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The paper is concerned with the existence and stability of an almost periodic solution of the system with
deviating argument

dx(t)
dt

= A(t)x(t) + f(t, x(t), x(t− τ1(t)), . . . , x(t− τk(t)).

The Wexler inequality for the Cauchy matrix is used. Conditions for stability of the solution are given.

Розглядається проблема iснування та стабiльностi майже перiодичного розв’язку системи з
вiдхиленням в аргументi

dx(t)
dt

= A(t)x(t) + f(t, x(t), x(t− τ1(t)), . . . , x(t− τk(t)).

Використовується нерiвнiсть Векслера. Наведено умови стабiльностi розв’язку.

1. Introduction and preliminaries. Different aspects of the theory of almost periodic solutions
of quasilinear differential equations with deviating argument, including applications, has been
investigated by many authors [1 – 7]. The problem of existence of almost periodic solutions
for functional differential equations was considered by J. Hale [2] for the case when the non
perturbed system is autonomous or periodic and the argument is retarded. The paper [4] deals
with the existence of almost periodic solutions of a system with unique and constant deviati-
on. The aim of the present paper is to investigate the problem for the system (1), where the
deviations and the matrix of coefficients are almost periodic functions. Moreover, we assume
that the equation is of mixed type [3], that is, the derivative of x depends on the past as well as
the future values of t. This type of equations, apparently, can be applied to problems of antici-
patory systems [8]. One should emphasize that the general theory has not been considered for
this type of equations as well as for the equations with retarded argument or for the systems of
the neutral type [3, 9].
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Let N,R be sets of all natural and real numbers respectively, || · || be the Euclidean norm
in Rn, n ∈ N. Let s ∈ R be a positive number. We denote Gs = {x ∈ Rn|||x|| ≤ s} and
Gk+1

s = Gs ×Gs × . . .×Gs (that is, Gk+1
s is the Cartesian product of k copies of Gs).

Let a set C0(R) (respectively, C0(R × Gk+1
H ) for a given H ∈ R,H > 0) be a set of all

functions that are bounded and uniformly continuous on R (respectively on R×Gk+1
H ).

Definition 1. For f ∈ C0(R) (respectively C0(R ×Gk+1
H )) and τ ∈ R the translation of f by

τ is the function Qτf = f(t+ τ), t ∈ R (respectively Qτf(t, z) = f(t+ τ, z), (z, t) ∈ R×Gk+1
H ).

Definition 2. A number τ ∈ R is called ε-translation number of a function f ∈ C0(R)(
C0(R×Gk+1

H )
)

if ||Qτf − f || < ε for every t ∈ R((t, z) ∈ R×Gk+1
H ).

Definition 3. A function f ∈ C0(R)
(
C0(R × Gk+1

H )
)

is called an almost periodic (almost
periodic in t uniformly with respect to z ∈ Gk+1

H ) if for every ε ∈ R, ε > 0, there exists a
corresponding dense set of ε-translations of f.

Denote by AP(R)
(
AP(R×Gk+1

H )
)

the set of all such functions [10, 11].
The aim of this paper is to investigate the problem of existence and exponential stability of

an almost periodic solution of a system of differential equations with deviating argument of the
form

dx

dt
= A(t)x + f(t, x(t), x(t− τ1(t)), . . . , x(t− τk(t)), (1)

where x ∈ Rn, t ∈ R. We will need the following assumptions:
(C1) A(t) ∈ AP(R) is an n× n matrix, τj ∈ AP(R), j = 1, k.
(C2) f ∈ AP(R×Gk+1

s ) for every s ∈ R, s ≥ 0.
Let X(t, s), X(s, s) = I , be a Cauchy matrix of the associate homogeneous linear system

dx

dt
= A(t)x. (2)

One of our basic assumptions is the following.
(C3) ∃{a, b} ⊂ R, b ≥ 1, a > 0, such that

||X(t, s)|| ≤ b exp(−a(t− s)), t ≥ s. (3)

Lemma 1 [12 – 14]. Let A(t) ∈ AP(R) and the condition (C3) be satisfied. Then

||X(t + τ, s + τ)−X(t, s)|| < ε exp
(
−a

2
(t− s)

)
, (4)

if τ is
aε

2b2
-translation number of A(t).

Lemma 2 [10]. If f ∈ AP(R × Gk+1
H ) and z ∈ AP(R), z : R → Gk+1

H . Then f(t, z(t)) ∈
∈ AP(R).

Remark 1. Lemma 1 is due to D. Wexler [12] and is of principal significance in the arti-
cle. It states that the matrix X(t, s) is "diagonal almost periodic". Information relevant to this
assertion can be found in the book by W. A. Coppel (see Proposition 4 in Lecture 8 of [15]).
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2. Main result. In this section we consider the problem of existence of an exponentially
stable almost periodic solution of (1).

