM A.

Pesynwrar neiicrsust oneparopa ”, ya00HO NpejacTaBUTh B BUJIE CAEAYIOIIEH TOCIe/10-
BaTeJbHOCTH TTAroB:

A=1A) = 1A NH=[I(A)NH]= A"

B cuny cBoero ompejenenusi, oneparop ' obiagaer CaegyronuME CBOCTBAME, aHa-
noruaubIME cBoiicTBaM (7) — (9):

A<B=A"<B" (14)
A< A" (15)
(AII)II — A”, (16)

W, CJIeJJOBATEJLHO, SIBJISIETCST OMEPATOPOM 3aMbiKanus [3] Ha MuoKecTBe A(S).
Bekrop A" HasbiBaercst 3aMbIKaHHEM BeKTOpa A.

Omnpenenenne 3. lnaukatopubiii BeKTOP A Ha3bBIBAETCS 3aAMKHYTBHIM, €CJIH OH COBIIAIAET
CO CBOMM 3aMbIKaHUEM, TO ecTh, ecan A" = A.

B cuny onpenenenns onepaTopa 3aMbIKAHASA, IMEHHO 3aMKHYThIe HHINKATOPHBIE BEK-
TOpa MOPOXKIAIOT UHTEPECYIONne HAC 3aMKHYThIe HHTEPBAJIbI.

Ecmu y BekTOopa A ero KoMImOHeHTH 0OO3Ha4eHBI Kak a;, j = 0,1,...,2n — 1, 1O
COOTBETCTBYIOIHE KoMIOHeHThl BekTopa A" OynyT oboznauarbes aj, j =0,1,...,2n— 1.

B cuy moHOTOHHOCTH Omepartopa 3aMbikauust (14) w yTBep:KIAeHHs 2, KOMIOHEHTHI
BekTOpoB A n A” yl0BI€TBOPSIOT YCIOBHIO

a; <al, j=0,1,...,2n — 1. (17)

[Tycte A € A(S) u A <, A+ 1. B s1om cayqae
A= (ag,...,Qm,Qmi1y--- 02p-1) W A+1=(ag,...,a,+1,0,...,0), n1e
m=max{j:a; #0, j=0,1,...,2n—1,} (18)
TO €CTh, M — HAKOOJIbINee HAPABICHHE MPU3HAKOBOTO IPOCTPAHCTBA, 0 KOTOPOMY KOM-

NoHenTa a; BekTopa A + 1 oTamdana oT HyIs.
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O6o3naunm M — MOJAMHOYKECTBO BCEX BEKTOPOB, KOTOPBIM BEKTOp A MpeIiecTByer

0 KOMITOHEHTe M

M ={D e A(S) | A <., D}. (19)
JTro6oii Bektop C' € A(S) Takoii, uto A S, C' u k < m HAXOAUTCS JTEKCHIECKHU JAJBIIE OT
BekTOpa A, Yem kakJblii u3 BeKTOpoB moaMuozxKectBa M. [TosTomy, mMeHHO cpean Bek-
TOPOB TNOJMHOYXKecTBa, M cjejyer uCKaTh 3aMKHYTBIH BEKTOP, JIEKCHUECKU OJIVMKAUTINNT K
BekTopy A. U TO/IBKO, ecim B moaMHOZKecTBe M HCKOMOTO BEKTOpPA HE OKAYKeTCs, Tepe-
XOJIUTh K BEKTOpPaM, KOTOPBIM BEKTOp A JIEKCHUeCKH MpeaNIeCTBYeT O HAIPABICHUIM,
MEHBIITUM HAIIPABJICHUS 1.

B MmuOokecTBe A(S), yIOpsIIOUeHHOM OTHOIIEHHEM JIEKCHIECKOTO TIOPS/IKA, MOJIMHOMKe-
crBo M smisiercs uarepsaaoMm. O6o3Haunm 1ot uarepsan (B, B+ +]. Huxuss rpanura
9TOTO WHTEpBaJa B - BEKTOP, HEMOCPEICTBEHHO JIEKCHIECKH CJIeIYIONNil 38 BeKTOpoM A,
T0 ecTh, B = A+ 1. Bektop B+ + onpegensiercs mo BekTopy A+ 1 u cooTBeTCTBYOIIEMY
u3Mepennio m (18).

VYrBepxkaenue 5. VA€ A(S) : A< (A+1)".

