
ÓÄÊ 519.4Î ÊËÀÑÑÈÔÈÊÀÖÈÈ ÏÀ�Û q-ÊÎÌÌÓÒÈ�ÓÞÙÈÕÎÏÅ�ÀÒÎ�ÎÂ Â ÊÎÍÅ×ÍÎÌÅ�ÍÎÌ ËÈÍÅÉÍÎÌÏ�ÎÑÒ�ÀÍÑÒÂÅ Àõðàìîâè÷ Ì.Â., Ìóðàòîâ Ì.À.Òàâðè÷åñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Â.È. Âåðíàäñêîãî�àêóëüòåò ìàòåìàòèêè è èí�îðìàòèêèïð-ò Âåðíàäñêîãî, 4, ã. Ñèì�åðîïîëü, 95007, Óêðàèíàe-mail: mustafa_muratov�mail.ru fromen�bk.ruAbstrat. We prove that the problem of lassi�ation (up to a similarity transformation)the pair of nilpotent operators (A;B), A3 = B3 = 0 with ondition of q-ommutation BA = qAB,where q 2 C; q 6= 0, is "wild". ÂâåäåíèåÂ ðàáîòàõ È.Ì.�åëü�àíäà, Â.Ô.Ïîíîìàðåâà [1℄ è Ñ.À.Êðóãëÿêà [2℄ (ñì. òàê-æå [3℄) áûëî ïîêàçàíî, ÷òî çàäà÷à î êàíîíè÷åñêîì âèäå ïàðû êîììóòèðóþùèõ ëè-íåéíûõ îïåðàòîðîâ A è B â êîíå÷íîìåðíîì êîìïëåêñíîì ëèíåéíîì ïðîñòðàíñòâå Vîòíîñèòåëüíî ïðåîáðàçîâàíèÿ ïîäîáèÿ ñîäåðæèò çàäà÷ó î êëàññè�èêàöèè ëþáîãî êî-íå÷íîãî ÷èñëà ïðîèçâîëüíûõ íåêîììóòèðóþùèõ ëèíåéíûõ îïåðàòîðîâ A1; A2; : : : ; Ak.Ïîýòîìó ïîïûòêà íåïîñðåäñòâåííîãî íàõîæäåíèÿ êàíîíè÷åñêîãî âèäà ïàðû êîììó-òèðóþùèõ îïåðàòîðîâ (A;B), ñ òî÷íîñòüþ äî ïðåîáðàçîâàíèÿ ïîäîáèÿ, íå èìååòñìûñëà, ò.å. ÿâëÿåòñÿ ¾äèêîé¿ (ñì. [4℄,[5℄)). Â äàííîé çàìåòêå ìû ïîêàçûâàåì, ÷òî¾äèêîé¿ ÿâëÿåòñÿ è çàäà÷à êëàññè�èêàöèè, ñ òî÷íîñòüþ äî ïðåîáðàçîâàíèÿ ïîäî-áèÿ, ïàðû íèëüïîòåíòíûõ îïåðàòîðîâ (A;B), A3 = B3 = 0, ñâÿçàííûõ ñîîòíîøåíèåìq-êîììóòàöèè: BA = qAB, ãäå q 2 C; q 6= 0.1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ�àññìîòðèì êîíå÷íîå ñåìåéñòâî (A1; A2; : : : ; Am) îïåðàòîðîâ èç B(V). Òàêîå ñå-ìåéñòâî ïðè m > 1 áóäåì íàçûâàòü òàêæå m-êîé èëè íàáîðîì îïåðàòîðîâ â V.Îïðåäåëåíèå 1. m-êà (A1; A2; : : : ; Am) îïåðàòîðîâ èç B(V) íàçûâàåòñÿ íåðàçëî-æèìîé, åñëè âåêòîðíîå ïðîñòðàíñòâî V íåëüçÿ ïðåäñòàâèòü â âèäå ïðÿìîé ñóììûíåòðèâèàëüíûõ ïîäïðîñòðàíñòâ V =MuN;èíâàðèàíòíûõ îòíîñèòåëüíî êàæäîãî îïåðàòîðà Ak, k = 1; 2; : : : ; m.Èìååò ìåñòî ñëåäóþùèé êðèòåðèé íåðàçëîæèìîñòè.Ïðåäëîæåíèå 1. m-êà (A1; A2; : : : ; Am) îïåðàòîðîâ èç B(V) ÿâëÿåòñÿ íåðàçëîæè-ìîé òîãäà è òîëüêî òîãäà, êîãäà èç óñëîâèÿ:RAk = AkR; k = 1; 2; : : : ; m; R2 = Rñëåäóåò, ÷òî R = 0 èëè R = I.



