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In the present paper we consider the strain analysis near the crack parallel to boundary surfaces of a linear
isotropic elastic layer of constant thickness. We pose the problem to minimize opening of the crack’s faces,
when a normal force is applied to a boundary of the layer. The control secondary loading is a normal stress
uniformly distributed over the boundary surfaces as to oppose the opening caused by the external applied
force. We show that the most dangerous are tangential deformations, and the normal ones are always by
many times less dangerous.

Ilpoananizosarno npyxcricmo 6ins MpiLUHU, AKA NAPANEALHA MEXCI NOBEPXHI AIHILIHO20 I30MPONHO-
20 npyxcHozo wapy cmanoi mosujuny. Cmasumusca npob.aema MiHIMI3AUIl WUPUHU MPILUHU Y 8UNAO-
KY, KOAU Ha Medxci wapy O0ie HOpMAAbHA CUAd. BmopuHHuM Kepyroiuum HA6AHMAXCEHHAM € HOPMAAbHE
HANPYHEHHA, PIBHOMIPHO PO3NOOiieHe NO MeXi NOBEPXOHb, AKe NPOMUOIE POIULUPEHHIO MPIUUHU, U4O
BUHUKAE NIO 0let0 308HIUHBO NpuKaadeHol cuau. Tlokazano, wjo HAOILAbUL 3a2PO3AUBUMU € MAH2EHYI-
aavHi Oepopmauii, a HOpMAAbHI Oehopmayii 3a6xcou 8 6azamo pasie meHul 3a2PO3AUBI.

1. Introduction. Strain-stress control of cracked elastic materials is very important, both in
theoretical and practical aspects, problems in civil engineering, soil mechanics, mechanics of
composite and other inhomogeneous materials, in fracture mechanics, medicine, and some
other fields of science and technology [1]. Typically, the researchers’ main goal is to control
stress concentration near the edges of the cracks arising in damaged materials, but to control
the crash process and its consequence, including the control of the internal crack faces behavior
is also very important in medicine and some other application [2].

From the mathematical point of view, crack analysis can be usually reduced to some integral
equations, which admit explicit-form solutions only for simplest geometries [3]. If the elastic
medium occupies an infinite layer of a constant thickness, then the problem admits an explicit
analytical solution in the form of some Fourier integral quadratures. The most direct method
reduces the crack problems in elastic media to hypersingular integral equations that require a
nonstandard theoretical or numerical treatment.

In our recent work [4] we have developed and justified a numerical method, which allows
one to directly treat hypersingular integral equations without any additional transformations (in
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Fig 1. A crack dislocated in the elastic layer of a constant thickness h = hy + h_,
under the applied external load Py and the uniform controlling stress oyo.

contrast with a standard approach reducing the problem to an infinite system of linear algebraic
equations). In that work we demonstrate an application of the proposed technique to crack
problems in unbounded classical elastic medium. Then we further develop these results for the
crack problem in a porous elastic medium. In this work we consider the problem of cracks
for the linear isotropic elastic layer, which is subjected to a process. As it can be seen below,
in the case of a classical linear isotropic elastic layer, the problem is reduced to a system of
hypersingular integral equations. So, the main purpose of the present work is to show that our
approach is efficient not only for a single hypersingular equation but also for the system of
such equations. Besides, we aim at a practical application in control of behavior of the free
faces of the crack, under various load (i.e., the character of boundary conditions) applied to
boundaries of the layer. We stress, when the applied load causes higher opening of the crack and
a higher relative displacement of its faces, that is not desired in applications such as treatment
and restoration of cracked bones, gluing together different materials during a technological
process under the loading.