VYreepxkaenue 6. I[Iycmv A € A(S). Ecau A <, A+ 1, D - samxnymui eexmop
makot, umo A <., D, mo (A+1)" < D u, caedosamenvno, (A+1)" < D.

Vreepxkaenune 7. [lyemv A € A(S). Ecau A <, A+ 1, D - zamrnymud eexmop
makot, wmo A S, D, mo A <, (A4 1)".

U3 yrBepazKkenuit 6 u 7 BHITEKAIOT CJIELYIONIAE YTBEPIKICHUS.

Vreepxkaenue 8. Feau A <, A+1uA<, (A+1)", mo(A+1)" - sexcunecku nau-
MEHLUWUT 3AMERYMBLT 6EKMOP CPEIU 3AMERYMYLT UHOUKAMOPHOLEL 6EKNOPOS, AEKCUMECKU
caedyrouux 3a 6exmopom A.

VYreepxkaenue 9. Fcau (A +1)" ne asasemes AeKcumeckuy HaUMEHLUUM 3AMEHYMBLM
8EKMOPOM CPEQU 3AMKNHYMVLE UHOUKAMOPHHLE 8EKMOPO8, ACKCUNECKU CACOYIOULUT 30 BEK-
mopom A, mo ne ewnosnsemca yeaosue A <, (A+1)".

[Mocsiesinee yTBepzK IeHNE MO3BOJISIET C(HOPMYIUPOBATH YCJIOBUE POBEPKH, SBJISIETCS
7 BekTOp (A + 1)" HCKOMBIM HHIMKATOPHBIM BEKTOPOM.

YrBepxkaenune 10. [lycmob
k=min{j | a} #aj, j=0,1,...,2n — 1}, (20)

mo ecmv, k — HauMenbUIEE HANPABAEHUE NPUSHAKOB020 NPOCMPAHCMEA, NO KOMOPOMY
Komnonenmu, eexkmopos A u (A + 1)" we cosnadatom. Toeda, ecau k < m, mo (A +1)"
He ABAACTNCA UCKOMbBIM BEKMOPOM.

Takum 06pa30M, eCJIH BBIMOTHSIIOTCS YCJI0BUS yTBepKaenns 10, uarepsan [B, B+ +],
e B = A+ 1, He cOlepKUT 3aMKHYTHIX BEKTOPOB W €r0 3JIeMEHTHI CJIeYeT TPOMyCTUTh.
st 3TOTO ClejyeT mepeiiTé K BEKTOPY, HEMOCPEJICTBEHHO JIEKCUYECKHU CJIEYIONEeMY 3a
BeKTOpOM B + +.

NnrepBan [B, B + +] yno0HO Ha3bIBATh MCKIIOYAEMBIM HWHTEPBAJIOM HE3aMKHYTHIX
BEKTOPOB.
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8. AJITOPUTM IIOUCKA JIEKCUYECKMU CJIEAYIOIIETO 3AMKHYTOTI'O
NMHANKATOPHOI'O BEKTOPA

Asropurm lexical NextClose(A) — aaropuT™ MOUCKA JIEKCHYECKH HAMMEHBIIErO 3a-
MKHYTOTO WHIMKATOPHOTO BEKTOPA, CJEIYIONIEro 3a BeKTOpoM A.

[Tcemokon anropurma lexical NextClose(A).
Bxopn. A — Tekymuii 3aMKHYTHI WHINKATOPHBIN BEKTOP;

Brixon. C — jnekcudecku HaWMEHBINH 3aMKHYTHIH WHINKATOPHBIN BEKTOD,
CIAeIYIONit 3a BeKTopoMm A.

Merton.
1) B=A+1
2) C=A4A"
3) repeat
4) m =mazx{j | b; #0, j=0,1,...,2n— 1}
5) k=min{j | bj #¢j, j=0,1,...,2n -1}
6) if £ <m then begin
7) B=B++
8) B=B+1
9) C=B"
10) end
11) until £ <m
12) return C

[Tosicuenns K nceBmokoay aimropurma lexical NextClose(A).

[MIar 1. B — BeKTOp, HEIOCPEACTBEHHO JIEKCHIECKH Caeayonmii 3a A.

[MTar 2. C — 3ambikaHue BeKTOpa B.

[MMTaru 3 - 11. Ilukji, oCymecTBISIONINNA BHIYUCIEHNE NCKOMOT'O BEKTOPA.

