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Variation formulas for solution are proved for a nonlinear differential equation with constant delays. In
this work, the essential novelty is an effect of delay perturbation in the variation formulas. The mixed ini-
tial condition means that at the initial moment, some coordinates of the trajectory do not coincide with the
corresponding coordinates of the initial function, whereas the others coincide. Variation formulas are used
in the proof of necessary optimality conditions.

Jlosedero sapiayitini popmyau Oas HeAIHIUHUX OUpepeHYIANbHUX PIBHAHb 31 CIAAUMU 3ANISHEHHAMU.
Cymmesor HOBU3HOKW € eghekm 30ypeHHA 8 3ani3HeHHI Y sapiauitinux ¢popmyaax. Miwana nowamxo-
84 YMO8A 03HAUAE, WO 8 NOUAMKOBUI MOMEHN OOHI KOOPOUHAMU MPAEKMOPIL He 30i2at0mbCa, a iHUL
36iearomuca 3 6I0NO0BIOHUMU KOOPOUHAMAMU NOYAMKO0801 hyHKUil. Bapiauitini ¢popmyau sukopucmo-
8YIOMbCS 8 008€0EHHI HEOOXIOHUX ONMUMAABHUX YMOB.

1. Formulation of the main results. Let R} be the n-dimensional vector space of points z =
= («!,...,2™)T, where T means transpose; P C R’; and Z C R be open sets and O =
= (P,Z2)" = {z = (p,2)T € R? : p € P,z € Z}, where k + m = n; E; be the space
of functions f : J x O x P x Z — R, satisfying the following conditions: for almost all
t € J = [a,b] the function f(t,-) : O x P x Z — R is continuously differentiable; for any
(x,p,z) € O x P x Z, the functions f(t,z,p, 2), fz(-), fp(*), f-(-) are measurable on J; for any
function f € Ey and any compact set K C O there exists a function my i € L(J,[0,00)) such

that for any » € K, (p,2)T € K and for almost all t € J we have

[f (&2, p, 2) [+ [ ()] + O+ 0] < myp ().

Further, let 0 < 71 < 7,0 < 01 < 02 be given numbers and £, = Ew(Jl,R’;) be the
space of continuous functions ¢ : J; — R';, where J; = [7,b], T = a — max{m,o02}; let
¢ ={peFE,: pt) e PlandG = {g € E; = E4(J1,R]") : g(t) € Z} be sets of initial
functions.

* The paper was supported by the Sh. Rustaveli National Science Foundation (Georgia), Grant
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To any element,u = (thTa 0,DP0,%¥,9, f) €EN= (avb) X (7-177—2) X (0'1,0'2) XPx®xGx Efa
we assign the delay differential equation

i(t) = (p(t), 2(1)" = f(t,z(t),p(t —7), 2(t — 0)) (L1)

with a mixed initial condition

(t) = (p(t), 9(t)", t € [F,to), x(to) = (po,9(to))" (1.2)

The condition (1.2) is said to be a mixed initial condition; it consists of two parts. The first part
isp(t) = ¢(t),t € [T,t0), p(to) = po, the discontinuous part since in general p(tg) # ¢(to); the
second part is z(t) = g(t), t € [7,1o], the continuous part since always z(tg) = g(to).

Definition 1.1. Let 1 = (to, 7, 0,00, ¢, 9, f) € A. A function z(t) = z(t; p) = (p(t; p), 2(t; )T €
€ O,t € [1,t1], t1 € (to,b), is called a solution of Eq. (1.1) with the initial condition (1.2) or a
solution corresponding to the element . and defined on the interval [7,t] if it satisfies condition
(1.2) and is absolutely continuous on the interval [ty, t1] and satisfies Eq. (1.1) almost everywhere
on [to, tl].

Let pio = (too, 70, 90, Poo, Y0, 9o, fo) € A be a fixed element. In the space F,, = R%O x RL x
x RL x R’; x B, x E, x Ey we introduce the set of variations

V= {5/-1' = (5t075775075p075%5975f) € E,U« — Ho - |6t0’ < q,

67| < o, 1d0] < a,|0po| < @00 =D Xidpi, 09 = > Xidgi,
i=1 =1

i=1

where dp; € E, — o, 8g9; € Eq — go,0fi € Ef — fo,i = 1,v, are fixed functions; o > Ois a
fixed number.

Let x((t) be a solution corresponding to the element 1y and defined on the interval |7, ¢;¢],
with 19 < b. There exist numbers §; > 0 and ; > 0 such that for arbitrary (g,0u) € [0,e1] X
xV, we have pg + edp € A. In addition, to this element, there is a corresponding solution
x(t; po + edp) defined on the interval [7,¢19 + 01] C J; (see Lemma 2.2).

Due to the uniqueness, the solution x(¢; io) is a continuation of the solution xy(¢) on the
interval [7,¢19 + d1]. Therefore, in the sequel the solution z(¢) is assumed to be defined on the
interval [7,t19 + d1].

Let us define an increment of the solution z(t) = x(¢; o),

Ax(t) = (Ap(t), Az(t)" = Aw(t;edp) = @(t; po + £6p) — wo(t), (1.4)
(t,e,6p) € [T, ti0+ 61] x [0,e1] x V.

ISSN 1562-3076. Heainitini koausarnns, 2014, m. 17 N> 4



VARIATION FORMULAS FOR SOLUTION OF DELAY DIFFERENTIAL EQUATIONS... 505

Theorem 1.1. Let the following conditions hold:

1) too + 10 < t10;

2) the functions @y (t), go(t),t € Ji, are absolutely continuous and ¢o(t), go(t) are bounded;
there exists a compact set Ko C O, containing a neighborhood of the set (¢o(J1), go(J1))! U
Uzo([too, t10]), such that the function fo(t,z,p,2),t € J,x € Ko, (p,2)T € Kq is bounded;

3) there exist the limits

lim ¢o(t) = g,, lim fo(w) = fy, w € (a,too] x O x P x Z;

t—too— w—wo

4) there exists the limit

lim [fo(wl) — fg(wz)] = f0_17 wi, W2 € (a,too +7'0] x O x P x Z,

(w1,w2)—(wo1,wo2)
where w = (t,z,p,z), wo = (to0, Zo0: Po(too — 70): go(too — 0)), Zoo = (Poos go(too))” s wor =
= (too + 70, 2o (too + 70), Poo, 20(too + T0 — 00)), wo2 = (too + 7o, Zo(too + 70), Yo(too), z0(too +
+710 — 00)).
Then there exist numbers €5 € (0,e1] and 63 € (0, 01] such that
Ax(t;edp) = edx(t; du) + o(t;edp)! (1.5)

forarbitrary (t,e,0p) € [t1o—02,t10+ 2] X [0,e2] X V™, where V= = {dp € V : §tyg < 0,67 <
< 0,60 < 0} and

dx(t;0p) = {Y(toos )[(Onx1,90)" = fo'1 = Y (too + 703 t)f&}5t0—

— Y (too + 70; t) fo 07 + B(t;6p), (1.6)

B(t;61) = Y (too; t)(6po, g (ten))” — /Y(f; t) fopl&]Po(§ — T0)dE p O7—

t too
- / Y (€:0) foslel20(€ — oo)de b 5o+ / Y (€ + 705 0) foplé + oldp(E)de +
too too—To
too t
+ / Y (€ + 00: ) fol€ + ouldg(€)de + [ Y (€ 1) FIEIdE: (17)
too—o0 too

Okx1 is the (k x 1)-zero matrix, Y (&;t) is an (n X n)-matrix function satisfying on the interval
[too, t] the conditions