18 Àõðàìîâè÷ Ì.Â., Ìóðàòîâ Ì.À.Îïðåäåëåíèå 2. Ïóñòü V è W äâà âåêòîðíûõ ïðîñòðàíñòâà. Íàáîðû îïåðàòîðîâ(A1; A2; : : : ; Am) â V è (B1; B2; : : : ; Bm) âW íàçûâàþòñÿ ïîäîáíûìè, åñëè ñóùåñòâóåòîáðàòèìûé îïåðàòîð S : V!W òàêîé, ÷òîSAkS�1 = Bk; k = 1; 2; : : : ; m:Ïîäîáèå íàáîðîâ îïåðàòîðîâ (A1; A2; : : : ; Am) è (B1; B2; : : : ; Bm) áóäåì îáîçíà÷àòü(A1; A2; : : : ; Am) s (B1; B2; : : : ; Bm)èëè (A1; A2; : : : ; Am) Ss (B1; B2; : : : ; Bm)
2. q-êîììóòèðóþùèå ïàðû îïåðàòîðîâÏóñòü (A;B) � ïðîèçâîëüíàÿ ïàðà îïåðàòîðîâ èç B(V). �àññìîòðèì ëèíåéíîåïðîñòðàíñòâî

V =M 4Xk=1Vk; Vk = V; k = 1; 2; 3; 4;è ïàðó îïåðàòîðîâ A ;B 2 B(V ):
A = 0BB� 0 0 I 00 0 0 A0 0 0 I0 0 0 0 1CCA ; B = 0BB� 0 qI 0 00 0 0 B0 0 0 A0 0 0 0 1CCA ;ãäå q 2 C; q 6= 0.Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.Ïðåäëîæåíèå 2. Îïåðàòîðû A è B óäîâëåòâîðÿþò ñîîòíîøåíèÿì:1)BA = qA B;2)A 3 = B3 = 0.Äîïóñòèì, ÷òî èìååòñÿ äâå ïàðû îïåðàòîðîâ (A;B) â ïðîñòðàíñòâå V è ( eA; eB)â ïðîñòðàíñòâå eV. Ïîñòðîèì, êàê è âûøå, îïåðàòîðû (A ;B) â ïðîñòðàíñòâå

V = L 4Pk=1Vk, Vk = V, k = 1; 2; 3; 4 è îïåðàòîðû ( fA ; eB) â ïðîñòðàíñòâåeV =L 4Pk=1 eVk, eVk = eV, k = 1; 2; 3; 4.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2010



Î êëàññè�èêàöèè ïàðû q-êîììóòèðóþùèõ îïåðàòîðîâ 19Ëåììà 1. Ïóñòü S : V ! eV � òàêîé îïåðàòîð, ÷òî
S A = fA S ; S B = eBS :Òîãäà îïåðàòîð S èìååò âèä:

S = 0BB� S S12 S13 S140 S 0 S240 0 S S340 0 0 S 1CCA :Äîêàçàòåëüñòâî. Ïóñòü îïåðàòîð S èìååò âèä:
S = 0BB� S11 S12 S13 S14S21 S22 S23 S24S31 S32 S33 S34S41 S42 S43 S44 1CCA :Òîãäà

S A = 0BB� S11 S12 S13 S14S21 S22 S23 S24S31 S32 S33 S34S41 S42 S43 S44 1CCA0BB� 0 0 I 00 0 0 A0 0 0 I0 0 0 0 1CCA =
= 0BB� 0 0 S11 S12A+ S130 0 S21 S22A+ S230 0 S31 S32A+ S330 0 S41 S42A+ S43 1CCA ;

fA S = 0BB� 0 0 eI 00 0 0 eA0 0 0 eI0 0 0 0 1CCA0BB� S11 S12 S13 S14S21 S22 S23 S24S31 S32 S33 S34S41 S42 S43 S44 1CCA =
= 0BB� S31 S32 S33 S34eAS41 eAS42 eAS43 eAS44S41 S42 S43 S440 0 0 0 1CCA ;

S B = 0BB� S11 S12 S13 S14S21 S22 S23 S24S31 S32 S33 S34S41 S42 S43 S44 1CCA0BB� 0 qI 0 00 0 0 B0 0 0 A0 0 0 0 1CCA =
= 0BB� 0 qS11 0 S12B + S13A0 qS21 0 S22B + S23A0 qS31 0 S32B + S33A0 qS41 0 S42B + S43A 1CCA ;¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2010