Lemma 3. If φ ∈ AP(R), then φ(t− τj(t)) ∈ AP(R), j = 1, k.

Proof. Fix ε ∈ R, ε > 0. Since φ ∈ C0(R) there exists δ = δ
(ε

2

)
such that ||φ(t1)−φ(t2)|| <

<
ε

2
if |t1 − t2| < δ. Denote ε1 = min

(ε

2
, δ

)
. By using the method of common translati-

on numbers [10, 11] one can show that there exists a corresponding dense set of ε-translation
numbers of φ and τj(t). Let τ be one of them. Then

||φ(t + τ − τj(t + τ))− φ(t− τj(t))|| ≤ ||φ(t + τ − τj(t + τ))− φ(t + τ − τj(t))||+

+ ||φ(t + τ − τj(t))− φ(t− τj(t))|| <
ε

2
+

ε

2
= ε.

The lemma is proved.
Assume that the following conditions hold:
(C4) ∃l ∈ R, l > 0, such that

||f(t, z1)− f(t, z2)|| ≤ l
k∑

j=0

||zj
1 − zj

2||; (5)

where zi = (z0
i , . . . , zk

i ) ∈ Rn(k+1), i = 1, 2.
Fix σ ∈ R, 0 < σ < a. Denote

τ0 = max
{

0, sup
t

τj(t), j = 1, k

}
, m(l) = 1− exp(στ0)blk

a− σ
.

We assume in addition that l is sufficiently small so that

(C5) l <
bk

a
;

(C6) m(l) > 0.

Theorem 1. Assume that (C1)−(C5) hold. Then there exists a unique almost periodic solution
ξ0(t) of (1).

Proof. Let T be an operator on AP(R) such that

Tφ =

t∫
∞

X(t, s)Fφ(s)ds. (6)

Let φ ∈ AP(R).
By using Lemma 3 one can prove that Fφ(t) ∈ AP(R), and by Lemmas 1, 2 on the base of

the method of common translation numbers one can verify that there is a corresponding dense
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set Γ ⊂ R of ε-translation numbers for Fφ such that if τ ∈ Γ then (4) is valid for t ≥ s. Then

||Tφ(t + τ)− Tφ(t)|| =

∥∥∥∥∥∥
t∫

∞

X(t + τ, s)Fφ(s)ds−
t∫

∞

X(t, s)Fφ(s)ds

∥∥∥∥∥∥ ≤

≤
t∫

∞

||X(t + τ, s + τ)|| ||Fφ(s + τ)− Fφ(s)||ds+

+

t∫
∞

||X(t + τ, s + τ)−X(t, s)|| ||Fφ(s)||ds ≤

≤
t∫

∞

b exp(−a(t− s))εds +

t∫
∞

ε exp
(
−a

a

2
(t− s)

)
Mφds =

b + 2Mφ

a
ε, (7)

where Mφ = supt ||Fφ||. Thus Tφ ∈ AP(R). Moreover if φ1, φ2 ∈ AP(R) then, for every
t ≥ t0,

||Tφ1(t)− Tφ2(t)|| =

∥∥∥∥∥∥
t∫

−∞

X(t, s)Fφ1(s)ds−
t∫

−∞

X(t, s)Fφ2(s)ds

∥∥∥∥∥∥ ≤

≤
t∫

−∞

||X(t, s)|| ||Fφ1(s)− Fφ2(s)||ds ≤

≤
t∫

−∞

b exp(−a(t− s))lk||φ1 − φ2||0ds =
bkl

a
||φ1 − φ2||0.

The last inequality implies that

||Tφ1(t)− Tφ2(t)||0 ≤
bkl

a
||φ1 − φ2||0, (8)

and the condition (C5) implies that the operator T : AP(R) → AP(R) is contractive. Thus
there exists a unique fixed point ξ0 ∈ AP(R) of T which is a solution of (1).

The theorem is proved.

Remark 2. Apparently, the general problem of existence of solutions for equations of mixed
type has not been considered yet. Even for the case of advanced argument there are certain
difficulties if we try to define a solution for inceasing t [16, 17]. J. Hale remarked in [3] that
"these equations seem to dictate that boundary conditions should be specified in order to obtain
a solution in the way as one does for elliptic partial differential equations". We regard the
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boundedness of the solution on R as a boundary condition in the proof of Theorem 1. Authors
of [18] used this method to prove existence of a bounded solution for the equation of advanced
type when t ≥ t0.

Formulation of stability conditions for the solution ξ0(t). Fix t0 ∈ R, denote C[t0 − τ0, t0]
the set of all initial functions. Let x(t) be a solution of (1) such that

(D1) x(t) =


π(t) ∈ C[t0 − τ0, t0], t0 − τ0 ≤ t ≤ t0, if τ0 > 0,

x0 ∈ Rn, if τ0 = 0.
(D2) x(t) satisfies the equation (1) for all t ≥ t0.