Ye(&5t) = =Y (1) foul€] — (Y (€ + 705t) fopl€ + 70, Y (€ + 00; 1) fo-[€ + 00]), (1.8)

! Here and throughout the following, the symbols O(t; e5u1), o(t; e6u) stand for quantities (scalar or vector) that
have the corresponding order of smallness with respect to € uniformly with respect to (¢, ).
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and

| Inxn for & =t,
V(&) = { Onxn for &>t (1.9)

) ) ) ) 0
Here, I, is the identity (n x n)-matrix, fo, = 2 fo, foxl€] = fox(& 20(§), po(€ — T0),

20(§ — 00)), 0f[€] = 6.f(& 20(€), po(€ — 70), 20(§ — 00)); Po(§ — T0) = Po(s)|s—¢_r, » Where po(s)
denotes the derivative of the function py(s) on the set [T, to0) U (t00, t10 + 2]

Some comments. The function dx(¢; o) is called the variation of the solution z((¢) on the
interval [t19 — 02, t10 + J2], and expression (1.6) is called the variation formula.

c1) Theorem 1.1 corresponds to the case where the variations at the points ¢y, 79, 0o are
performed simultaneously on the left.

c2) The term

t t
— ¢ Y(too + To;t)f[ﬁ+/Y(§;t)f0p[§]po(§ —70)d§ p 0T — /Y(f;t)fOz[f]Zo(f —0g)d§ 0o

too too

is the effect of perturbations of the delays 7y and o (see (1.6) and (1.7)).
c3) The expression

Y (t00; ) (6p0, 69(t00))” + {Y (too: )[(Orx1, 95 )" — 5] — Y (too + 70:t) for } Oto

is the effect of mixed initial condition (1.2) under perturbations of the initial moment ¢y, the
initial vector pgp, and the function gg(t).
c4) The expression

too too

/ Y (€ + 705 1) fopl€ + o)) + / Y (€ + 00; 1) fosl€ + 00ldg(€)de +

too—T70 too—oo
t
+ [ i nofde
/

in formula (1.7) is the effect of perturbations of the initial functions ¢¢(t), go(t) and the right-
hand side of the equation

x(w = fO(ta x(t),p(t - TO)7 Z’(t - UO))'

Theorem 1.2. Let the conditions 1 and 2 of Theorem 1.1 hold. Moreover,
5) there exist the limits

lim go(t) = ¢f, lim fo(w) = fi7, w € [ton,b) x O x P x Z,

t—too+ w—wo
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6) there exists the limit

lim [f()(wl) — fo(wz)] = fai, w1, Ws € [to() —I-To,b) x O x PxZ.

(w1,w2)—(wo1,wo2)

Then there exist numbers €3 € (0,e1] and 02 € (0, 61] such that for arbitrary (t,e,0u) € [tio —
—82,t10 + 02] X [0,e2] X VT, where Vt = {6 € V : 6ty > 0,67 > 0,50 > 0} formula (1.5)
holds, where

0x(t;0p) = {Y (to0; )[(Orx1, 95 )" — fo1 = Y (too + 703 ) foh } Sto—

— Y (too + 703 ) fo,07 + B(t; 0p). (1.10)

Theorem 1.2 corresponds to the case where the variations at the points tgg, 79, 0¢ are per-
formed simultaneously on the right. Theorems 1.1 and 1.2 are proved by a method given in [1].
The following assertion is a corollary of Theorems 1.1 and 1.2.

Theorem 1.3. Let the conditions of Theorems 1.1 and 1.2 hold. Moreover, (O 1, gg)T —fo =
= Oux1, 90)" = £ = fo,fo1 = f& = for. Then there exist numbers e, € (0,¢1] and
b2 € (0, 61] such that for arbitrary (t,e,6p) € [tio — 2, t10+d2] X [0, €2] X V, formula (1.5) holds,
where dx(t;0p) = {Y (too; t) fo — Y (too + 703 t) for }9to — Y (too + 105 t) for67 + B(¢; dp).

Theorem 1.3 corresponds to the case where at the points ¢y, 79, 0o, two-sided variations are
simultaneously performed. If tgo + 79 > t10 then Theorems 1.1-1.3 also are valid. In this case
the number §; is so small that ¢tyg + 79 > t19 + Jo, therefore in the variation formulas we have
Y(too + To; t) = Opxn,t € [tlo — 09, t10 + 52] If tgo + 79 = t10 then Theorem 1.1 is valid on the
interval [t19,t10 + 2] and Theorem 1.2 is valid on the interval [t19 — d2, t10].

Finally, we note that variation formulas for solution of various classes of functional-diffe-
rential equations without perturbation of delay are given [1-8].

2. Some auxiliary statements. To each element u = (tg, 7, 0,p0, 9,9, f) € A, we assign the
functional-differential equation

y(t) = (a(t), o(t))" = f(t,y(1), hlto, ¢, w)(t —7), h(to,g,0)(t —0)) =
= (Y1 (t,y(t), h(to, o, u)(t — 7), h(to, g,v)(t — 7)),
Yaf (£, y(t), h(to, o, u)(t — 7), h(to, g, v)(t — o))" 2.1)

with the initial condition

y(to) = (po,9(to))”, (22)

where the operator h(tg, ¢, u)(t) is defined by the formula

o) = { g L) 23)

Yl = (Ikxkaeka)Tu }/2 = (@mxkylmxm)T~
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Definition 2.1. Let . = (to, 7,0,p0, 9,9, f) € A. An absolutely continuous function y(t) =
= y(t;p) = (u(t;p),v(t; )’ € O,t € [r1,1ra) C J,is called a solution of Eq. (2.1) with the initi-
al condition (2.2) or a solution corresponding to the element 1 and defined on the interval [ry, 2],
ifto € [r1,72],y(to) = (po, g(to))” and the function y(t) satisfies Eq.(2.1) almost everywhere on
[r1,72].

Remark 2.1. Let y(t; ), t € [r1,72], be asolution corresponding to the element y = (o, 7, o,
P0, %, 9, f) € A. Then the function

w(t; ) = (hto, o, ul-s ) (8), hlto, g, v (-5 1)) (£) (24)

on the interval [7, ro] is a solution of equation (1.1) with the initial condition (1.2) (see Definition
1.1).

Lemma 2.1. Let yo(t) be a solution corresponding to the element 1y = (too, 70, 70, P00s ©05 90,
fo) € X and defined on [ri,7m2] C (a,b), Ko C O be a compact set containing a neighborhood
of the set (0o(J1),90(J1))T U yo([r1,72]). Then there exist numbers 1 > 0 and §; > 0 such
that, for any (¢,6u) € [0,e1] X V, we have ug + edp € A. In addition, to this element there is a
corresponding solution y(t; o + €0p) defined on the interval [ry — §1,r2 + 61] C J. Moreover,

(o), )" € Ko, teJi, yltiuo+edp) € Ko, t € [r1— 1,72+ 1], 25)

li_r>r(1)y(t; po +edp) = y(t; po)  uniformly for (t,0u) € [r1 — 01,72+ 61] x V.
3

This lemma is a result of Theorem 5.3 in [9, p. 111]. Here and in what follows we shall assume
that (t) = @o(t) + ede(t), g(t) = go(t) + dg(t).