20 Àõðàìîâè÷ Ì.Â., Ìóðàòîâ Ì.À.eBS = 0BB� 0 qeI 0 00 0 0 eB0 0 0 eA0 0 0 0 1CCA0BB� S11 S12 S13 S14S21 S22 S23 S24S31 S32 S33 S34S41 S42 S43 S44 1CCA =
= 0BB� qS21 qS22 qS23 qS24eBS41 eBS42 eBS43 eBS44eAS41 eAS42 eAS43 eAS440 0 0 0 1CCA :Òàê êàê

S A = fA S ; S B = eBS ;òî èìååì ñëåäóþùèå ñèñòåìû ðàâåíñòâ:8>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>:

0 = S310 = S32S11 = S33S12A + S13 = S340 = eAS410 = eAS42S21 = eAS43S22A + S23 = eAS440 = S410 = S42S31 = S43S32A + S33 = S44S41 = 0S42A + S43 = 0;

8>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>:

0 = qS21qS11 = qS220 = qS23S12B + S13A = qS240 = eBS41qS21 = eBS420 = eBS43S22B + S23A = eBS440 = eAS41qS31 = eAS420 = eAS43S32B + S33A = eAS44qS41 = 0S42B + S43A = 0:Ñëåäîâàòåëüíî, 8>><>>: S21 = S23 = 0S31 = S32 = 0S41 = S42 = S43 = 0S11 = S22 = S33 = S44 = S:Òàêèì îáðàçîì, îïåðàòîð S èìååò âèä
S = 0BB� S S12 S13 S140 S 0 S240 0 S S340 0 0 S 1CCA :¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2010



Î êëàññè�èêàöèè ïàðû q-êîììóòèðóþùèõ îïåðàòîðîâ 21Ïðè ýòîì, 8>><>>: S12A + S13 = S34S12B + S13A = qS24SA = eASSB = eBS: �Òåîðåìà 1. Ïàðû îïåðàòîðîâ (A;B) è ( eA; eB) ïîäîáíû òîãäà è òîëüêî òîãäà, êîãäàïîäîáíû ïàðû îïåðàòîðîâ (A ;B) è ( fA ; eB).Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü (A;B) Ss ( eA; eB). Òîãäà (A ;B) Ss ( fA ; eB),ãäå îïåðàòîð S èìååò âèä
S = 0BB� S 0 0 00 S 0 00 0 S 00 0 0 S 1CCA :Äîñòàòî÷íîñòü. Åñëè (A ;B) Ss ( fA ; eB), ãäå

S : V ! eV ;òàêîé íåâûðîæäåííûé îïåðàòîð, ÷òî
S A = fA S ; S B = eBS :Â ñèëó ëåììû 1, îïåðàòîð S èìååò âèä:

S = 0BB� S S12 S13 S140 S 0 S240 0 S S340 0 0 S 1CCA :Ïðè ýòîì, � SA = eASSB = eBS:Ñëåäîâàòåëüíî, (A;B) Ss ( eA; eB). �Òåîðåìà 2. Ïàðà îïåðàòîðîâ (A;B) íåðàçëîæèìà â ïðîñòðàíñòâå V òîãäà è òîëü-êî òîãäà, êîãäà ïàðà îïåðàòîðîâ (A ;B) íåðàçëîæèìà â ïðîñòðàíñòâå V .Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü ïàðà îïåðàòîðîâ (A;B) íåðàçëîæèìà â ïðî-ñòðàíñòâå V. Äîïóñòèì, ÷òî ïàðà îïåðàòîðîâ (A ;B) ðàçëîæèìà â ïðîñòðàíñòâå V .Òîãäà, â ñèëó óòâåðæäåíèÿ 1, ñóùåñòâóþò èäåìïîòåíòû P1 è P2 òàêèå, ÷òî
P1 + P2 = I ; P1P2 = P2P1 = 0; [Pj;A ℄ = [Pj;B℄ = 0; j = 1; 2:¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2010



22 Àõðàìîâè÷ Ì.Â., Ìóðàòîâ Ì.À.Â ñèëó ëåììû 1, îïåðàòîðû P1 è P2 èìåþò âèä:
Pj = 0BBB� Pj S(j)12 S(j)13 S(j)140 Pj 0 S(j)240 0 Pj S(j)340 0 0 Pj

1CCCA ; j = 1; 2:Òàê êàê P2j = Pj, òî8>>>>>>><>>>>>>>:
P 2j = PjPjS(j)12 + S(j)12 Pj = S(j)12PjS(j)13 + S(j)13 Pj = S(j)13PjS(j)14 + S(j)12 S(j)24 + S(j)13 S(j)34 + S(j)14 Pj = S(j)14PjS(j)24 + S(j)24 Pj = S(j)24PjS(j)34 + S(j)34 Pj = S(j)34 :Òàê êàê P1 + P2 = eI, òî 8>>>>>>><>>>>>>>:

P1 + P2 = IS(1)12 + S(2)12 = 0S(1)13 + S(2)13 = 0S(1)14 + S(2)14 = 0S(1)24 + S(2)24 = 0S(1)34 + S(2)34 = 0:Èç óñëîâèé P1P2 = P2P1 = 0 ñëåäóåò, ÷òî8>>>>>>>>><>>>>>>>>>:
P1P2 = P2P1 = 0P1S(2)12 + S(1)12 P2 = P2S(1)12 + S(2)12 P1 = 0P1S(2)13 + S(1)13 P2 = P2S(1)13 + S(2)13 P1 = 0P1S(2)14 + S(1)12 S(2)24 + S(1)13 S(2)34 + S(1)14 P2 == P2S(1)14 + S(2)12 S(1)24 + S(2)13 S(1)34 + S(2)14 P1 = 0P1S(2)24 + S(1)24 P2 = P2S(1)24 + S(2)24 P1 = 0P1S(2)34 + S(1)34 P2 = P2S(1)34 + S(2)34 P1 = 0:Òàê êàê [Pj;A ℄ = 0 è

PjA = 0BBB� Pj S(j)12 S(j)13 S(j)140 Pj 0 S(j)240 0 Pj S(j)340 0 0 Pj
1CCCA0BB� 0 0 I 00 0 0 A0 0 0 I0 0 0 0 1CCA =

= 0BB� 0 0 Pj S(j)12 A+ S(j)130 0 0 PjA0 0 0 Pj0 0 0 0 1CCA ;¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2010



Î êëàññè�èêàöèè ïàðû q-êîììóòèðóþùèõ îïåðàòîðîâ 23
A Pj = 0BB� 0 0 I 00 0 0 A0 0 0 I0 0 0 0 1CCA0BBB� Pj S(j)12 S(j)13 S(j)140 Pj 0 S(j)240 0 Pj S(j)340 0 0 Pj

1CCCA =
= 0BB� 0 0 Pj S(j)340 0 0 APj0 0 0 Pj0 0 0 0 1CCA ;òî � S(j)12 A + S(j)13 = S(j)34PjA = APj;Íàêîíåö, òàê êàê [Pj;B℄ = 0 è

PjB = 0BBB� Pj S(j)12 S(j)13 S(j)140 Pj 0 S(j)240 0 Pj S(j)340 0 0 Pj
1CCCA0BB� 0 qI 0 00 0 0 B0 0 0 A0 0 0 0 1CCA =

= 0BB� 0 qPj 0 S(j)12 B + S(j)13 A0 0 0 PjB0 0 0 PjA0 0 0 0 1CCA ;
BPj = 0BB� 0 qI 0 00 0 0 B0 0 0 A0 0 0 0 1CCA0BBB� Pj S(j)12 S(j)13 S(j)140 Pj 0 S(j)240 0 Pj S(j)340 0 0 Pj

1CCCA =
= 0BB� 0 qPj 0 qS(j)240 0 0 BPj0 0 0 APj;0 0 0 0 1CCA :òî 8<: S(j)12 B + S(j)13 A = qS(j)24PjB = BPjPjA = APj;Òàêèì îáðàçîì, 8>>>><>>>>: P 2j = Pj 6= 0P1 + P2 = IP1P2 = P2P1 = 0PjB = BPjPjA = APj;¾Òàâðiéñüêèé âiñíèê ií�îðìàòèêè òà ìàòåìàòèêè¿, �2' 2010



24 Àõðàìîâè÷ Ì.Â., Ìóðàòîâ Ì.À.è, çíà÷èò, ïàðà îïåðàòîðîâ (A;B) ðàçëîæèìà â ïðîñòðàíñòâå V, âîïðåêè ïðåäïî-ëîæåíèþ. Ïðîòèâîðå÷èå ïîêàçûâàåò, ÷òî ïàðà îïåðàòîðîâ (A ;B) íåðàçëîæèìà âïðîñòðàíñòâå V .Äîñòàòî÷íîñòü. Äîïóñòèì, ÷òî ïàðà îïåðàòîðîâ (A ;B) íåðàçëîæèìà â ïðî-ñòðàíñòâå V . Åñëè ïàðà îïåðàòîðîâ (A;B) ðàçëîæèìà â ïðîñòðàíñòâå V, òî, â ñèëóóòâåðæäåíèÿ 1, ñóùåñòâóþò èäåìïîòåíòû P1 è P2 òàêèå, ÷òî8>>>><>>>>: P 2j = Pj 6= 0P1 + P2 = IP1P2 = P2P1 = 0PjB = BPjPjA = APj:Òîãäà äëÿ îïåðàòîðîâ
Pj = 0BB� Pj 0 0 00 Pj 0 00 0 Pj 00 0 0 Pj 1CCA ; j = 1; 2:èìåþò ìåñòî ñîîòíîøåíèÿ:

P
2j = Pj 6= 0; P1 + P2 = I ; P1P2 = P2P1 = 0; [Pj;A ℄ = [Pj;B℄ = 0; j = 1; 2:Ýòî îçíà÷àåò, ÷òî ïàðà îïåðàòîðîâ (A ;B) ðàçëîæèìà â ïðîñòðàíñòâå V , âîïðåêèïðåäïîëîæåíèþ. Ïðîòèâîðå÷èå ïîêàçûâàåò, ÷òî ïàðà îïåðàòîðîâ (A;B) íåðàçëîæèìàâ ïðîñòàíñòâå V. �Òàêèì îáðàçîì, çàäà÷à î êëàññè�èêàöèè, ñ òî÷íîñòüþ äî ïðåîáðàçîâàíèÿ ïîäî-áèÿ, ïàðû íèëüïîòåíòíûõ ëèíåéíûõ îïåðàòîðîâ (A ;B), A 3 = B3 = 0, ñâÿçàííûõñîîòíîøåíèåì q-êîììóòàöèè A B = qBA , ÿâëÿåòñÿ ¾äèêîé¿.Çàêëþ÷åíèåÎñíîâíûì ðåçóëüòàòîì äàííîé ñòàòüè ÿâëÿåòñÿ óòâåðæäåíèå, ÷òî çàäà÷à êëàñ-ñè�èêàöèè ïàðû íèëüïîòåíòíûõ îïåðàòîðîâ (A ;B), A 3 = B3 = 0, óäîâëåòâîðÿþ-ùèõ ñîîòíîøåíèþ

A B = qBA ; q 6= 0;à çíà÷èò, è çàäà÷à êëàññè�èêàöèè ïðîèçâîëüíîé ïàðû q-êîììóòèðóþùèõ îïåðàòîðîâ,ñîäåðæàò çàäà÷ó êëàññè�èêàöèè ïàðû îïåðàòîðîâ áåç äîïîëíèòåëüíûõ óñëîâèé.¾Òàâðè÷åñêèé âåñòíèê èí�îðìàòèêè è ìàòåìàòèêè¿, �2' 2010



Î êëàññè�èêàöèè ïàðû q-êîììóòèðóþùèõ îïåðàòîðîâ 25Ñïèñîê ëèòåðàòóðû1. �åëü�àíäÈ.Ì., ÏîíîìàðåâÂ. À. Çàìå÷àíèÿ î êëàññè�èêàöèè ïàðû êîììóòèðóþùèõ ëèíåéíûõïðåîáðàçîâàíèé â êîíå÷íîìåðíîì ïðîñòðàíñòâå, Ôóíêöèîíàëüíûé àíàëèç è åãî ïðèëîæåíèÿ, 3,âûï. 4, C. 81-82 (1969).2. Êðóãëÿê C.À. Î ïðåäñòàâëåíèÿ ãðóïïû (p; p) íàä ïîëåì õàðàêòåðèñòèêè p. ÄÀÍ ÑÑÑ�, 1963, 153,�6, C. 1253-1256.3. �óäèâîê Ï.Ì. Ïðåäñòàâëåíèÿ êîíå÷íûõ ãðóïï íàä êîììóòàòèâíûìè ëîêàëüíûìè êîëüöàìè. Óæ-ãîðîäñêèé íàöèîíàëüíûé óíèâåðñèòåò, Óæãîðîä, 2003. � 118 ñòð.4. Donovan P., Freislih M.R. The representation theory of �nite graphs and assoiated algebras. Car-leton Math. Leture Notes, 5, P. 1-119.5. Äðîçä Þ.À. �ó÷íûå è äèêèå ìàòðè÷íûå çàäà÷è. Ïðåäñòàâëåíèÿ è êâàäðàòè÷íûå �îðìû. Ñáîðíèêíàó÷íûõ òðóäîâ Èíñòèòóòà ìàòåìàòèêè ÍÀÍ Óêðàèíû, Êèåâ, C. 39-74.Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 29.11.2010
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