[MTar 4. m — HauboJIbIllee U3MEpPeHne MPU3HAKOBOIO IMPOCTPAHCTBA, MO
KOTOPOMY KOMIIOHEHTa BeKTOpa B oT/ndHa OT HYJIs.

[MTar 5. k — HamMeHbIllee W3MepeHre PU3HAKOBOIO MTPOCTPAHCTBA, I10
KOTOPOMY KOMIIOHEHTHI BeKTOpoB B u (' He COBIAJIAIOT.

[IIar 6. [IpoBepka, sBigercsa u BeraucaeHHOe C' HCKOMBIM BEKTOPOM.
Ecnm ycmoBue BBITIOTHSIETCS, TO — He SIBISIETC.

[MIar 7. [Ipomyck JIeKCHIecKOro MHTepBaJia HE3aMKHYTBHIX BEKTOPOB,
CJIEJIYIONINX 33 TEKYIIUM BEeKTOpOM B.

[MTar 8. BaMeHa, TeKyIIero 3HadeHnst BeKTopa B Ha BEKTOD,
HEMOCPEJICTBEHHO JIEKCUYECKHU CJIEJYIONUi 3a BeKTOpoM B + 4.

[ITar 9. C' — 3ambIikaHme BekTOpa B.

Iar 11. [IpoBepka, HaiigeH JIM UCKOMBIII BEKTOD.

Iar 12. Bosspar naiigennoro sekropa C'.
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9. ICKJIFOYAEMBI MHTEPBAJI
[Iycts A € A(S) — 1-Bekrop, I(A) — OPOXKTAEMBIHl UM HHTEPBAI.
AZ ={D e A(S)| A< D}. (21)

DJIEMEHTHI MTOIMHOYKECTBA Aé —3T0 1-BeKTOpa, MOPOXKIAIONINE TOANHTEPBAILI NHTEPBA-
na I(A).
AS ={De A(S)| A< D} (22)

A
JIEMEHTHI TTOJMHOKECTB — BCE BEKT JEKCHIECKU CJT i BeKTOpOM A.
Dneme onMHOKecTBa A — BCe BEKTOpa, JEKCHIECKU CJIeIyOIue 3a BeKTopoM A

, A
B cuity JIMHERHOCTH JIEKCHYIECKOTO MOpsIKa <, MOJIMHOKECTBO AZ — 1Ielb B yIIOPSLIO-
qernHoM MHOKecTBe (A(S), <), HAUMHAOMALCS ¢ BeKTOpa A.
Paccmorpum nHa noaMuokecTBe AZ MOAIENOYKY MaKCUMAJIbHON JJIMHBI, HAYAJIbLHBII

. A
9JIEMEHT KOTOPOil BeKTOp A, U COCTOSINIYIO0 U3 3JeMEeHTOB I0JMHOXKecTBa A, Hemocpe/-
CTBEHHO JIEKCUYECKU CJIEAYIOIIUX JAPYT 3a JAPYTOM.

. A
Takas mojnenovyka obpasyer HekoTopbiii unTepBan [A, B] nonmuoxkectBa AZ. Bek-

TOop A — HUZKHSST TPaHb YTOTO WHTEPBaJIA. BekTop B - 3T0 BEKTOP W3 MOIMHOKECTBA Aﬁ
TaKoil, 9TO HEMOCPEICTBEHHO JIEKCHICCKH CJIeLyIONTnii 3a HUM BeKTop (BekTop B+ 1) yue
He SBJISeTCS 3JTeMEeHTOM MOIMHOZKECTBA Aﬁ.

1-uHTepBaJIbl, TOPOZKIaeMble BeKTOpaMH U3 HHTepBasa [A, B], He ABIAIOTCA MaKCH-
MaJIbHBIME (32 HCKJIIOUeHneM, MOYKeT ObITh, BeKTopa A), U, CJie0BaTeIbHO, MOI'YT OBIThH
MCKJIIOUeHbI U3 paccMoTpenust (mpomyiiensl ). Takum o6pasom, ot BekTopa A MOXKHO cpasy
nepeiitu K BeKkTopy B.

Nnreppan [A, B] Oymem Ha3pIBATH MCKIIOYAEMbIM HHTEPBAIOM 1-BEKTODOB.

Boraucsienne BekTopa B 110 3a/1aHHOMY BEKTOPY A OCYIIECTBISIETCS CJIELYIONUM 00-
pazom.