Lemma 2.2. Let z((t) be the solution corresponding to the element 1o = (too, 70, 00, P00, 0, 90,
fo) € X and defined on [7,t19] (see Definition 1.1), Ky C O be a compact set containing a nei-
ghborhood of the set (po(J1),90(J1))T U z0([too, t10]). Then there exist numbers 1 > 0 and
01 > 0 such that, for any (e,6p) € [0,e1] x V, we have o + edp € . In addition, to this
element, there is a corresponding solution x(t; uo + <o) defined on the interval |7, t190+61] C Ji.
Moreover,

x(t;po +edp) € Ko, t € [T,t10+ 01]. (2.6)

It is easy to see that, if in Lemma 2.1 we put r; = tgo, 72 = ti0, then xo(t) = yo(t),

t € [too, tro], 2(t; po +e0p) = (h(to, @, u(-; po+e0u))(t), h(to, g, v(-; o +edp)) ()T, (t,e,6u) €
€ [7,t10 + 1] x [0,e1] x V (see (2.4)). Thus, Lemma 2.2 is a simple corollary of Lemma 2.1.

Remark 2.2. Due to the uniqueness, the solution y(t; po), t € [r1 — 01,72 + 1], is a conti-
nuation of the solution y(¢). Therefore, we can assume that the solution y(t) is defined on the
interval [ry — 61,79 + d1].

Lemma 2.1 allows one for (¢,e,p) € [r1 — 01,72+ 61] x [0,e1] x V, to define the increment
of the solution yo(t) = y(¢; ro),

Ay(t) = (Au(t), Av(t)" = Ay(t;ebp) = y(t; po + £dp) — yo(t): (2.7)
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Uniformly with respect to (¢,0u) € [r1 — 61,72 + 01] x V we have
lim Ay(t;edp) = 0 (2.8)
e—0

(see Lemma 2.1).

Lemma 2.3. Let tgg + 79 < 1o and the conditions 2 and 3 of Theorem 1.1 hold. Then there
exist numbers €5 € (0,e1] and 62 € (0, 01] such that

max _|Ay(t)] < O(edp) (2.9)
tE[too,Tg +52}

for arbitrary (¢,0u) € [0,e2] x V. Moreover,

Ay(too) = € {(dpo, 59(ton))” + [(Orx1, 9y )" — fo 16t} + o(edp). (2.10)

Proof. Let a number ; € (0,¢1] be sufficiently small so that for arbitrary (t,e,0u) €
€ [to, too] % (0,&}] x V~ the following inequalities hold:

t—7<ty, t+7 =1, t—0 <1, t+0 = 1o (2.11)
Here and in what follows we shall assume that ¢y = tgg + &dtg, 7 = 79 + €67, 0 = 09 + €do.
If too + 00 < 79, then ey = &) and 6y = &y; if too + 09 > 7o, then g9 = &) and 6y = 4,
where the numbers €] € (0,¢], 6; € (0,6;] are so small that t + ¢ > 7o + &, for arbitrary

(t,a,é,u) S [t(),t()()] X (0,62] x V.
On the interval [too, 2 + d2], the function Ay(t) = y(t) — yo(t) satisfies the equation

Ay(t) = fo(t, yo(t) + Ay(t), hito, @, ug + Au)(t — ), h(to, g, v0 + Av)(t — o))+
281 (t yo(t) + Ay(t), hto, o w0 + Au)(t — 1), hlto, g, v0 + Av)(t — 0))—
— Jo(t, yo(t), h(too, o, uo)(t — 70), h(too, go, vo)(t — 00)) =
— alt; edu) + eb(t; ebp), (2.12)
where
a(t;eop) = fo(t,yo(t) + Ay(t), h(to, ¢, up + Au)(t — 1), h(to, g,v0 + Av)(t — 0))—

— fo(t,90(t), h(too, o, uo)(t — 7o), h(too, go, vo)(t — 00)), (2.13)

b(ta 55“) = 6f(ta yO(t) + Ay(t)a h(t07 ©, U0 + AU) (t - 7-)5 h(t()v g,v0 + A’U)(t - 0)) (214)
We rewrite Eq. (2.12) in the integral form,

Ay(t) = Aylton) + / lal&; c0p) + bl(&; cop)]de.

too
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Hence it follows that

|Ay(t)] < [Ay(too)| + a1(too, t;e0p) 4 eb(edp), (2.15)
where
t 2402
nlton.tizo) = [ latGiedlds, vleom) = [ gseon)lde.
too too

Let us prove formula (2.10). By Lemma 2.1 for £ € [too, 72 + 2] we have yo(&) + Ay(§) € Ko,
moreover there exist compact sets Kg; C P and Ko C Z such that (Kq1, Kg2)? € Ko and

h(to, o, uo + Au)({ —7) € Ko1, h(to,g,v0 + Av)(§ —0) € Koz, & € [too, r2 + 2]

Therefore,

(& e6m)| < @ msg ko ($), & € [too, T2 + 6 (2.16)
=1

(see (1.3) and (2.14)). For ¢ € (0,¢e2] we get

too
Ay(too) = y(too) — yo(too) = y(to) + /Q(f)df —yo(too) =
= [ (€ () + Ay(©) 0l€ — 1).9(€ — ) + 0lebh) ~woltor)  @1)

(see (2.11), (2.3) and (2.16)). Further, y(to) — yo(too) = (Poo + €dpo, go(to) + £dg(to))” —
—(poo, go(too))™ = (e6po, go(to) + €dg(to) — go(too))” . Since

to
go(to) — go(too) = €gg 0to + /[Qo(i) — go Jd§ = €gq 0to + o(edp)

too
and lim._,¢dg(to) = dg(too) uniformly with respect to ou € V'~ (see (1.3)), it follows that

go(to) — go(too) + E(Sg(to) = 6965750 + 0(65#) + €5g(t00) =+ 5[59(750) — 5g(t00)] = E[g&&to +
+dg(too)] + o(edp). Thus,

y(to) — yo(too) = € [(3po, 6g(t00))" + (Orx1, 45 )" dto] + o(edp). (2.18)
Taking into account yo(too) = xo(ton) = oo and condition (2.8), for £ € [to,too] we have
lime—0(&, y0(§) + Ay(€), (€ — 7),9(§ — ) = limg_00— (&5 Y0(§), P0(§ — 70),90(§ — 00)) =

= (%00, Yo(too); ¢o(too — 70), go(too — 00)) = wo. Consequently, lime_o SUP;eiz, 100] [f0 (€, Y0(€) +
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VARIATION FORMULAS FOR SOLUTION OF DELAY DIFFERENTIAL EQUATIONS... 511

+Ay(£), p(€ =7),9(6 =) = fo | = limuy g [fo(w) = fo'| = 0, w € (a,to0] x O x P x Z. This
relation implies that

too

/fo(é,yo(f) + Ay(§), (6 —7),9(§ — 0))dE = —efq dto + o(edp). (2.19)

to

From (2.17), by virtue of (2.18) and (2.19) we obtain (2.10). Now let us prove inequality (2.9).
First of all, we note that for any f € Ey, there exists a function L i, € L(J, (0, 00)) such that

|f(t, 21, p1,21) — f(t, 22, P2, 22)| < Ly ko (t)(|21 — 22| + [p1 — p2| + |21 — 22])

for almost all t € J and for any z; € Ko, (p;, %)’ € Ko, i = 1,2 (see Lemma 3.1 in [1, p. 35]).
For t € [too, to + 7], we have

t
al(too,t; 65,[1,) < /LfoyKO(f)]Ay(f)\dﬁ+a2(t00,t;55u) -l—(lg(too,t; 65#), (220)
too

where

t
az(too, t;edp) = /Lfo,Ko(ﬁ)h(tm o, ug + Au)(§ — 1) — h(too, po, uo)(§ — 10)|dE,

too

t
az(too, t;edp) = /Lfo,Ko(f)Wto,g,Uo + Av)(§ — o) — h(too, go, vo)(§ — 00)|dE

too

(see (2.13)).
If§ € [too, to—i—T] C [too, t00+7'0], then f—T < tgand £—Tg < g0, therefore for ay (too, t; 65#)
we obtain

b
az(too, t;€0p) < O(edpu) + /Lfo,Ko(§)|800(€ —7) —o(§ — 70)|dE.