2. Mathematical formulation of the problem. Let us consider the crack problem in the layer
of thickness h = hy + h_ (see Fig. 1). Then the basic partial differential equations for the
displacement vector components & = {u(x,y), uy(z,y), 0} in the (in-plane) 2-dimensional
problem are (¢* = pu/(A +2u) = ¢3/c;, X and pi-elastic moduli)'

OPuy o 0%uy 5 0%y
Ox? te oy? +(1_0)8x8y_ ’
@.1)
Puy 4 0%uy o 01y
oy? te Ox2 +(1_C)8x3y N

! Note that the constant ¢ in these formulas is a ratio of transverse and longitudinal wave speeds.
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CONTROL OF THE STRAIN FIELD NEAR THE CRACK IN ELASTIC LAYER 267

As soon as the system (2.1) is solved, the components of the stress tensor (o) can be
calculated in terms of displacements, as follows:

Opa Ouy 9\ Oy
- 1- 2%
A+2u  Ox + C)By’
Oyy 90Uy Ouy
—=— =(1-2 — 2.2
A+ 2u ( c)8x+8y’ (22)

Tey  Oug | Ouy

1 dy ox’

where only representation for the most physically important components is given.

The system (2.1) is to be solved in the domain of the z-variable with z € [—o0, o0]. So, we
can apply the Fourier transform along this variable, so that any function f(z,y) transforms to
its Fourier image (f = F’) as follows:

F@MZ/NWWW%

(2.3)
ﬂ)—17ﬂ e v
x’ y - 27_‘_ 87 y € S?
with the following evident and well known properties: if f = F, then
8f(.’lf, y) . 82f($7 y) 2
Ox = (_ZS)F(Say)a o2 = —S F('S?y)a
(2.4)
of (x,y) ’ OQf(xa y) 1"
- F — F .
oy (5,9), 0 (5,9)

Here primes denote respective derivatives applied to the variable y (in fact, the variable s can
be considered as a parameter when solving the system with respect to y).

According to the Egs. (2.3), the system (2.1) of partial differential equations in the Fourier
transformed space becomes a system of ordinary differential equations with constant coeffici-
ents (all capital letters denote Fourier images for relevant original functions),

AU — 52U, + (1 — 62)(—1'8)UZ: =0,
(2.5)
(1— ) (—is)U, + U, — *s° U, =0,
where all derivatives here are again applied with respect to the variable y.
It is well known that exact analytical solution of such a system can be constructed in terms

of a characteristic polynomial. Let us consider separately the upper (+) layer 0 < y < hy and
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the lower (—) one —h < y < 0. Then it can be verified directly that a general solution to the
system (2.5) is

1+ c?

1 At + . x|l
U, = A%ich(sy) + BTish(sy) — C Z[s(l—CQ)C

h(sy) + ysh(sy)} -

2
_D%; [8(11—1__02) sh(sy) +y Ch(sy)] ;

(2.6)

+ . gp+ - - +
U, = —ATsh(sy) — B™ ch(sy) + CTych(sy) + D ysh(sy),

where sh and ch are hyperbolic sine and cosine, respectively.

Eight unknown constants A*, B¥ C*, D* arising in Egs. (2.6) should be defined by sati-
sfying the boundary conditions that we are now beginning to formulate. Let us assume that the
both sides of the layer are free of tangential stress. Taking into account (2.2)3 and (2.4), the first
two boundary conditions are: 7,y = 0,y = hy,y = —h_ : U, —isU, = 0. Consequently by
using (2.6) we obtain

sh(shy)
1—¢2

Atssh(shy) + BTsch(shy) — CT [ + (shy) ch(sth)] —

Dt {dll(f}i;) + (shy) sh(sh+)] =0,
(2.7)
—A"ssh(sh_)+ B sch(sh_)+C~ [Slll(ihCQ) + (sh-) Ch(sh_)] -

D™ {dll(f}l;) + (sh_)sh(sh_)] = 0.

Further, we assume that the normal load applied to the upper boundary surface y = h of
the layer is 0" (), and the one applied to the lower boundary y = —h_ is o~ (). By considering
(2.2)92 and (2.4) the second pair of the boundary conditions is

~+

. o™ (s
oy = 0t(x), y=hy, y=—h_:(1-23%(~is)U; + U, = )\_1_(22 (2.8)

By using (2.6) we get

c?ch(shy)

—A%tsch(shy) — BT ssh(shy)+CT [ 2
—c

+ (sh4) sh(sh+)} +

c?sh(shy)
1—¢2

+ (sh+)ch(sh+)} = 5228),

+D* [
(2.9)
c?ch(sh_)

—A"sch(sh_) + B ssh(sh_)+C~ [ 2

+ (sh) sh(sh)} -

g (s)

2p

?

