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In this paper, a recent nonlinear alternative for contraction maps in Fréchet spaces, due to Frigon and
Granas, is combined with semigroups theory and used to investigate the controllability of some classes of
semilinear functional and neutral functional differential equations in Banach spaces on the semiinfinite
interval.

Jlocaioncyemvcs kepo8aHicmv 04 0eAKUX KAACI8 HANIBATHIUHUX (DYHKUIOHAALHUX [ HEUMPAAbHUX (DYHK-
UIOHANbHO-OUGepeHUlanbHUX PIBHAHD Y OAHAX0BUX NPOCMOPAX HA HANIBOOMENEHOMY IHMePBai 3a 00-
HOMO20K0 MeOpil HaNi82pyn, a MAKOH HeuW00asHo ompumaroi @pizonom i I panacom HeaiHiIHOL anb-
MepHamugu 045 CIUCKao4ux 8i0oopaxcens y npocmopax Ppeuie.

1. Introduction. This paper is concerned with an application of a recent nonlinear alternative for
contraction maps in Fréchet spaces due to Frigon and Granas [1] to the controllability of some
classes of initial value problems for first and second order semilinear functional and neutral
functional differential equations in Fréchet spaces. In Section 3, we will consider the first order
semilinear functional differential equations

y'(t) — Ay(t) = f(t,y) + (Bu)(t) a.e.t e [0,00), (1

y(t) - ¢(t), te [—7", 0]7 (2)

where r > 0, f : J x C([-r,0],E) — F is a given function and ¢ € C([-r,0], E). Also
the control function u(-) € L?(J,U), a Banach space of admissible control functions with U
as a Banach space, B is a bounded linear operator from U to E. Finally A is a densely defined
operator generating a semigroup {7'(¢)}, t > 0, of bounded linear operators from E into £ and
E is real Banach space with norm |- |. For any continuous function y defined on [—r, o) and any
t € [0,00), we denote by y; the element of C([—r, 0], E') defined by y,(0) = y(t+6), 6 € [—r,0].
Here y,(-) represents the history of the state from time ¢ — r, up to the present time ¢. In Section
4, we study the second order semilinear functional differential equations of the form

y"(t) — Ay(t) = f(t,y) + (Bu)(t) a.e.t € [0,00), €)
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y(t) = Qb(t)’ te [_Tv O]a y’(O) = (4)

where f and ¢ are as in problem (1), (2),n € E, and A is a densely defined operator generating
a family of cosinus operators {C ()}, t > 0.

Sections 5 and 6 are concerned with the existence of solutions, of initial value problems
for first and second order semilinear neutral functional differential equations. In Section 5 we
consider the first order semilinear neutral functional differential equations of the form

Sl — gltu)] = Ay(0) + F(t,w) + (Bu)(t) ae. b € [0,00), )

y(t) = ¢(t), t e [-r0], (6)

where f, A, and ¢ are as in problem (1), (2) and g : J x C([-r,0], E) — E. In Section 6 we
study the following second order problem

d

V0 =9ty = Ay(t) + f(t.y) + (Bu)(t) a.e. i € [0,00), ™)

y(t) = o(t), te[-r0] y(0)=n, ®)

where f, A, n, and ¢ are as in problem (3), (4) and g is as in problem (5), (6). The last section
will be devoted to an example illustrating the abstract theory.

Recently the fixed point argument such as the Banach contraction principle and Schaefer’s
fixed point theorem were applied to the controllability, on compact intervals, of some classes
of semilinear differential, integrodifferential, and functional differential equations in Banach
spaces in the literature. We mention here the survey paper by Balachandran and Dauer [2] and
the references cited therein. In [3] the controllability of a class of first order evolution equations
on semiinfinite time horizon was studied by means of an application of Schauder — Tikhonov’s
fixed point theorem and the semigroup theory.

Our goal here is to give uniqueness results for the above problems. These results can be
considered as a contribution to the literature.

2. Preliminaries. In this section, we introduce notations, definitions, and preliminary facts
which are used throughout this paper.

C([-r,0], E) is the Banach space of all continuous functions from [—r, 0] into £ with the
norm

9]l == sup{|¢(0)] - —r < 6 < 0}.