too

From boundedness of the function (), t € Ji, it follows that

E—1
ool =) = go(€ ) = [ Igo(s)lds < Ofeto. (221)
£—7o
Thus, for ¢ € [too, to + 7] we get
as(too, t;edp) < O(edp). (2.22)
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Now we estimate as(too, t; €0u) on the whole interval [tgg, 72 + d2].
Let tgo + 09 > ro then for t € [too, 72 + d2] we obtain

b
as(too. t:201) < O(cdu) + / Ly 10 (€)]0(€ — ) — ol — o0)|de.

too
From boundedness of the function go(t), t € Jp, it follows that

E—o
90( — ) — goé — o0)| = / lG0(s)lds < O(edp).

§—oo

Consequently, in this case we have

as(too, t;e0p) < O(edp) Y(t,e,0u) € [too, 2 + d2] X (0,e9] X V.

T. TADUMADZE

(2.23)

(2.24)

(2.25)

Let too + 00 < 12. If £ € [too,to + o], then £ — o < tpand £ — 09 < tgo, therefore we
have (2.23). On the basis of (2.24) we conclude that the estimate (2.25) is valid on the interval

[too, to + 0.
Lett € [to + o, too + 00], then

too+oo

az(too, t;e0p) < as(too,to + o;edp) + / Ly 10 (&)[v(€ —0) — go(§ — o)|dé+

to+o
too+o0
[ Lro(©laoe — o)~ o€ ~ )lde < OB+
to+o

too+oo—0o

L / Lpy.10 () [0(€) — go(&)]dg

to

(see (2.24)). Taking into account boundedness of the functions fy(¢,z,p, 2), (t,z) € J x Ky,

(p, z)T € Kpand g()(t),t € Ji,for§ € [to,tog + oo —U] we have

[v(§) — 90(§)] =

h(to, g,v0 + Av)(s — a)) + £b(s; aéu)] ds — go(&)

£
alt0) + [ Ya[ fals () + Byls). bt .0+ Bu)(s = 7),

< O(gdp) (2.26)

(see (2.5) and (2.16)). Consequently, for ¢ € [too,too + 00] the condition (2.25) holds. If £ €
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€ [tog + 09,72 + 52], then £ — o > tyg and & — o9 > tgo, therefore for t € [too + 09,72 + (52] we
get

az(too, t;€dp) = az(too,too + oo;€dp) + / Ly k(& + 0)|Av(§)[dE+

too+oo—0o
t

+ / Ly k0 (§)|vo(§ — o) —vo(§ — 00)|d§ < O(edp)+

too+oo

t
4 / N(E+ 0V Lo ko (€ + 0)| A (€)]dé+

t

ro+02
+ [ Lo (©ln(e — o) ol — ou)lde e2)

too+o0
where () is the characteristic function of the interval J. Further,

E—o
[vo(§ — ) —vo(§ — 00)| < Y2 / | fo(s,90(5), h(too, po, u0)(s — 7o), h(too, go, v0)(s — 00))|ds <

§—0o0

< O(edp).

From (2.27) it follows that

t
as(too, t;20p) < O(=dp) + / X(E+ 0) Ly (€ + 0) | Av(€)|dE < O(ebp)+
too

t
4 / €+ 0V gy 1o (€ + ) AY(E)|dE, t € [ton, 2+ 5a). (2.28)

too
Thus, for ¢ € [too, to + 7] we have

a1(too, t;e6p) < O(edp) + / [L fo,160(§) + X(§ + ) Ly k0 (€ + )| Ay(E)| d€ (2.29)

too
(see (2.20), (2.22), (2.28)). Now we continue estimation of the expression a;(¢go, t;€0p) on the

interval [to + 7,%t00 + 7'0]. Ift € [to + 7,t00 + 7’0}, then (11(7500,75;65#) = al(too,to + 75 6(5,&) +
+ai(to + 7,t;e6p). By condition 2 of Theorem 1.1, the function |a(§; )| is bounded, i.e., for
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t € [to+T7,too+ 0], a1(to+ 7,t;e0u) < O(g; o). Therefore, the condition (2.29) is valid on the
whole interval ¢ € [too, too + 70]. Let t € [too + 70,72 + d2], then

a1 (too, t;e0p) = a1(too, too + 703 €0p) + a1 (too + 7o, t;€01).

It is clear that

t
ai(too + 70, t;66p) < / Ly, 1k, ()| Ay(&)|dE + aa(too + 10, t;01) + az(too + 10, t;e01) <

too+70

t
< /Lfo,Ko (§)|Ay(§)\d§ + ag(too + To,t;é‘du) + ag(too, t;eéu) < O(€5u)+

too

t
+ /[Lfo,Ko(f) + X (§ + ) Lo k0 (§ + )| Ay(§)|dE + az(too + 10, t5€01).
too
For ¢ € [too + 10,72 + 2] We get & — 7 > to, & — 79 > too. Thus,

t
aalton + 70,8500 = [ Ly (©)luol€ = ) + Al — ) — ol — o)l d <

too+7o

t—T

< / Lo ko (€ 4+ 7)| Au€)dé +

too+T0—T
t

+ [ Lf@luo(e — )~ uofé — m)lde <

too+70

t
< / N(E+ )Ly o (€ 4+ 1) Aa(€) [dE +

too
ro+d2
+ / Lfo,K0(£)|u0(§ —7) —up(§ — 70)|dE. (2.30)
too+70
Further,
E—71
luo(§ — 7) — uo(§ — 70)| < Y1 / |fo(s,y0(s), h(too, vo,u0)(s — 7o),
§—To

h(too, go, vo)(s — 00))|ds < O(edp).
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Consequently, from (2.30) it follows that

t
an(too + 70,5 261) < O(ebu) + / N(E )L o i (€ + 7)| Ay(€)

too

and on the interval [to9 + 79, 72 + J2] we have

t
a1 (too, t;€dp) < O(edp) +/[Lfo,Ko (&) + x(§ +0) Lo k0 (§ +0) + Lo k(6 + 7)]|Ay(E)[dE.

too

It is clear that
eb(edp) < O(edp) (2.31)

(see (2.16)). According to (2.10), (2.31) and estimates of the expression aq(tgo, t;edu) (see
(2.29)) inequality (2.15) implies

|Ay(t)] < O(edp) +/[Lfo,Ko (&) +X(€+ o)Ly ko (6 + ) + X(§ + 7) Lo 1o (§ + 7)]| Ay (&) |dE.

too

By the Gronwall lemma, (2.9) follows.
Lemma 2.3 is proved.
Let rq = tgo and ro = t19 in Lemma 2.1, then