-D~ {% + (sh_)ch(sh_)} -
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CONTROL OF THE STRAIN FIELD NEAR THE CRACK IN ELASTIC LAYER 269

where 5% (s) denote the Fourier transform of the functions o*(s).

We thus have already formulated four boundary conditions (2.7), (2.9) for eight constants.
The remaining four conditions should be put over the junction line y = 0, where we obviously
have the mixed boundary conditions. If the faces of the crack are free of load, then at y = 0,

T;Ly = Toys |x| > b,
(2.10)
TZJ:Tm_y:O, |z| < b,
U;_y =0y, |z[ >0, o)
oy =0, =0, x| <,

where the first relations in the Egs. (2.10), (2.11) mean continuity of the stress.
The last pair of the junction boundary conditions should take into account condition of the
displacements,

x

S

+ + o _
u, = uy =u,, |¥[>0, y=0. (2.12)

It should be noted that (2.10), (2.11) imply continuity of both stresses 7., and o, along the
total line y = 0,
+ — +

Toy = o

2y = Tays vy = Oyys |x| < oo, (2.13)

which with the use of the Egs. (2.2) gives the (third) pair of relations for the eight unknown
coefficients,
1 1

Bts— D" =B s—-D ——,
1—¢2 1—c2

(2.14)

c? c?

—AT + = —A" - )
s+ C [ s+ C [

In order to construct the 7-th and the 8-th conditions as to finally complete the 8 x 8 system, let
us introduce two auxiliary unknown functions, in accordance with Eq. (2.12),

+ _ gy(x), |l‘| S bv
Uy — U, = y = 0, (2.15)
0, |z|>b,
~ 9o(2), |z[ <b,
uf —u, = y = 0. (2.16)
0, |z| >b,

Obviously, the physical meaning of these functions is the relative displacement (vertical and
horizontal, respectively) of the upper and the lower faces of the crack. If one considers the
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270 M. CIARLETTA, G. IOVANE, AND M. A. SUMBATYAN

functions g,(x) and g, (z) which are defined over the total interval || < b, then (2.15) and
(2.16) become the last pair of the required conditions in Fourier’s transformed space,

USf—U; =Gy(s), Uf—-U; =Guls), y=0. (2.17)
Consequently by using (2.6) and (2.14) we obtain

—BT+ B = Gy(s), .

A+—C+

1+ 2 1+ ¢2
— A~ =C~
|- e

e si—)) = i)

So, we have finally arrived at the 8 x 8 system for the uknown coefficients A*, B* C*, D*
that is given by Egs. (2.7), (2.9), (2.14), (2.18).
The principal determinant of the considered 8 x 8 system is

s% [2ch(sh—) ch(shy.) ch(sh) — ch?(shy) — ch?(sh_) — (sh)?]

A= (1—c2)?

(2.19)

Other determinants are such that application of the Kramer’s rule gives for the most important
stress tensor components the following expressions (|z| < b):

7t (s, ot(s g (s) . _
ny(M 0 = 2; )Ljf(s) + 2'2 )LT (s) — Gy(s)LY(s) + iG(s)L7(s),
(2.20)
ol (s, ot (s (s
yy2('u 0 = 2; )Lj(s) + Q,EL)L;(S) + Gy(s)LY(s) +iG,(s) Ly (s),
where ,
Lt = —ﬁ {(shy)sh(sh_)sh(sh) + (sh_)(sh) sh(shy)},
82
LT = A= 2p {(sh-)sh(sh4.)sh(sh) + (sh4)(sh)sh(sh_)},
83
LY = AL &) {(shy)?sh®(sh_) — (sh_)?sh*(shy)}, L% =LY,
83
L? = NG {1+ (shy)?] ch(sh_)sh(sh_) + [1 + (sh_)?] ch(shy)sh(shy)—

— ch(shy) ch(sh_) sh(sh) —(sh_)sh?(shy) — (shy)sh®(sh_) + (shy)(sh-)(sh)}, (2.21)