B(FE) is the Banach space of all linear bounded operator from F into F with norm

INllB(e) = sup{IN(y)| : |y| = 1}.

A measurable function y : [0,00) — FE is Bochner integrable if and only if |y| is Lebesgue
integrable. (For properties of the Bochner integral, see for instance, Yosida [4].)
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L'([0,0), E) denotes the Banach space of functions y : [0,00) — E which are Bochner
integrable normed by

Iyl = / o
0

We say that a family {C(t) : t € R} of operators in B(FE) is a strongly continuous cosine
family if:

1) C(0) = I (I is the identity operator in E);

2)C(t+s)+C(t—s) =2C(t)C(s) forall s,t € R;

3) the map t — C'(t)y is strongly continuous for each y € E.

The strongly continuous sine family {S(¢) : ¢ € R}, associated to the given strongly conti-
nuous cosine family {C(¢) : t € R}, is defined by

t
S(t)y = /C(s)yds, ye E, teR
0

The infinitesimal generator A : D(A) C E — F of a cosine family {C(¢) : ¢t € R} is defined
by
d?

Ay = —C(t .
y dtQC()yt:0

For more details on strongly continuous cosine and sine families, we refer the reader to the
books of Fattorini [5] and Goldstein [6] and to the papers of Travis and Webb [7, 8]. For properti-
es of semigroup theory, we refer the interested reader to the books of Engel and Nagel [9] and
Pazy [10].

For more details on the following notions we refer to [4]. Let X be a Fréchet space with a
family of seminorms {|| - [|,), » € N}.LetY C X, we say that Y is bounded if for everyn € N,
there exists M,, > 0 such that

|ylln < M, forall y €Y.

To X, we associate a sequence of Banach spaces {(X", || - ||)} as follows. For every n € N,
we consider the equivalence relation ~,, defined by ~,, if and only if ||z — y|/,, = 0. We denote
X" = (X/ ~,,]| - ||) the quotient space, the completion of X™ with respect to || - ||. To every
Y C X, we associate a sequence {Y"} of subsets Y C X" as follows. For every z € X, we
denote [z],, the equivalence class of x of subset X" and define Y" = {[z], : « € Y}. We
denote Y, int,, (Y"), and 8, Y™, respectively, the closure, the interior and the boundary of Y
with respect to || - || in X™. We assume that the family of seminorms {|| - ||,,} verifies

x|l < [lzll2 < ||lz]|ls < ... forevery z € X.

Definition 2.1 A function f : X — X is said to be a contraction if for each n € N there exists
kn € (0,1) such that

I f(z) = fW)lln < knllz —ylln forallz,y € X.
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Theorem 2.1 (Nonlinear Alternative, [1]). Let X be a Fréchet space and Y C X a closed
subsetin Y let N : 'Y — X be a contraction such that N(Y') is bounded. Then one of the
following statements holds:

C1) N has a unique fixed point;

Csy) there exists X € [0,1), n € N,and x € 0,Y" such that |x — AN(z)||,, = 0.

In what follows, we will assume that the function f : [0,00) x C([-r,0], E) — Eis an L*-
Carathéodory function, i. e.,

i)t — f(t,u) is measurable for each u € C([-r,0], E);

i) u — f(t, u) is continuous for almost all t € [0, c0);

iii) for each ¢ > 0, there exists h, € L ([0, 00), R, ) such that

loc

|f(t,u)| < hy(t) forall ||ul| < ¢ andfor almostall ¢ € [0, c0).

3. Controllability for first order semilinear FDEs. The main result of this section concerns
the IVP (1), (2). Before stating and proving it, we first give a definition of a mild solution of the
IVP

Definition 3.1. A function y € C([—r,00), E) is said a mild solution of (1), (2) if y(t) =
= ¢(t), t € [-r,0], and for each t € [0, c0),

0 0
y(t) = T(t)e(0) + /T(t —3)f(s,ys)ds + /T(t — 5)(Bu)(s)ds.

Definition 3.2. The system (1), (2) is said to be infinite controllable if for any continuous
function ¢ on [—r,0] and any v € E and for each n € N there exists a control u € L*([0,n],U)
such that the mild solution y(-) of (1) satisfies y(n) = .