_ | (eot), g0(t)T, t € [7,t00),
mo(f) = { yogt)a 0 te [toovoflo]y

and for arbitrary (g,0u) € [0,e1] x V'~

(e(t),g(t),  t € [F.to),

o(t; po +e0p) = { y(t; o + £6p), t € [to, tio + 61],

(see (2.4)). We note that 6 € V™, i.e., ty < too, therefore we obtain

e(dp(t), 89(t))" for t € [7,t),
Ax(t) = { y(t; o +6p) — (wo(t), go(t)" for t € [to,to0),
Ay(t) for t € [too,t10 + 01
Thus,
edp(t) for t e [7,t),
Ap(t) = { u(t;,uo + 55#) - QD(](t) for t e [to,too),
Au(t) for t € [too,t10 + O1],
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edg(t) for t e [7,t0),
Az(t) = ¢ v(t;po +edp) —go(t) for t € [to,too),
Av(t) for t € [too,t10+ 1],
(see (1.4) and (2.7)). Here we assume that [tgo, too) = @. By Lemma 2.3 we get
|Az(t)| < O(edp) Y(t,e,0m) € [too,t1o + 2] X [0,e2] x V', (2.32)
Az(too) = € {(5p0,9(t00))" + [(Okx1,95)" — fy 16t} + o(edp). (2.33)

According to (2.32) and relation (2.26) we conclude that

|Ap(t)| < O(edp) V(t,e,6p) € [too,tio + d2] X [0,82] X V7, (2.34)
|Az(t)| < O(edp) V(t,e,6u) € [7,t10 + 2] X [0,62] x V. (2.35)
The functions Ap(t) and Az(t) satisfy, respectively, the equations
Ap(t) = Y1[0(t;£0u) + e9(t; £p)] (2.36)
and
Az(t) = YalO(t; edp)ed(t; £0p1)], (2.37)
where
0(t;edp) = folt,zo(t) + Ax(t),po(t — 7) + dp(t — 7), 20(t — 0) + Az(t — 0)) — folt],

(2.38)
folt] = fo(t, zo(t), po(t — 70), 20(t — 00)),

V(t;edp) = df(t, zo(t) + Ax(t),po(t — 7) + Ap(t — 7), 20(t — o) + Az(t — 0)). (2.39)

Lemma 2.4. Let the conditions of Theorem 1.1 hold. Then

t10+02

ar(esn) = [ [18p(t =) = Ap(t — m)]dt < ofet) (2.40)
too+70
t10+02

caleon) = [ G [185(t o) ~ As(t — )]t < ofed) (2.41)

too

for arbitrary (¢,6u) € (0,e2] x V7, where € L(J,[0,00)) and the numbers e and 62 are as in
Lemma 2.3.
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Proof. 1t is obvious that t — 7 > tgg and t — 79 > tgp for ¢t € [too + 70, t10 + 02]. Therefore,

t10+9d2 t—1
aresn) < [ <o | [ 1Bptede dt <
too+70 t—10
t10+02 t—1 t—1
<ml [ | [ ioEsuld e [ 1o emlas| a <
too+70 t—T1o0 t—T1o
ti0+02 , =T
< |Yi|aa1(too + 70, t1o + 25 €dp) + ea| Y7 / ¢(t) Z/mafi,Ko(ﬁ)df dt <
too+70 izltho
< |Yi|oi(too + 70, t1o + 25 €0) + o(ed ) (2.42)

(see (2.36), (2.39) and (1.3)), here

¢ t—r
an(t ¢'seom) = [ | [ lotgeomlag | at
tl

t—T1o0

€ (0,e2) x V~, then we have a1 (too + 70, t10 + d2;€dp) = a1 (too + 10, to + 275 e01) + a1 (to +
+27, o0 + 270; €0p) + a1 (too + 270, t1o + 02; €0p). The function 6(&; dp) is bounded, therefore
a1 (to + 27, too + 270;e0p) < o(edp). It is not difficult to see that

a) Let too + 210 < t19 and e2 € (0,e1] be so small that ¢y + 27 > too + 70 V(e,dp) €

a11(too + 70, t10 + 025 66p) < o(edp) + aa(too + 7o, to + 27;€0p)+

+ aa(too + 270, t1o + d2;€01), (2.43)

where

1"

t
ana(t ' edp) = /C(t)aw(t; edp)dt,
t/

t—T

ans(tie0w) = [ L @180+ Ioo(€ — 7) = o€ — )] + | (e — )+

t—T10
+ |20(€ = ) = 20(¢ — o0)| + |A2(€ — o) .
Ift € [too—i—To,tQ—l—QT] and§ € [t—To,t—T],then

E>town, §E—T17<ty, &—T10 <to. (2.44)
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Therefore,
|Az(§)| < O(edp),  |po(€ —7) —po(§ — 10)| = lpo(§ — T) — wo(§ —0)| < O(edp),
(2.45)
|Ap(§ —7)| = eldp(€ — )|
(see (2.35) and (2.21)). On the other hand,
E—o
|20(§ — o) — 20(§ — 00)| < / |20(s)|ds < O(edp), [Az(§—o)| < O(edp) (2.406)
&£—oo

(see (2.35) and condition 2 of Theorem 1.1). Further, if ¢ € [too+270,t10+d2] and & € [t—T0,t—T]
then

§>too+71, {—T72=>twn, &—T0 = too- (2.47)
Therefore,
E—1
lpo(§ —7) —po(§ — 70)| < / [Po(s)|ds < O(edp), [Ap(§ —7)| < O(edp). (2.48)
£—10

On the basis of last relations for t € [tog + 7o, too + 27| U [too + 270, t10 + 2] we get
aq3(t;edp) < ot;edp). (2.49)
Thus, a12(teo + 70, t0 + 27;€01) + a2(too + 270, t1o + d2;edpu) < o(edp), i.e.,
a11(too + 70, t10 + 02;61) < o(edp) (2.50)

(see (2.43)). According to (2.50) from (2.42) it follows that (2.40) holds.

aj) Let too + 279 > t10 and the numbers €5 and 02 be so small that tog + 27 > t19 + d2. In
a similar way we obtain that aq1(too + 70, t10 + d2;60u) < o(edu) + aia(too + 70, t10 + d2;01)
(see (2.42), (2.43)). If t € [too + T0,t10 + 02) and € € [t — 70, ¢ — 7], then the conditions (2.44)
and (2.49) hold, i.e., a12(too + 7o, t10 + d2;601) < o(edp). Thus, the inequality (2.50) is valid.
The first part of the lemma is proved. Now we prove inequality (2.41).

b) Let tgg + 09 > t10 and the number e, be so small that tg + o > t19 + d2. In this case if
t € [too,t10 + 02] thent — o < tgand t — oy < to. Therefore,

t10+02
ag(edp) =€ / C(t) [I6g(t — o) — dg(t — oo)[] dt < o(edp).

too

by) Let too + 09 = t19, then we have
Ozg(E(Su) = Ozzl(too, to + o; 5(5#) + 0421(750 + o, tog + 00; 55u)+

+ a21(too + 00, ti0 + d2;€01), (2.51)
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where

1"

t

agi (t 1 ;e0p) = /C(t) [|Az(t — o) — Az(t — 09)]] dt.

t

It is obvious that

to+o
a1 (too, to + o3€0p) = € / C(@) [I6g(t — o) — dg(t — oo)[] dt < o(edp), (2.52)
too
therefore
a91(to + o, too + 03 e6p) < o(edp) (2.53)
(see (1.3), (2.35)). Further,
t10+02 t—o
21 (too + 00,10 + d2;€01) < / ¢(t) / [Az(§)|d¢ | dt <
too+oo t—oo

< |Ya|aaa(too + 00, t1o + d2; €6 1)+

t10+92 , t-o
veall [ ) |30 [ mao(€)de| dt <
too+oo izltfo'o

< |Ya|aaa(too + 00, tio + d2;601) + o(ed )