2

L = —ﬁ {[1+ (sh_)(sh)] ch(sh.) — (shy) ch(sh_)sh(sh)—

— ch(sh—) ch(sh) + (sh)sh(sh4)},
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CONTROL OF THE STRAIN FIELD NEAR THE CRACK IN ELASTIC LAYER 271

82

L- = TAQ P {[1 + (sh4)(sh)]ch(sh_) — (sh_)ch(shy)sh(sh)—

Q

— ch(shy.) ch(sh) + (sh)sh(sh-)},

83
I = ~ R gy {1 () (sho)] (sh) = [1+ (sh)?] chish. ) shish. )~

— [ch(sh_) 4 (shy)sh(sh_)] (sh+) ch(sh_)+
+ sh(shy) ch(sh—_) ch(sh) — (sh_)ch?®(sh)}.

3. Reduction to a system of hypersingular equations and its properties. In this section we
consider the above problem in the context of the applied mechanics, engineering, and biomedi-
cal science. Let us now come back to engineering aspects of the considered problem, as it is
discussed in Introduction. Recall that we plan to arrange an efficient control of the strain field
near the crack. More precisely, we are interested in a minimization of relative displacements of
the upper and lower crack’s faces, when some external force Pyd(xz — x¢) is applied in the point
xg of the (for instance) upper boundary of the layer. Then we try to suppress the introduced
relative displacements, i.e., our functions g,(z) and g,(z), |z| < b, by arranging a couple of
symmetric uniformly distributed normal loads o,, = 09, y = h,y = —h_. The main aspect
of the present study is to establish relations between o, Py, max |g,(x)|, max |gy(x)|, and the
variation of other physical and geometrical parameters. Strictly speaking, the problem posed in
such away is a classical inverse problem. However we do not aim at its full investigation, and
restrict our goal to a statement of some helpful relations between all these quantities.

First of all, let us note that for the chosen type of the applied load we have

—o00, |z|] <a
o4+ = { } — P() (5((5 —wo), (31)

0, |z|>a

—00 , ‘$| <a
o_ = , (3.2)
0, |z|>a
so the Fourier transforms o+, which are present in the system (2.20), now can be calculated
explicitly as follows:

(3.3)
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272 M. CIARLETTA, G. IOVANE, AND M. A. SUMBATYAN

Then application of the inverse Fourier transform to Egs. (2.20) reduces the problem to the
following system of two integral equations with respect to the functions g, (), g.(x), |z| < b :

b b
ol P,
[ K (z — €)g,(€)dé + /b Kiala = 0:(9)d€ = 27 (@) + 521 @),

(3.4)
b b 5
_/b Koz — )9, (€)d€ + _/b Kool = 0,96 = 2[5 (@) + 521 @),
where
Kii(x) = /Lg(s) cos(sz)ds, Kia(z) = Koi(x) = /Li(s) sin(sx)ds,
0 0
Koo (x) = /Lf(s) cos(sz)ds, fL(z) = /Lj(s) cos[s(x — xg)]ds,
0 0
(1) = / [LE(s) + L (s)] SIS o (5)ds, (3.5)
0

o0

F() = /Li(s) sin[s(x — xg)]ds,

0

sin(as)

sin(sx)ds.

) = [ L)+ L)
0

Here we have used the evident properties that functions LY, L}, L, L% are even, and L%, LY,
Lt, L are odd.

In order to evaluate qualitative properties of this system, let us note that all Fourier images
of the kernels (2.21) in the Egs. (3.5) are continuos over 0 < s < oo. So,we only need to
estimate their behavior at infinity. It can be directly estimated that at s — +o0,

y 1—c? 0 z 1—¢c2 0
Ly(s) = — 5 s+ Lii(s), Li(s) = 5 s+ Lgs(s),

(3.6)
L(1)1(5>7 L82(S), L§(8)> Lg(s)7 L;(S)v L;(S), L:—(S% L_(S) = 0(6_85)7

T

where ¢ is some positive constant. So, it becomes clear that all off-diagonal kernels in (3.3), (3.4)
are regular, and such are all right-hand sides. To give an estimate of the qualitative properties
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CONTROL OF THE STRAIN FIELD NEAR THE CRACK IN ELASTIC LAYER 273

of the diagonal kernels, we should use the theory of generalized functions [5], from which it
follows that these kernels represent hypersingular integral operators (see also [4]), since