Let us introduce the following hypotheses which are assumed hereafter:
H;) there exists a continuous nondecreasing function ¢ : [0,00) — (0,00) and p €
€ L (]0,00),R,) such that

loc

|f(t,u)| < p(t)yY(||lul]) fora.e.t € [0,00) and each u € C([—r,0], E)

with

1/ waéi) -

Hy) for all R > 0 there exists Ig € L ([—r,o0), Ry) such that
[f(t,u) = f(t, @) < Ir()|u—7l| forallu, @ € C([=r,0], E) with [[u]], [[u] < R;
Hs) there exists M > 1 such that

|T(t)|| p(gy < M foreach t > 0;
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H,) for every n > 0 the linear operator W : L?(J,,,U) — E (J, = [0,n]), defined by

Wu = /T(n — s)Bu(s)ds,
0

has an inverse operator W' which takes values in L?(J,,U)\Ker W and there exist positive
constants M, M; such that |B|| < M and |[W™1|| < M.

For each n € N we define in C([—r, c0), F) the seminorms by

lylln = supfe Oy (t)] = ¢ < n},

t
where L (t) = /ln(s)ds, In(t) = max(M1,(t),nMM*M||l|| 11 (jo,n7)), and L, is the function

0
from Hy). Then C([—r, o0), E) is a Fréchet space with the family of seminorms {|| - ||, }. In what
follows we will choose T sufficiently large.

Theorem 3.1. Suppose that hypotheses H1)— Hy) are satisfied. Then problem (1), (2) has a
unique solution.

Proof. Using hypothesis Hy) for each y(-) and each n € N define the control

Transform the problem (1), (2) into a fixed point problem. Consider the operator N : C([—r, c0),
E) — C([-r, ), E) defined by

o(t), ift € [-r,0];

=
—
<
N—
=
N—
I
o —

T'(t — s)(Buy)(s)ds + /T(t —5)f(s,ys)ds, ift € [0, 00).
0

Clearly, the fixed points of the operator N are solutions of the problem (1), (2). Let y be a
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possible solution of the problem (1), (2). Givenn € Nand ¢ < n, then

t

y(t)] < IT@)160)] + / Tt — 8)||(Bul)(s)|ds + / IT(t— 8[| (5. y0)lds <
0

0

IN

M|¢>(0)|+M/IIB|IUZ(S)!dS+M/p(8)1/)(\|ysll)ds <
0 0

IN

t
M||¢l| + nM MM, !fvl + Mol +nM/p($)¢(ys)d8] +
0

t

M / p(s)(lys)ds <

0

IN

M|[6]| + nMMM(||ly:|| + M |] +

t
+ max{n?TTM2E, M) / p(s)(lys)ds.
0

We consider the function p defined by
p(t) = sup{ly(s)| : —r < s <t}, 0 <t <n.
Let t* € [—r,t] be such that u(t) = |y(t*)|. If t* € [0,n], by the previous inequality we have,
fort € [0,n],
¢
pu(t) < M|l +nMMM[||lz| + M||¢|] +maX{n2MM2M1,M}/p(S)ib(u(S))dse

0
If t* € [—r,0], then u(t) = ||¢|| and the previous inequality holds. Let us take the right-hand
side of the above inequality as v(t). Then we have

¢ =v(0) = M[¢|| + nMMM[l|z1]| + M|@l], u(t) < v(t), t € [0,n],
and
V' (t) = max{n*MM?>M, M}p(t)y(u(t)) a.e.t € [0,n].

Using the nondecreasing character of i) we get

V' (t) < max{n*MM?M 1, M}p(t)y(v(t)) a.e. t € [0,n)].
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This implies that for each ¢ € [0, n]

(1)
ds

P(s)

v(0)

t
< max{nQMMQMhM}/p(s)ds < 00.
0
Thus from H;) there exists a constant K, such that v(¢t) < K,, t € [0,n], and hence u(t) <
< Ky, t € [0,n]. Since for every t € [0,n], |ly+|| < p(t), we have
[Ylln < max{|[¢]|, Kn} := Mp.
Set
Y ={y € C(]-r,00),E) : sup{|y(t)| : t < n} < M, +1foralln € N}.

