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We develop some tecniques whish allow us to apply the methods of commutative algebra for studing the representa-
tions of nilpotent groups. Using these methods, in particular, we show that any irreducible representation of a
[initely generated nilpotent group G over a finitely generated field of characteristic zero is induced from a primitive
representation of some subgroup of G.
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If a group G has a finite series such that each of its factors is either cyclic or quasicyclic, then
G is said to be minimax. If, in such series, all infinite factors are cyclic, then the group G is said
to be polycyclic. By Theorem 2.13 in [1], any finitely generated nilpotent group is polycyclic.

Let G be a group, let H be a subgroup of the group G, and let U be a right RH-module.
Since the group ring RG can be considered as a left RH-module, we can define the tensor product
U ®py RG, which is a right RG-module named the RG-module induced from the RH-module U.
If M isan RG -module and U < M, then M =U ®,; RG, iff M =®,_;Ut, where T is a right
transversal to the subgroup H in G .

If a kG -module M of some representation ¢ of a group G over a field % is induced from
some kRH -module U, where H is a subgroup of the group G, then we say that the representation
¢ is induced from a representation ¢ of the subgroup H, where U is the module of the repre-
sentation ¢. If the module M is not induced from any 2H-submodule for any subgroup H <G,
then we say that the module M and the representation ¢ are primitive. Recall that the repre-
sentation ¢ is said to be faithful. If Kergp =1, it is equal to C;(M)=1.

Certainly, the primitive irreducible modules are a basic subject for investigations, when we
are dealing with irreducible representations. In [2], Harper solved a problem posed by Zaleskii
and proved that any not Abelian-by-finite finitely generated nilpotent group has an irreducible
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primitive representation over a not locally finite field. In [3], we proved that if a minimax nilpo-
tent group G of class 2 has a faithful irreducible primitive representation over a finitely gene-
rated field of characteristic zero, then the group G is finitely generated. In [4], Harper studied
polycyclic groups which have faithful irreducible representations. It is well known that any
polycyclic group is finitely generated soluble, has finite rank, and meets the maximal condition
for subgroups (in particular, for normal subgroups). In [5], we showed that, in the class of soluble
groups of finite rank with the maximal condition for normal subgroups, only polycyclic groups
may have faithful irreducible primitive representations over a field of characteristic zero.

It is well known that any finitely dimensional irreducible representation of a group G is in-
duced from a primitive representation of some subgroup of G. Our main result shows that this
property may hold for infinitely dimensional representations.

Theorem 1. Let F be a finitely generated field of characteristic zero, and let G be a finitely
generated nilpotent group. Let M be an irreducible FG -module. Then there are an element
0+aeM and asubgroup L<G such that aFG =aFL®g FG and aFL is a primitive FL -module.

So, the following questions naturally arise.

Question 1. Is it true that any irreducible representation of a finitely generated nilpotent
group G is induced from a primitive representation of some subgroup of G?

Question 2. Is it true that any irreducible representation of a minimax nilpotent group G is
induced from a primitive representation of some subgroup of G?

Our methods of investigations are based on the following techniques introduced by Bro-
okes in [6]. A commutative ring R is a Hilbert one, if every prime ideal in R is an intersection
of some maximal ideals of R. A ring R is an absolutely Hilbert one, if it is commutative, Noethe-
rian, Hilbert, and all field images of R are locally finite.

Let G be a group, and let K be a normal subgroup of G . Let R be a ring, and let I be a
G -invariant ideal of the group ring RK . Then IT =GN (I +1) is a G -invariant subgroup of G .
We say that a G -invariant ideal I is G -large, if R/(RNI)=F isa field and |K/I T‘ <o,

Let R be an absolutely Hilbert ring, let V' be an RK -module, and let U be a submodule of
V. We say that a G -large ideal I of RK culls U in V,if VI<V and VI+U =V .

Let < N be a set of prime integers. We will say that a G -large ideal I is (n,G)-large, if
char(R/(RNI)) ¢ n. We will say that an RK -module V is (=, G)-large critical, if, for any non-
zero submodule U of V, there is a (r, G)-large ideal I of RK which culls the submodule U in V.

Proposition 1. Let K be a normal subgroup of a finitely generated nilpotent group G .
Let R be an absolutely Hilbert domain of characteristic zero. Let 0 =W be a finitely generated
RK -module which is R-torsion-free. Then there is a cyclic uniform RK -submodule 0=V <W which
is (1, G)-large critical for any finite set of prime integers t < N .

Let P be a prime ideal of a commutative ring S, and let Sp be the localization of S at the
ideal P.Let M be an S -module, and let the support Supp¢M of the module M consist of all
prime ideals P of § suchthat Mp =M ®, .S, #0 (see.|[7] Chap.1I, § 4.4). By [7, Chap. IV, § 1.4,
Theorem 2],if § and M are Noetherian, then the set pg(M) of minimal elements of Supp ¢M
is finite and coincides with p¢(AnngM). Here, pg(AnngM) is the set of prime ideals of §
which are minimal over AnngM . Since Anng¢(S/AnngM)=Ann¢M , we can conclude that

ps(M)=pg(AnngM)=ps(S/Ann M)
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where pug(S/AnngM) is the set of minimal elements of the support Supp¢(S/Ann¢M) of the
quotient module S/Ann M.