(e o] o0

2
1
/scos(sx)ds = Jlirfrlo e %scos(sx)ds = 61320 [—M] = (3.7)
0 0

Therefore, our system (3.4) is a system of two hypersingular integral equations. In our previ-
ous work [4] we developed a theory and proposed a numerical method to investigate a single
hypersingular equation. Thus, we have shown that a single characteristic equation (i.e., the one
with the kernel (3.7)) admits an explicit-form exact analytical solution. Then we constructed
also a collocation technique to solve the full hypersingular equation numerically when the
kernel is a sum of the characteristic part (3.7) and arbitrary regular function.

It can be proved that the same method is applicable to the system of hypersingular equati-
ons. Here we demonstrate this by an example which admits an exact analytical solution.

A model example. 1 et us study the 2 x 2 system

1 1
/ Ko (z — €)p(€)dé + / Kz — ©06()de = fi(x)),
—1 -1

(3.8)
1 1
[ Eao - 0t + [ Kol - (€€ = fata),
—1 -1
with
K1 = Koy = (95—15)2’ Ky = Ko = ¢,
(3.9)
fi(z) = —m + %, fa(x) = —27x.

It can be directly verified that a solution to this system is

plr) = V1—22 x) =2V1—22 (3.10)

Our collocation method consists of the following steps.
Let us first consider a single full hypersigular equation of the following type:

b

/ [(x_lf)g + Ko(z —&)| 9(§)d¢ = f(x), z € (a,b), (3.11)

a

and arrange a mesh with two sets of nodes z; = —b+ (i —1/2)Az,i = 1,...,n,and t; =
= —b+jAx,j =0,1,...,n, taken with the constant step x = (b — a)/n. Then we prove that if
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1,0
0,8
0,6
0,4
0,2

0,0

-0,2

-0,4

-0,6

Fig 2. Comparison between the explicit-form exact solution and the numerical
collocation method for the model system (3.8), (3.9): the solid line is an
exact solution; the dashed line is an numerical solution, n = 40.
Ky(x) € Cy(a —b,b— a), then for any = € (a,b) the difference between a solution g(x) of the
linear algebraic system

Z:l K% _1tj—1 a xiit]) + Ko(z; — t;)Az| g(tj) = f(zi),
=

(3.12)

i=1,2,...,n,

and the solution of the Eq. (3.11) vanishes with Az — 0 (i.e., n — 00).

It should be noted that the (second) regular term is a simple quadrature formula for numeri-
cal integration of regular functions. It can be also shown that any solution of the Eq. (3.11)
bounded at the both edges = =+b, vanishes near these edges. This property is confirmed by a
direct numerical solution of the linear algebraic system (3.12).

Now let us come back to the system (3.8), (3.9). Our collocation method reduces the Egs. (3.8),
(3.9) to a 2n x 2n system of linear algebraic equations

> < L > p(t;) + Ay mitjp(ty) = fi(wi),

T —ti T — s
j= % 7—1 % 7 =1

(3.13)

n n 1 1 »
A:chitjgo(tj)—i-Z( T t)i/}(tj) = fa(zi), i=1,2,...,n.
= = T —lj-1 Ti — 15

The Fig. 2 demonstrates comparison between analytical (Eq. (3.10), solid line) and numerical
solutions (from the system (3.13), dashed line) when the number of nodes is n = 40.
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CONTROL OF THE STRAIN FIELD NEAR THE CRACK IN ELASTIC LAYER 275

The same numerical method has been applied to the main system:

n 1 1
[( —— ) + AzK?Y| (z; —fj)] gy(t;)+
— €Tg — tj—l Ti — t]
7j=1
n 00 o Py P
+ AJSZKH(%‘ —15)92(t;) = —f1 () + 7f1 (z4),
i=1 : 8
n n 1 1
AmZK21($i—tj)9y(tj)+Z N — ) T
j=1 j=1 Ti—lji-1 @il

where all kernels K9, K15 = Ko7, K9, are regular (more precisely, infinitely differentiable).