(see (2.37)), where

"

t
an(t ¢ ;edu) = /C(t)a%(t; edp)dt,
t/

t—o

an(ticon) = [ Lyoko({IA2(©)] + Il = ) = polé = )| + 18p(6 ~ )] +

t—oo

+20(§ — o) — 20(§ — 00)| + [A2(§ — 0)[} dE.
Let the numbers e and d, be so small that tg + 7+ o > t19 + 02, then for t € [too + 00, t10 + 2]
the conditions (2.44) are satisfied, therefore aws(t;edpu) < o(t;eon) for ¢t € [tog + 00, t10 + O2]
(see (245) and (246)), i.e., a9 (too + 00, t1g + 09; 65#) < O(é(su). Thus,

a1 (too + 00, t10 + 02;80u) < o(edu). (2.54)
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According to (2.52), (2.53) and (2.54) from (2.51) it follows that (2.41) holds.
bse) Let tgg + 09 < t10. In this case we have the relation (2.51). Moreover, the conditions
(2.52) and (2.53) hold. Further,

t10+902 t—o
a1 (too + 00, t10 + d2;€01) < / ¢(t) / [Az(&)]dg | dt <
too+oo t—oo

< |Ya|baa(too + 0o, tio + d2;€61)+

t10+62
+ ea|Ys| / Z / msf, 1, (§)dE | dt <
too+oo =1 250

< |Ya|aaa(too + 00, tio + d2;€0p) + o(edp),

where

4

dna(t 1 200) = [ (Ol con)dt, nlti o) / 0(¢; 20p)|de.

t/

We assume that tgg + 79 + 09 < t10 and eo € (0,271) is so small that tg + 7+ o > tgo + 0o
V(e,dp) € (0,e2) x V7, then we have daa(top + 00, t10 + O2;60p) = &aaltoo + oo, to + 7 +
+o;edu) + Qoa(too + 7 + o,to + 70 + 00;E01) + Goa(too + To + 00, t10 + d2;e0u). Taking into
account boundedness of |§(&; edp)| we get Gaa(too + 7 + o, to + 70 + 00;€0) < o(edp).

It is not difficult to see that doo(too + 00, t1o + d2;edp) < o(edu) + aoa(too + oo, to + 7 +
+o;edu) + azz(too + 70 + 00,t10 + O2;0p) (see item by)). If t € [too + 00,t0 + 7 + o] and
¢ € [t—o0¢,t — o], then the relations (2.44), (2.45) and (2.46) hold. If t € [too + 70 + 00, t10 + O2]
and § € [t — 09,t — o], then the relations (2.47) and (2.48) hold.

Thus, aos(t;edpn) < ot,edu) for t € [too + oo,to + 7 + o] U [too + 70 + 00,t0 + d2], i.e
a2 (too + 00, to+ 7+ 0;01) + oz (too + 7o + 00, t1o + 02; €0p) < o(edp), therefore (2.54) is valid.
The inequality (2.41) is proved. Let tog + 70 + 09 > t10 and the numbers &5, 62 be so small that
to+ 7+ 0 > tip+ d2. Inthis case, if t € [tgg + 00,t10 + d2) and & € [t — 0, t — o], then (2.44) is
valid, therefore the inequality (2.54) holds.

Lemma 2.4 is proved.

The following assertion can be proved by analogy with Lemma 2.3.

Theorem 1.2 hold.Then there exist numbers €3 € (0,£1) and 62 € (0, 81) such that

Lemma 2.5. Let tog + 10 < ro and the condition 2 of Theorem 1.1 and the condition 5 of

max _|Ay(t)] < O(edp)
tE[to,T‘Q-‘r52]

for arbitrary (g,0u) € [0,e2] x V. Moreover,
Ay(to) = e {(0po. 89(t00))" + [(Orx1.95)" — f16to} + o(dp).
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It is not difficult to see that for arbitrary (e, du) € (0,e1) x V't we have

e(0p(t), d9(t))" for ¢ € [7,00),
Ax(t) = { (p(t), 9(t)" —yo(t) for t € [too, to),
Ay(t) for t € [too,t10 + 01
Thus,

edp(t) for t € [7,too),
Ap(t) = { (p(t) — ’LL[)(t) for ¢t € [too,to),

Au(t) for t € [to,t10+ 01],
E5g(t) for t € [%,too),
Az(t) = { go(t) — ’Uo(t) for t e [too,to),

Av(t) for t € [to,ti0+ d1].

By Lemma 2.5 we obtain

|Az(t)] < O(edp) Y(t,e,0u) € [too, tro + d2] x [0,€2] x VT,

Az(tg) = € {(5p0>59(t00))T + [(@kxlagar)T - foﬂ&()} + o(edp).

According to (2.55) and relation (2.26) we get

’Ap(t)’ < O(séu) V(t@,é,u) S [to,tlo + (52] X [O,EQ] X V+,

|Az(t)\ < O(E(S,u,) V(t,s,éu) S [%,tl[) —|-52] X [0,82] X V+.

Lemma 2.6. Let the conditions 1 and 2 of Theorem 1.1 hold. Then

t10+9d2

C@) [[Ap(t —7) = Ap(t = mo)l] dt < o(dp),
to+7

t10+02
C(t)[|Az(t — o) — Az(t — 0p)|] dt < o(edp),
to
for arbitrary (g,0p) € (0,e2) x V.
This lemma is proved analogously to Lemma 2.4.

3. Proof of Theorem 1.1. The function Az (t) satisfies the equation

521

(2.55)

(2.56)

(2.57)
(2.58)

Aw(t) = 0(t;e0p) + 9(t;601) = foultlAZ(t) + foplt] Ap(t — 70) + fo:[t]Az(t — a0)+

2
+e0f[t] + Y rilt;edp)
=1

ISSN 1562-3076. Heninitini koausarns, 2014, m. 17 N> 4

(3.1)



522 T. TADUMADZE

on the interval [tgp, t10 + 2], where

ri(t;edp) = 0(t;edp) — for[tIA2(t) = foplt]Ap(t — 70) = fo:[t]A2(t = 00),  (3.2)
ra(t;edp) = e[d(t;e0p) — o f[t]]. (3.3)

By using the Cauchy formula [1, p. 21], one can represent the solution of Eq. (3.1) in the form

Ax(t) = Y (too: ) Aa(ten) + € / Y (€ 0)3 flElde+

too
2
-+ Z[Ro,‘(t; too, E(S,u,) + Rli(t; too, E(S/J)], t e [too, tio + 52], (3.4)
=0
where

too

Rou(tito0s=60) = [ Y€+ ) fole + ) 3p(€)
too—To0
too

Roa(t; too, dp) = / Y (€ + 00; ) fo-[€ + a0] Az(€)dE,
too—o0

t

Ryi(t;too,edp) = /Y(S;t)n(é;sw)d& i=1,2,

too

and Y (&; t) is the matrix function satisfying Eq. (1.8) and condition (1.9). The function Y (¢;¢) is
continuous on the set IT = {({,¢) : a < & < t,t € J} by Lemma 2.1.7 in [1, p. 22]. Therefore,

Y (too; t) Az (too) = €Y (too;t) {(5po, 5g(tao))” + [(Okx1,d9)" — fo 10te} + o(t;edp)  (3.5)
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(see (2.33)). For Ro;(t;t00,e0p), i = 1,2, we have