Let G be a group, and let K be a normal subgroup of G . Let L be a subgroup of G such
that K <L <G and the quotient group L/K is finitely generated free Abelian. Let R be a ring. If
I isa G -large ideal of the group ring RK , then the derived subgroup of the quotient group
L/ I" isfinite, and, hence, L/ I hasacharacteristic central subgroup A of finite index. Proposition
1 shows that there are plenty of G -large ideals of the group ring RK . Since the quotient group
L/K is finitely generated free Abelian, the subgroup A may be chosen finitely generated free
Abelian. Then, by [1, Theorem 3.7], the group ring kA is a Noetherian.

Let W be a finitely generated RL -module. Then W/WI is a finitely generated kA -module,
and, hence, W/WTI is a Noetherian kA -module. So, the finite set

Hea(W/WI) =y (Anny,, (W/WI)) (1)

is defined. Some basic properties of the set p,,(W/WI) are gathered in the following Lemma.
Lemma 1. Let G be a finitely generated nilpotent group, and let K be a normal subgroup of G
such that the quotient group G/K is free Abelian. Let R be an absolutely Hilbert domain, and let
W be a finitely generated RG-module. Let I be a G-large ideal of RK . Let A be a central free
Abelian subgroup of finite indexin G/I", k= R/(RNI). Then, for any RG -submodule W, <W :
(i) W,/W.I has a finite series, and each of whose quotients is isomorphic to some section of
W/ WI;
(ii) Suppy, W, /Wil = Suppy, W /WI;

(iii) for any P € w,, (W, /WiI), thereis Q € py (W /WI) such that Q < P;

(i) (W /WD) Nty (W /WI) € gy (Wi /WD) Oty (W /WI) for any RG -submodule W,
of W such that W, <W,.

Equality (1) relates properties of the module W with properties of ideals in the commu-
tative domain kA. This approach allows us to apply the methods of commutative algebra for
studying the module W. The next proposition shows how this relationship may be established.

Proposition 2. Let G be a finitely generated nilpotent group, and let H be a subgroup of G.
Let R be an absolutely Hilbert domain, and let W =0 be an RG-module. Let K be a normal sub-
group of G such that K< H. Let I be a G -large ideal of RK, let k=R/(INR), let A be a free
Abelian central subgroup of finite indexin G/I", andlet B= ANH/IT.Let 0=d e W such that
(dRG)/(dRG)I #0, let w be the image of d in (dRG)/(dRG)I, and let ] = Ann,,(w). Suppose
that dRG =dRH ®p; . Then:

(i) J=(JNkB)kA;

(i) 1y (ARG)/(ARGID) = () ;

(iii) if (dRG)/(dRG)I =0 is kA -torsion, then w,,(J) consists of properideals of RA.

The following proposition plays the key role in the proof of Theorem 1.

Proposition 3. Let G be a finitely generated nilpotent group, and let K be a normal subgroup
of G such that the quotient group G / K is free Abelian. Let R be an absolutely Hilbert domain,
let F be the field of fractions of R, and let M be an irreducible FG-module. Let I be a G -large
ideal of RK, let A be a central free Abelian subgroup of finite index in G /I7, and let k= R /(RNI).
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Then, for any non-zero elements a,be M :
(i) aRK contains a submodule which is isomorphic to bRK;

(i) ppa((@RG)/(aRG)I) = pys (DRG)/(BRG)HI);
(iii) if (akG)/(akG)I # 0, then (bkG)/(DRG)I # 0 ;
(iv) if (akG)/(akG)I is RA -torsion, then (bkG)/(bkG)I is kA -torsion.
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[MPO ITPUMITVBHI HE3BI/THI SOBPAJKEHHA
CKIHYEHHO ITOPO/IPKEHUX HIVIBITOTEHTHUX TPYII

PosBuBaeThCs TAXIZ, 10 A€ 3MOTY 3aCTOCOBYBATH METOJN KOMYTATHBHOI aireOpu 0 BUBYEHHST 300pakeHb
HUIBIIOTEHTHUX TPYIL I3 3aCTOCYBAHHSM I1[OTO MIAXOLY, 30KPEMA, MOKA3AHO, 10 YCAKe He3BijHe 300paKeHHs
CKIHUEHHO MOPOJIKEHOI HIIBIOTeHTHOI rpynu G HaJl CKIHY€HHO MOPOJIKEHNM T10JIeM HyJIbOBOI XapaKTepUCTUKH
€ IHIYKOBAHUM 3 TPUMITHBHOTO 300pakeHHsT IesTKOl miarpynu rpymu G.

Kmouogi cnoea: ninvnomenmiii epynu, 2pynosi Kilvls, npuMimueni 300pajicenis.
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