[ycts A = (ag,...,0,_1) U

m =maz{i| ay #0Vagy #0,i=0,1,...,n—1}. (23)

TO €CTh, M - HAHOOJIbIIIee U3MepeHne IPU3HAKOBOIO IPOCTPAHCTBA S, B KOTOPOM XOTSI ObI
IO OJHOMY W3 HAIPABJIEHUH €CTh OTIMYIHAs OT HYJII KOMIOHEHTA.

Paznuuaarorcs aBa caydas: dopmi; = 0 U dopiq 7# 0.

Kazxkaprit 3 3Tux ciaydaeB pacCMOTPUM OT/IEJIHHO.

Coyuaii 1). agmi1 = 0.

Bnech BekTopa A m B uMeOT CaeayIONii BUI;

A: (ao,...,agm,l,an,O,...,O), (24)
B = (a()a---aa2m—1>b2mab2m+la---ab2n—1)a (25)
rie
b2m = (nm - 1); b2m+1 = 07
bomiz = (nm+1 - 1), bomssz = 0, (26)
b2n—2 — (nn—l - ]-)7 b2n—1 = 0.
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JI/1s1 KOMIIOHEHT BeKTOPOB A n B BBIIOJHAIOTCSA YCIOBASA MOKOMIIOHEHTHOIO MPEIIIeCTBO-
BAHU:

ap = bo, .., Gam—1 = bam—1, G2m < bam, - o5 G2p—1 < bop g

Orciona, B cuy (11), A < B u, ciegosarensto, B € Aﬁ.

Kpowme Toro, Tak kak A < B, ro A < B, a 3naunt, [A, B] — nuareppa B Aﬁ.

Kax aprit Bektop D € [A, B] umeer Bu: h

D = (ag, - .., Gom—1, dom;, o1, - - -, don_1),

U JJI €0 KOMIIOHEHT BBINOJHSAIOTCH YCIOBUS

a; de, j:(),]_,,2’ﬂ—]_

[Tosatomy A < D u, cregoBarenbuo, D € Aﬁ.

Taxum obpasom, [A, B] C AZ.

[TokazkeM, 9TO BEKTOP, HEHOCPEICTBEHHO JIEKCHUeCKH CJIeyIomuii 3a BekropoM B, He
NPUHATEXKAT TOIMHOKECTBY A2

[Iycts C' = B+1 — BeKTOP, HEIIOCPEACTBEHHO JEKCAUECKH CJIeLYIONIHil 32 BEKTOPOM B.

B BekTope C' KOMIOHEHTA o, = 0. Tak Kax agy, 7# 0, TO Copy & gy U, CIEI0BATENBHO,
AL C, 1o ectn, C' & Aﬁ.

Cryuait 2). agmqq 7 0.

3aech BekTOpa A 1 B UMEOT CAeayomuil BUI;:

A: (ag,...,a2m,1,a2m,a2m+1,0,...,O), (27)
B = (a07---aa2m—17a2m>b2m+17"'7b2n—1)7 (28)
rie
b2m = Q2m, b2m+1 - (nm - 1) — A2m,
b2m+2 = (nm+1 - 1), b2m+3 = 0, (26)
b2n—2 — (nn—l - ]-)7 b?n—l = 0.

st 3TOrO Ciryvast 060CHOBAHME MOYTH MOJHOCTHIO TIOBTOPSET MPEALIAYIINI BAPUAHT, 33
MCKJIIOUEeHUEeM TOro, 9T0 B BekTope C' Termeph KOMIOHEHTA Copqq = 0.

Takum obpasom, 110 3aganHoMy 1-BekTopy A, mcmosb3yst (26) wam (29), MOXKHO BbI-
IUCJUTH UCKJII0YaeMblii naTepBat 1-sektopos [A, B].

10. PACIIIUPEHUE UCKJ/JIIOYAEMOTO UHTEPBAJIA

A~ — BeKTOp, HEIMOCPEJICTBEHHO MpellecTBYOmuil BekTopy A 1mo Hampasie-
HEuio 2m + 1.