Clearly, Y is a closed subset of C([—r,00), F'). We shall show that N : Y — C([-r, ), E)
is a contraction operator. Indeed, consider y,5 € C([—r, o), E), thus for each ¢ € [0,n| and
n € N,

IN(y)(t) = N@m)()] =

/ T(t — 5)[(Bul')(s) — (Bul)(s))ds +
0

+ T(t—S)[f(S,ys) —f(S,ys)]dS <

o

< M/ 1Bl[|(uy)(s) = (ug)(s)lds +
0

+ [ la(8)e™ e THIM |y, — gy ldt <

o

t
<M / Ln(8)e™52 ) dtly — gl +
0

n

y1 — T(n)g(0) — /T(n —8)f(w,y(w))dw | ds —

t
+ MM/!W‘I
0 0
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n

y1 — T(n)g(0) — /T(n —8) f(w,7(w))dw | ds <

0

—w-!

IN

7, 0/ M 0/ (@, 5(w)) — (@, 5(w)dwds +

t

/ L)Yty — I <

0

< 1 7L (t) lerL*

< e Wy — g + Dy — Flln-

Therefore,

_ 2 _
IN(y) = N@)n < ;Hy —Ylln,

showing that for 7 sufficiently large, the operator IV is a contraction for all n € N. From the
choice of Y there isno y € 9Y™ such that y = AN (y) for some A € (0,1). As a consequence of
the nonlinear alternative type [1], we deduce that N; has a unique fixed point which is a mild
solution to (1), (2).

4. Controllability for second order semilinear FDEs. In this section we give a uniqueness
result for the IVP (3), (4).

Definition 4.1. A function y € C(|-r,0), E) is said to be a mild solution of (3), (4) if
y(t) = o(t), t € [-r,0], y/(0) = n, and

0 0
y(t) = C(t)op( 7]+/St—s ds—i—/St—s (s,ys)ds.
t t

Definition 4.2. The system (3), (4) is said to be infinite controllable if for any continuous
function ¢ on [—r,0] and any v € E and for each n € N there exists a control u € L*([0,n],U)
such that the mild solution y(-) of (3) satisfies y(n) = .

Theorem 4.1. Assume H1), Hs) and the condition:
Hs) there exists a constant M, > 1 such that

ICH) s < My forall t € R;

Hg) for every n > 0 the linear operator W : L?(J,,U) — E, defined by

Wu = / S(n — s)Bu(s)ds,
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has an inverse W1 which takes values in L*(J,,U)\Ker W and there exist positive constants
M", M such that |B| < M and |W~'|| < M) are satisfied. Then the IVP (3), (4) has a
unique mild solution.

Proof. Using hypothesis Hg) for each y(-) and each n € N define the control

uy (t) = wt

z1 — C(n)9(0) — S(n)n — /S(n - S)f(s,ys)dS] (t).
0

Consider the operator Ny : C([-r, ), F) — C([-r,c0), E) defined by

o(t), ift € [-r,0];
t
- "d
N(y)() = C(t)o( 77+0/S (t—s) )ds+
¢
—i—/St—s (s,ys)ds, ift € [0,00).
0

Clearly, the fixed points of the operator N, are mild solutions of the problem (3), (4).
Let y be a possible solution of (3), (4). Thus for all t < n, n € N, we have

t ¢
y(t) = C(t)o( 17+/St—5 ds+/St—s (s,ys)ds.
0 0

This implies, by Hy) and Hy, that for each ¢ € [0, n] we have

t

ly(t)] < Mu|[| + ndn] +7’LM1/IIBIIIUZ(S)IdS+nM1/p(8)w(|ysll)ds <
0

< My||¢|| + nMy|n| + nd* M M | ||21 || + Mi|6(0)] + nMin +

t

b onl, / p(s)e(lys|l)ds

0

t

nly / p(s)([lys)ds <

0

< My ||| + nMln| + nM* MM [|[2:1]| + Mi|¢(0)] + nMin] +
- maxn? MENF T nMy ) / B(llysl)ds
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We consider the function p defined by
p(t) = sup{ly(s)| - —r <s <}, 0 <t <mn.