Rou (£ too, 01) = & / Y (€ + 705 ) fop € + oS0 (€)dé+

too—To

too

Y (& + 7105t) fopl€ + o] Ap(§)dE =

to
too
—c [ Y(e+mit)ulé + nlo(©)der
too—7o
too
Y (€ + 7103 t) fopl€ + T0] Ap(§)dE + o(t; edp), (3.6)
to
where
too
oft; edyt) = —< / Y (€ + 703 ) fopl€ + 7ol (€)de.
to
Further,
too
Roa(t;too,edp) =€ / Y (& + o0;t) fo-[§ + 00]dg(§)dE +/Y &+ 00;t) fo:]€ + o0]Az(§)dE =
too—0o0
too
= [ Y(€+ outhhunlé + ouldgl€)ds + olticon) (3.7)
too—0o0

(see (2.35)). Let the number 02 € (0, d1) be, in addition (see Lemma 2.3), so small that ¢go+79 <
< t10 — 0. Obviously, for t € [t1g — d2,t19 + 2] we have

Ry1(t;too, e0p) = ZRQZ tyedpu), (3.8)
where
to+7 too+70
Ry (t;edp) = / r11(&;t,edp)de,  Roo(t;edu) = / r11(&; t, edp)de,
too to+7

t

Ras(tizn) = [ ru@tednds, rl€itedn) = Y(En (€ o).

too+7o

ISSN 1562-3076. Heninitini koausarns, 2014, m. 17 N> 4



524 T. TADUMADZE

We introduce the notations:

fol&s s, edp] = fo (57960(5) + sAz(§),po(§ — 70) + s(po(§ — 7) — po(§ — 10) + Ap(§ — 7)),
20(§ = 00) + s(20(§ = 0) = 20(€ — 00) + Az(§ — )

V(§53755/J) = wa[é-v S7€5M] - ant[fL
p(&;s,e0m) = fopl&;s,e0p] — fopll,  <(&58,60m) = foz[€;s,e0p] — foz[€],

1

1 1
(e = [viseuds, pr(€ e = [ pleis.comds, a(&iesn) = [s(6s,con)ds
0 0

0

It is easy to see that

\ a

1 1
0(6: <0 = [ 1 foléss.cbudds = [ {furléss. 20 A5(6) + fonlés 5,0l pn(€ — 7)-
0 0

—po(§ — 70) +Ap(€ — 7))+ fo=[€; 5, €01](20(§ — o) — 20(§ — 00) +Az(€ — U))}ds =

= (&) Ax(8) + p1(&;€61) (po(€ — 7) — po(§ — 70) + Ap(§ — 7))+
+c1(&edp)(20(§ — 0) — 20(€ — 00) + Az(§ — 0)) + for[f]Az()+
+ Jopl&l(Po(§ — 7) — po(§ — 70) + Ap(§ — 7)) + foz[)(20(§ — o) —
—20(§ — 00) + Az(§ — 0)).

By using the last relation, we have

Roi(t;edp) = ZR& (t;edp),

where
to+7

Ry = / Y (€ ) (€ £0) Aa(€)de,

too

to+T7
Rir = [ Y& 0n(&eon)pol¢ ~ ) = ol - ) + Aplé — 1),

too

to+7
Ry = / Y (€:6) fopl€] (A(E — 7) — Ap(€ — 0))dé

too
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to+71

Ry = / Y (€ ) opl€](po(€ — 7) — pol€ — o)),

to+7
Rs3s = / Y (& t)a(&edp)(20(§ — o) — 20(§ — 00) + Az(€ — 0))dE,
to+7
Rag = / Y (€:) for [€](20(€ — o) — #0(€ — 00) ),
to+7
Rir = [ Y(E@00leBo(¢ ~ ) — sl - an))g
(see (3.2)). For & € [too, to + 7] we get
Ap(€ —7) — Ap(§ — 7o) = €[6p(€ — ) — (€ — 70)],
(3.9)
po(§ —7) —po(§ —70) = wo(§ —T) — wo(§ — 7o)

The function ¢((t) is absolutely continuous, therefore for each fixed Lebesgue point £ €
€ (too, too + 70) of the function ¢y (§ — 79) we obtain

E—edT
eo(§ —7) — ol — T0) = / $o(s — To)ds = —eo(§ — 70)dT + v(&;e0p) + (& €dp)  (3.10)
13
with
lim V(& €on) =0 uniformly for op € V™. (3.11)
e—0 e

Thus, (3.10) is valid for almost all points of the interval (¢oo, too + 70). From (3.10) taking into
that account boundedness of the function ¢(€) it follows that

v(&; )

lpo(§ —7) — wo(§ —70)] < O(edp) and ' -

‘ < const. (3.12)

According to (2.32), (3.9), (3.10), (3.12) for the expressions Rs;, i = 1,4, we have
[Rs1| <[ Y [| O(edp)ra(edp), |Rao| <[|'Y || O(edpu)pa(edp),  |Rss| < ofedp),

to+T1
Rsq = A(t;edp) — ¢ [ /

too

Y (&:t) fopl€lpo(€ — To)d§] oT,
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where

b 1

va(ebp) = / [ / fou(6,20(6) + sAZ(E), p0lE — 70) + s(p0(E — 7) — pol€ — 7o)+

too 0

+edp(§E — 7)), 20(6 —00) + s(20(§ — ) — 20(§ —00) + Az(E —0)))—

— foz (& 20(€); w0 (€ — 10), 20(€ — J0))|al«9] dé,

b

1
pa(eps) = / [ / fon(E,20(E) + SAT(E), o€ — 10) + 5(0(E —7) — po(€ — o)+
0

too

+e6p(§ — 7)), 20(€ = 00) + s(20(§ — ) = 20(§ — 00) + Az(§ — 0)))—

— fop(&, 20(§), vo(§ — 70), 20(§ — 00))!618] dég,

to+T1

IV[ = sup{[Y(€:0)] : (6.1) € TI},  A(t:e8p) = / Y (€:1) fop €l (€: cbp)de.

too

Obviously,

too+70
Y(t; ed ;€0
A <y [ sl |2
too

By the Lebesgue convergence theorem, we have

Y(t;edp)
e

lim ¢o(edp) = 0, lim po(edp) = 0, lim ‘ =0
e—0 e—0

e—0

uniformly for (¢,0u) € [ti0 — d2,t10 + 02 x V'~ (see (2.33), (2.35), (3.11), (3.12)). Thus,

Rsi(t;edp) = o(t;edp), i = 1,3, (3.13)
and

Ray(t;edp) = —¢

to+7
/ Y (&5t) fop[€lpo(§ — To)d§] 0T + o(t;e0p).

too

It is clear that

too+70

/ Y (&) fopl€lo(€ — To)d5] 6T = o(t;e0p),

to+7
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Po(§ —70) = Yo(§ —710), & € [too, too + Tol,

therefore,

too+70

Ray(t;edp) = —¢ Y (&) fopl€lpo(§ — m0)dE | 6T + o(t;edp). (3.14)

too

The function zy(&), & € [too,t10 + 02|, is absolutely continuous, therefore for each fixed
Lebesgue point £ € (tgg, t10 + d2) of the function Zy(§ — 79) we obtain

£—edo
20(§ — o) — z(§ — 09) = / Zo(s — o9)ds = —eZo(§ — 00)d0 + 71 (&5 €0p) (3.15)
3
with
ii_r)r(l) 71@::6“) =0 uniformly for dop e V™
and
W‘ < const V¢ € (too, 2 + 02).