Definition 4. The solution ξ0(t) is called uniformly exponential stable if there exists a number
α ∈ R,α > 0, such that for every ε > 0 there exists a number δ = δ(ε) such that the inequality
maxt0−τ0≤t≤t0 ||π(t) − ξ0(t)|| < δ (or inequality ||x0 − φ(t0)|| < δ, if τ0 = 0) implies that
there exists a unique solution x(t) which satisfies conditions (D1), (D2) and ||x(t) − ξ0(t)|| <
< ε exp(−α(t− t0)) for all t ≥ t0.

Remark 3. Analyzing definitions of Lyapunov stability for different types of equations it is
possible to stress the following two generic conditions.The first one is the closeness of the initial
values (the initial functions) for a solution whose stability is tested and a neighbour solution.
The second one is the condition that the process after the initial moment of time should be
governed only by a differential equation.These circumstances are described by conditions (D1)
and (D2). And evidently, (D2) induces the condition of ignoring the negative values of τj(t)
for the construction of initial conditions.We decided to make this comment after Definition 4,
since the formulation of stability of solutions of the equations with mixed type of deviating
arguments has not been encountered in the literature previosly.

The following theorem holds.

Theorem 2. Assume that (C1) − (C6) hold. Then the almost periodic solution ξ0(t) of (1) is
uniformly exponential stable.

Proof. One can see that v(t) = x(t)− ξ0(t) is a solution of the equation

dv

dt
= A(t)v + w(t, v(t), v(t− τ1(t)), . . . , v(t− τk(t)), (9)

where

v(t) = θ(t)(θ = π(t)− ξ0(t)) on [t0 − τ0, t0],

w(t, v(t),v(t− τ1(t)), . . . , v(t− τk(t)) =

= f(t, ξ0(t) + v(t), . . . , ξ0(t− τk(t)) + v(t− τk(t)))− f(t, ξ0(t), . . . , ξ0(t− τk(t)),

and w satisfies

||w(t, v1)− w(t, v2)|| ≤ l
k∑

j=0

||vj
1 − vj

2||,
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vi = (v0
i , . . . , v

k
i ) ∈ Rn(k+1), i = 1, 2. Thus we can reduce the problem of stability of ξ0(t)

to the problem of stability of the zero solution v = 0 of (9) . Let us fix ε > 0 and denote

K(l, δ) =
b

m(l)
δ, where δ ∈ R, δ > 0. Take δ so small that K(l, δ) < ε. Assume, without lost

of any generality, that t0 = 0, τ0 > 0 and let C[−τ0, 0] be the set of all initial functions. Fix
θ(t) ∈ C[−τ0, 0] such that max[−τ0,0] ||θ(t)|| < δ and let

Ψθ =
{
φ ∈ C0[−τ0,+∞)|φ(t) = θ(t) if − τ0 ≤ t ≤ 0, ||φ(t)||1 ≤ K(l, δ) exp(−σt)

}
,

where C0[−τ0,+∞) denotes the restrictions of all functions from C0(R) to [−τ0,+∞) and
||φ||1 = supt≥t0 ||φ(t)||. Define on Ψθ an operator Π (see [2]) such that if φ ∈ Ψθ then

Πφ =



θ(t) for all − τ0 ≤ t ≤ 0,

X(t, 0)θ(0) +

t∫
0

X(t, s)Fφ(s)ds, otherwise .

We shall show that Π : Ψθ → Ψθ. Indeed, for t ≥ 0 we have that

||Πφ|| ≤ b exp(−at)δ +

t∫
0

b exp
(
−a(t− s)

)
lK(l, δ)

k+1∑
j=0

exp
(
−σ(s− τj(s))

)
ds ≤

≤ exp(−σt)
[
bδ +

(k + 1) exp(στ0)blK(l, δ)
a− σ

]
= K(l, δ) exp(−σt).

Differentiating Πφ on [0,∞) it is easy to show that [Πφ]′ is a function uniformly bounded
on [0,∞) and, hence, Πφ is a uniformly continuous function.

Let φ1, φ2 ∈ Ψθ. Then

||Πφ1 −Πφ2|| ≤
t∫

0

b exp
(
−a(t− s)

)
lk||φ1 − φ2||1ds ≤ blk

a
||φ1 − φ2||1.

From (C5) it follows that there is a unique fixed point of the operator Π : Ψθ → Ψθ which
is a solution v(t) of (9) such that x(t) = v(t) + ξ0(t) is a unique solution of (1) which satisfies
conditions (D1), (D2).

The theorem is proved.
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