Let t* € [—r,t] be such that u(t) = |y(t*)|. If t* € [0, n], by the previous inequality we have,
fort € [0,n],

p(t) < Mil|g|| + ndi|n| + ndMME [[|21]| + Mi|é(0)] + ndin] +

¢
+ maX{nQMfM*Mi,an}/p(s)l/z(u(s))ds.
0

If t* € [-r,0], then u(t) = ||¢|| and the previous inequality holds. Let us take the right-hand
side of the above inequality as v(t). Then we have

¢ =v(0) = Mi|[¢|| +nMyn|+ndM M [[|z1]| + M| $(0)| +ndin], pu(t) < o(t), t € [0,n],

and
v/ (t) = max{n>MZM My, nM; }p(t)y(u(t)) a.e.t € [0,n].

Using the nondecreasing character of ¢) we get
V' (t) < max{n2MZM My, nM}p(t)y(v(t)) a.e. t € [0,n].
This implies that for each ¢ € [0, n]
u(t)

t
/ 1;28) < max{nQMfM*MT,an}/p(s)ds < 00.
s
0

v(0)

Thus from H;) there exists a constant K, such that v(t) < K,, t € [0,n], and hence u(t) <
< K,, t € [0,n]. Since for every ¢t € [0,n], ||y:|| < u(t), we have

[ylln < max{llol, Kn} = Mp.

Set
Y ={y € C([-r,0),E) : sup{|y(t)| : t < n} < M, +1foralln € N}.
Thus
1ylln < max{[|p[l, K} = M.
Let

Y ={y € C([-r,0),E) : sup{|y(t)| : t < n} < M)+ 1foralln € N}.

For each n € N, we define in C([0, 00), E) the seminorms by
lylln = supfe ™" Oly(0)] : t < n},

ISSN 1562-3076. Heainitini koausanns, 2003, m. 6, N2 3



SOME UNIQUENESS RESULTS ON CONTROLLABILITY FOR FUNCTIONAL SEMILINEAR DIFFERENTIAL... 301

t ~ ~ _ _
where L, (t) = / ln(s)ds and I,,(t) = max(anln(t),nM*MfoHlnHLl([O’nD). As in Theorem

0
3.1 we can show that N} : Y — C([—r, c0), E) defined by

o(0), ift € [—-r,0];
M)y = 4 COOO B 0/ S(t — 5)(Bu)(s)ds+
+ [ S(t —s)f(s,ys)ds, it € [0, 00),
/

is a contraction operator. From the choice of Y there is no y € 9Y such that y = AN;(y) for
some A € (0,1). As a consequence of the nonlinear alternative [1] we deduce that Ny has a
unique fixed point which is a mild solution to (3), (4).

5. Controllability for first order semilinear neutral FDEs. Let us start by defining what we
mean by a solution of IVP (5), (6).

Definition 5.1. A function y € C(|—r,00), E) is said to be a mild solution of (5), (6) if
y(t) = ¢(t), t € [—r,0], the restriction of y(-) to the interval [0, 00) is continuous, and for each
t € [0, 00) the function AT(t — s)g(s,ys),s € [0,t), and

y(t) = T()[¢(0) — g(0,9)] + g(t, yr) + /AT(t —5)g(s,ys)ds +
0

+ /T(t — $)(Bu)(s)ds + /0 T(t—s)f(s,ys)ds.
0

Let us introduce the following hypotheses which are assumed hereafter:
Ay) for each R > 0, there exists a function [z € Li (J, E) N C(J, E) such that |g(t,u) —

b loc
—g(t,w)| < lr(t)[lu —l|, t € [0,00), u,u € C([-r,0], E), with [lu], [[u] < E;
Ay) there exists a constant L > 0 such that

lg(t,u)| < L foreacht € [0,00), u € C([—r,0], E);
As) Ais the infinitesimal generator of the semigroup {7'(¢) : ¢ > 0} such that
|AT(t)| p(p)y < Mo for some M > 0;

A,) for every n > 0 the linear operator W : L?(J,,U) — E, defined by

n

Wu = /T(n — s)Bu(s)ds,
0
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has an inverse W ~! which takes values in L?(J,,, U)\Ker W and there exist positive constants
M, M such that |B|| < M and |[W~!|| < M;.
t

Let L,(t) = / 1,(s)ds, where
0

~

n(t) = max (I, (t), Maly (t), nM MM Moy||l, ||, nM M*M My, ||, |)).

o~

For each n € N we define in C([—r, c0), E') the seminorms by

Iyl = sup{e ™y ()] : ¢ < n}.