Tak Kak

A = (ag,...,02m_1,0m, A2m11,0,...,0), T0, ¢ yaérom (13),

A = (a,g, vy Aom 1, A2m s A2mt1 — 1, 0, ceey 0)

A~ < A u, crenosarensno, [(A) CI(A7)u A~ S A

Bekrop A~ — 310 He 1-Bextop. Ecan 661 BekTOp A~ mopoxaan 1-unrepsas, to [A~, B]
OBLIT ObI HCKJII0YaeMbIM HHTepBagoM 1-BekTopoB, A € [A~, B| u, nosromy, BekTop A GblI
OBl UCKJIIOYEH M3 PACCMOTDEHMUSI.
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Paccmorpum untepsan J, onpenengeMblii CIeIyIOMEM 00Pa30M:
J=I(A")\I(A). (30)

Tak kak, INI(A) =QuI(A") = JUI(A), ro uarepsasst J u I(A) nopoxaaior pazduenmne
unrepsaga A~ .

I(A) — l-unrepsan, I(A~) — me l-unrepsan. CienoBaresbHO, UMEHHO WHTepBAJ .J,
SABJIACTCS NHTEPBAJIOM, COACPIKAIIM XOTs ObI 0HY 0-TOUKY IIPU3HAKOBOIO MPOCTPAHCTBA.
[TosTomy, r000it mHTEpBaJI, cojaepsKaluit naTepBaJj J, — He 1-uHTEpBAJI.

HanKaTOpHBI BEKTOp MHTEpBaa, J:

A(J) = (ao, ey Aom—1, (nm - ].) - (a2m+1 - ].), Ao2m+1 — ]_,0, Ceey 0) (31)

[Tycts [A, B] — uckao4aeMblii ”HTEpBaJ 1-BeKTOPOB, MOPOKIAEMbIil BEKTOPOM A.
Paccmorpum ciemyromnue 1Ba 1mara.

[Tar 1).
B+ 1= (ag,...,am-1,0m +1,0,...,0). (32)
Tak kak, B+1 < A(J), 10 I(A(J)) C I(B+1) u, crenosarenbno, B+1 — ne l-unteppa.

C = (CLO, vy Q2m—1, Qo + 1,&2m+1 - ]_, (nm+1 - ].),0, [N (nn_l - ].), 0) (33)

Tak kak, C' < A(J), o I(A(J)) C I(C) u, crenosaresnsno, C' — ue l-uurepsad.

Hanee, B+1 < CuVD € [B+1,C] : D < C. Caenosarensno, I(C) C I(D)
u D — ne 1-ekrop. [Tosromy, [B+ 1, C| MOKHO HCKITIOUATE U3 PACCMOTPEHHSI, TEM CAMBIM
pacimupus uarepsan [A, B] 1o unrepsaia [A, C|.

[lar 2).
C + 1= (Cl(), vy Aom—1, A2m + 17a2m+170)07 .. '70;0)' (34)

Tax kak, A < C + 1, ro I(C 4+ 1) C I(A) u, cregosarenso, [C' + 1, (C +1) + +] C A2,
[osromy, unrepsan [C + 1, (C'+ 1) + +] MOKHO UCKTIOUHTH U3 PACCMOTPEHNUS, PACTIHPUB
unrepsat [A, C] no unrepsana [A, (C'+ 1) + +].

O6osnaunm B = (C'+1)++ u pacimupenHblii TakuM 06pa30M HCKII0YaeMblil HHTePBAJT
cHoBa 3amuireM B Buje [A, B].

[MTaru 1) u 2) NOBTOPSITH 70 TEX TOP, MOKa KOMIOHEHTHI BeKTOpa B ¢TaHyT paBHBIMU

bom = (nm_l)_a'2m+17 b2m+1 = Q2m+1- (35)

ITpumeuanue 4. Pacrmmpenne ncxognoro uarepnasia [A, B] npoBoanioch TOIBKO st
caydast Ggmy1 7 0. Ecin agmyr = 0, 1o Beipaxenus: (29) u (35) cosmamayt. ITostomy
BRIpazKeHne (35) paccMaTpuBaercst Kak 00o0menne Boipazkenuit (29) u (35).

IIpumeuanne 5. Bekrop B, NOTyYeHHBIH B pe3yabTaTe YKA3aHHBIX BRIYHCICHHI Oyaem
o6o3HauaTh A + +m, TeM caMbIM MOAUEPKUBAs, YTO [/ €r0 BHIYHCICHHA HCIOIH30BAH
BekTOp A n mHMOpPMaNUS MO0 W3MEPEHUIO M TOro BekTopa (23).
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11. AJITOPUTM IIOUCKA 1-BEKTOPOB, IIOPOXKJIAIOIIINX

MAKCHUMAJIBHBIE 1-UHTEPBAJIBI

Ausropurwm list MinAntichains — aaropuT™ MOUCKa BeeX 1-BEKTOPOB, MOPOKIAIOIINX

MaKCHUMaJIbHbBIC 1—I/IHTepBaJ[bI .