Thus, for Rs;, 7 = 5,6, we get

to+T7

[ Y@ inletae - ao)ie | 6o

too

|Rss| < [[Y|O(edp)a(edp),  Rse = Yi(t;edp) —e

(see (2.35), (3.15)), where

b

1
(ebp1) = / [ / [for (€, 20(€) + SAZ(E), po(E — 10) + 5(0(E —7) — Po(€ — o)+
0

too

+0p(§ = 7)), 20(§ — 00) + 5(20(§ — ) = 20(§ — 00) + Az(§ —0)))—

— foz(&§,20(§), wo(§ — 70), 20(§ — 00))\d3] dé,

too+T

0 (8 £6p1) = / Y (€: 1) fo- €l (€ 20p1)de.

too

It is clear that

lim ¢(edp) = 0, lim
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and
too+70
€ / Y (§5t) foz[€]20(€ — O’o)dfl do = o(t;edp).
to+T1
Consequently,
too+70
|Rss| < o(edp), Rsge = —¢ / Y (&;t) foz[€)20(€ — ao)d§] do + o(t;edp). (3.16)
too
Moreover,
|Rs7| < o(edp) (3.17)
(see (2.41)). Thus,
[ too+70
Roi(t;e0p) = —¢ / Y (&) fopl€lpo(§ — 70)dE | 67—
too
[ too+To
—e| [ Y@ - oo b0+ oftictn) (3.18)
L oo

(see (3.13), (3.14), (3.16), (3.17)). Now let us transform Rgo(t;c0). We have

4
Rao(t;e0p) = Z Ryi(t;edp),
i1

where
too+T70

Rur(t: e6p) = / Y (€ 0)0(¢: ),
to+71

too+70

Rus(t; e6p) = — / Y (€:1) foul) Az (€)de.

to+7

too+70

Rus(t: ep1) = — / Y (€ ) op €] Ap(E — 7o),
to+T7

too+7o

Raa(t201) = — / Y (€:8) fos [E]A=(€ — op)de.
to+7
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If¢€ e [to + 7,200 —|—T0], we get

po(§ —=7) + Ap(§ = 7) = u(§ —75ebp) = uo(§ — 7) + Au(§ — 7;20p)

and
po(§ —710) = wo(€ — 70).
Therefore,
ggl%(&xo(f) +Az(§),po(§ —7) + Ap(§ = 7),20(§ —0) + Az(§ —0)) =
= gﬁt{)i(glmi(f,xo(ﬁ%uo(& —70),20(§ — 00)) = wor,
lim (&, 20(&), po(€ — 70), 20(€ — 00)) = &tloiolferr(&‘ro(f)sDo(ﬁ —170),20(§ — 00)) = wo2.

On the basis of the last relations we obtain

lim  sup  [0(§edp) — fou| =0

€0 E€[to+T,t00+70]
(see the condition 4)). The function Y (; ¢) is continuous on the set [tog, too + 70] X [t10 — 2, t10+
+02] C II. Thus, Rai(t;e0pn) = —eY(too + 10;t)f51(0to + 07) + o(t;edp). Further, if £ €
€ [to + 7, to + 70, then Ap(§ — 79) = edp(§ — 70), therefore

to+7o too+T70
Rus(t:200) = —¢ / Y€1) fopléldolE — mo)de — / Y (€:) foplé],
to+T to+70
too

Ap(€ — 70)dé = — / Y (€ + 703 £) fopl€ + o] Ap(E)dE + ol c61).

to
Moreover, we note that |Raa(t;edu)| < o(t;edu), |Raa(t;edp)| < o(t;edp) (see (2.32), (2.35)).
Consequently, we have
Ros(t;edp) = —eY (too + 703 t) for (0to + 67)—
too
+ [ ¥lE+ 70 ople + mlAp(€E +ofts 26 (319)
to

By similar transformations (see the proof of formula (3.18)), on the basis of (2.40) and (2.41),
one can prove

Ros(t; 201) = —< / Y (€:1) foplelpo(€ — mo)de | 57—
Ltoo+T0 .
—e| [ viennlgn(e - onde| o o). (20)
Ltoo+T0 _

ISSN 1562-3076. Heninitini koausarns, 2014, m. 17 N> 4



530 T. TADUMADZE

Taking into consideration (3.18)—(3.20), from (3.8) we obtain

t

Ry (t;too, e0p) = —5{[ / Y (&) fopl€lpo(§ — 70)dE | 67+
too+70
t
+e / Y(f; t)f()z[f]z"o(f — O’o)d§ oo + €Y(t00 + 70; t)fo_l ((5to + 57’)}—
too+7o0
too
= [ ¥ie+ 0ol + mlAp(€)de + ofts <) (321)
to

For the R19(t; too, £dp1) we have
12
|Ri2(t; too, e0p)| < 60&2 [wi(t()o,too-i-ﬂ€5M)+wz‘(too+ﬂ too+70; €0p0)+w;(too+T0, tro+02; €0 1) |,
i=1

where

"

wilt's260) = [ Loy (1800 + ot = ) = polt = )|+

’

t
 1Ap(t = )] + |20t = 0) = 20(t = 0)| + |Az(t — o)) }
(see (3.3)). Owing to (2.32) —(2.35), (2.45) and (2.46) we get
wi(too, too + T;e0u)| < O(edp),  w;i(too + 70, t10 + d2;e01) < O(edp).
On the other hand, sw;(tgo + T, too + 70;€01) < o(edp). Consequently,
| Ri2(t; oo, e0p)| < o(edu). (3.22)

From (3.4) according to (3.5) - (3.7), (3.21) and (3.22) we obtain the desired formula (1.5), where
dx(t; dp) has the form (1.6).

4. Proof of Theorem 1.2. The function Ax(¢) on the interval [ty, t19 + d2] satisfies Eq. (3.1)
and therefore it can be represented by the Cauchy formula

Ax(t) = Y (to: )Ax(to) + ¢ / Y (€03 flElde+

2

+ Z[ROi(t; to,edp) + Ryi(t; to, f;‘(su)], t e [to, ti0 + 52]. 4.1)
1=0
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The matrix function Y (&;¢) is continuous on the set [too, too + 0] X [t10 — d2,t10 + d2] C 11,
therefore

Y(to; t)Am(to) = EY(too; t) {((5}?0, (Sg<t00)>T + [(@kxla ga_)T — f(jf]dto} + O(t; 6(5,11,) (4.2)

(see (2.56)).
Let a number &5 € (0,¢1) be sufficiently small so that for any (g, du) € [0,e2] x VT

to—70 < too, to— o0 < too-
Now let us transform Ry, (t; tg,edu), i = 1,2. We have

too
Ro1(t;tg,e0u) = ¢ / Y (& + 703 t) fopl€ + 0]0(&)dE+
too—To
to

" / Y (€ + 01 ) fop[€ + 7ol Ap(€)dE + o{t; 31, 43)

too

too
Roat: to, ep1) = / Y (€ + 00:8) fou € + 00]89(€)de + olt: w10, (4.4)

too—o0

In a similar way (see the proof of Theorem 1.1), on the basis of (2.55), (2.57) and (2.58), one
can prove that

t

Ri1(t;to, edp) = —5{ [ / Y (&) fopl€lpo(€ — m0)d§

too+70

oT+

t

/ Y (&) foz[€]20(€ — 00)dE

too+70

_l’_

do + Y (too + 705 t)fg'l(éto + (57')}—

to
- / Y (€ + 703 ) fopl€ + 7ol Ap(E)dE + ol £6),

" (4.5)
‘ng(t; too, 5(5#)‘ S 0(55u).
Finally, we note that
t t
- [Yearigas =« [ vie0asields + oftict). (46)
to too

ISSN 1562-3076. Heninitini koausarns, 2014, m. 17 N> 4



532 T. TADUMADZE

From (4.1) according to (4.2) — (4.6) we obtain the desired formula (1.5), where dx(¢; o) has
the form (1.10).
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