4. Results of numerical treatment and physical conclusions. First of all, let us evaluate the
number of independent dimensionless parameters in the considered problem: 1) b/h, 2) a/h,
3) hy/h,4) xo/h,S) 09/ Py. We thus operate with a five-parametric problem, where the calculati-
on for any fixed combination of these five parameters requires solving a system of hypersingular
singular equations.

Physically, to provide a perfect contact between the crack’s faces (for medical or technologi-
cal purposes), we need to arrange such an optimization when the solution of the main system of
hypersingular equations gives the nonpositive function g,(z), |x| < b, and the function g,(x),
|z| < b, is as small (in modulus) as possible.

A relatively unexpected result is that even a small applied normal load o provides vertical
opening of the crack negative, i.e., closed in vertical direction. Numerous computations show
that this conclusion remains valid uniformly over changes of all five parameters of the problem.

A typical example is presented in Fig. 3. As it can be seen from this figure, in the case when
the controlling stress oy is absent the force Py makes the vertical opening to be of alternating
sign, so that it is closed in the central part of the interval (—b, b) and open near the crack’s edges.
However, even a small controlling pressure provides the crack to be closed over its total length.

Fig. 4 shows that in the case of asymmetric disposition of the crack in the layer, this arrange-
ment of closed interior space between the crack’s faces requires a higher controlling pressure
0o. We also outline that the strain near the crack faces in the asymmetric case is around 7 times
larger than the one in the symmetric case.

Among other results, we stress the interesting property that the relative displacement |g, ()|
of the crack’s faces in the horizontal direction is always considerably larger than the one in the
vertical direction, g, (z), when the latter is positive (i.e., in the dangerous case of really positive
vertical opening). This feature of the strain-stress process, under an external loa-
ding, indicates that the real obstacle for a perfect conglutination (for medical or technological
aims) consists of the impossibility to provide a small relative tangential crack faces’ displacement

ISSN 1562-3076. Heainitini koausarnns, 2005, m. 8, N2 2



276 M. CIARLETTA, G. IOVANE, AND M. A. SUMBATYAN

0 |
-1 -0, 0 0,5  N\Z/b

Fig 3. The vertical opening of the crack: ¢ = 0,3, Py/2u = 1, hy/h =
=h_/h=0,5,b/h =0,5,a/h = 1,z0/h = 3,5 . Line 1: 0o/ Py =
= 0, Line 2: 09/Po = 0,01, Line 3: 0o/Py = 0,02.

10 x gy()

0,5

Fig 4. The vertical opening of the crack: ¢* = 0,3, Py/2u = 1,hy/h =
=0,8,h_/h=0,2b/h=05a/h=1mz/h=3,5.Line I:
oo0/Po = 0, Line 2: 0o/ Py = 0,05, Line 3: 09/Py = 0, 1, Line 4:
O’Q/Po = 07 15.
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N max{g.(2)}/ max{|g, (@)]}

1

50

40

30

20 3

10

| | I B
0,34 0,5 0,64 0,8 b/h

Fig 5. The ratio of the horizontal relative displacement to the vertical
opening versus the length of the crack: ¢ = 0,31, Po/2u = 1,
oo = 0,a/h = 1,z0/h = 3,5. Line 1: ho-/h = 0,6, Line 2:
hy/h =0,7,Line 3: hy /h = 0,8,Line 4: h4./h = 0,9.

under the controlling normal pressure oy. Some striking examples are given in Fig. 5, where
the ratio of the maximums max{g,(x)}/ max{|gy(x)|} over the interval x € (—b,b) is shown,
which always happens when the controlling pressure oy = 0 (cf. Figs. (3), (4)). Many other
calculated examples show the same qualitative behavior like in Fig. 5, namely: the tangential
function |g,(z)| is always greater by many times than the vertical opening g, (x), regardless the
values of other parameters, including the controlling stress 0.
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