[TceBmokos anropurMma list MinAntichains.

Bxon. Her;
Boixon. B — cnucok Beex 1-BEKTOPOB, TOPOZKIAIONINX MAKCHMAJIbHBIE 1-HHTEPBAJIbL.
Metoz,.
1) if (0,...,0) — 1-Bekrop return {(0,...,0)}
2) B=0
3) A=(0,...,0)"
4) repeat
5) if (A—1) - 1-sektop then begin
6) if IDe B : D<A then B=BU{A}
7) m=mazx{i|ay #0 V ayy1 #0, i=0,1,...,n—1}
8) A=A++m
9) end
10) A = lexical NextClose(A)
11) until A # (0,...,0)"
12) return B

[Tosichenust K mceBmoKkomy aaroputma list MinAntichains.

[MIar 1.

[MIar 2.
[MIar 3.

MTarum 4 - 11.
[Tar 6.

IMTar 7.

[TIar 8.
[Tar 10.

Eciin BekTOp, MOpOXKIAIONIHIT ITPU3HAKOBOE TPOCTPAHCTBO, — 1-BEKTOP,
TO OH TIOPOXKJIAET €MHCTBEHHbI MaKCUMaJIbHBIN 1-mHTEpBaJI.
M3nava/ibHO MHOXKECTBO B MCKOMBIX 1-BEKTOPOB ITyCTO.

A — Tekymuii 3aMKHYTHI BEKTOD — 3aMBIKQHUE BEKTOPA,
IIOPOZK/IAIONIEr0 IPU3HAKOBOE MIPOCTPAHCTBO.

Huk, OCyMIecTBAAIONINI BHIYHUCIeHIe HCKOMOTO MHOZKEeCTBA BEKTOPOB.
Ecnu tekymmuit 1-BekTOp A — 3TO0 MakcuUMaIbHBIH 1-BeKTOP, TO
BKJTIIOYUTH €r0 B MHOYKECTBO B3.

m — HauboJIbIllee U3MepeHne MPU3HAKOBOTO MPOCTPAHCTRA S,

0 KOTOPOMY XOTsI ObI 110 OJTHOMY W3 HAIPABJIEHHUI €CTh OTJIUYHAS OT HYJIS
KOMITOHEHTA.

[TepeiiTu K mpaBoil rpaHUIE UCKIIOYAEMOTO HHTEPBAJIA.

HaiiTn 3aMKHYTBIII BEKTOP, JEKCUICCKH CACAYIONNAN 38 TEeKYTTUM
BeKTOpOM A.
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3AKJIFOUEHUE

B pabore momydensr ciemyromniue pesyabrarei: Ompeie/leHo TOHSTHEe WHTepPBaJa, 3a-
MKHYTOI'O OTHOCHUTE/ILHO 33JaHHON O00JIACTU TMPU3HAKOBOI'O MPOCTPAHCTBA U IOKA3aHO,
YTO MCKOMBIE MaKCHMaJIbHbIe WHTEPBAJIbI SIBJISIIOTCA 3aMKHYTHIMHU. BeaeHo MoHaTHE WH-
JIMKATOPHOTO BEKTOpa MHTEPBaJia, KaK CIIoco0a IpeJICTaBIeHUs] UHTEPBAJIOB MPU3HAKO-
BOr0 mpocTpaHcTBa. Ha MHOXKecTBe TaKMX BEKTOPOB OMPEIETEH OMEpaToOp 3aMBIKAHUSI,
MOPOKJAIOMNUN 3aMKHYThIe WHINKATOPHBIE BEKTOPA, peau3yoline 3aMKHYTble HHTep-
BaJbl. [IpeamoxKeH aqropuT™ MOUCKA B JIEKCHKOIpahUIeCKOM MOpSIKe BCeX 3aMKHYTBIX
HHIMKATOPHBIX BEKTOPOB. [IpeTokeH aaropuT™ MOUCKa B JEKCHKOIPAUIECKOM TOPSII-
Ke BCEX MHJMKATOPHBIX BEKTOPOB, MOPOK/IAIONIUX MaKCHMAJbHBIE WHTEPBAJIbI 00JIAaCTH
MPU3HAKOBOTO TTPOCTPAHCTBA.
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