Then C([—r, o0), E) is a Fréchet space with a family of seminorms {|| - ||, }.
Theorem 5.1. Assume that hypotheses H,), Hy) and A1) - Ay4) hold. If for each n € N we

have
4 -
—+ sup l(t) ]| <1,
T te[on]

then the problem (5), (6) has a unique mild solution.

Proof. Using hypothesis Ay) for each y(-) and each n € N define the control

(t) = Wt a1 = T(n)[¢(0) — g(0,9)] + g(n, yn) +

n
Uy

+ /AT(n —5)g(s,ys)ds + /AT(n —38)f(s, ys)ds] (t).

0 0

Transform the problem (5), (6) into a fixed point problem. Consider the operator N :
C([-r,00),E) — C([-r,0), E) defined by

o(t), ift € [-r,0];
t

T(t)[o— g(0,0)] + g(t, ye) +/At—s (s,ys) ds+
0

+

T(t — s)(Buy)(s) ds+

+ [ T(t—s)f(s,ys) ds, ift € [0,00).

o O~

Remark 5.1. 1t is clear that the fixed points of V5 are mild solutions to (5), (6).
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Let y be a possible solution of the problem (5), (6). Givenn € Nand ¢ < n, we have

y(t) =T(t)[6(0) — g(0,¢(0))] + g(t,ye) + /AT(t — 5)g(s,ys)ds +
0

+ O/T(t — 5)(Buy)(s) ds + O/T(t —3)f(s,ys)ds.

This implies by Hs), As), As), and Ay) that for each ¢ € [0,n] we have

)] < MIGO)| + Mlg(0, 0D+ 1ot )] +
' M/HBHIu (s >rds+nM2L+M/ (e lds <

< M||¢|loe + (M + 1)L + nMyL + nM MM, [||z1]| +

+ M|+ (M + 1)L + nML] +

+ max{nMMQMl,M}/ Y(|lysl)ds

Consider the function p defined by
u(t) = supfly(s)| : —r < s < 1}, 0 <t <n.

Let t* € [—r,t] be such that u(t) = |y(t*)|. If t* € [0, n], by the previous inequality we have,
fort € [0,n],

pu(t) < Mgl + (M + 1)L + nMaL + nMMM; [||z1|| + M||6]| + (M + 1)L +

+ nMsL] + max{nMM Ml,M}/ U(|lysl)ds

Ift* € [-r,0],then u(t) = ||¢|| and the previous inequality holds. Let us take the right-hand
side of the above inequality as v(t). Then we have

c=v(0) = M||p|loo + (M + 1)L + nMyL +nMMM;[||z1 || +
+ M|[¢[| + (M + 1)L +nMsL], p(t) < v(t), t € [0,n],
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and

V' (t) = max{nMM?>M;, M}p(t)y(u(t)) a.e.t € [0,n].
Using the nondecreasing character of ¢) we get

o' (t) < max{nMM?*M;y, M}p(t)i(v(t)) a.e. t € [0,n].
This implies that for each ¢ € [0, n]

v(t) t
/ ds < max{nMM?M;, M}/p(s)ds < 00.
0

P(s)

v(0)

Thus from H;) there exists a constant K, such that v(t) < K,, t € [0,n], and hence u(t) <
< K, t € [0,n]. Since for every ¢t € [0,n], ||y:]| < u(t), we have

1ylln < max{||¢]l, Kn} = M.

Let
Vi ={y € C([-r,x),E) : sup{|y(t)| : t < n} < M} +1foralln € N}.

We shall show that N3 : Y — C([—r,o0), F) is a contraction operator. Indeed, consider y,y €
€ C([-r,00), E), thus for each ¢t € [0,00) such thatt < n,n € N,

0
/ AT(t — 3)g(s,s) — 9(5.7,)ds +

t

[Ns(y)(t) = Ns(m)(t)| =

+ /T(t — 8)[(Buy)(s) — (Bug)](s)ds +
0
+ g(tvyt) - g(tvyt) + /T(t - 8)[f(57y8) - f(S,yS)]dS <
0

0
< My / o (5)l1ys — Tollds + Ta(®)llye — 70l +
t
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+ M|B| / () (s) — (u2)(s)|ds + M / 9 llys — Fallds <
- — o~
< —e Oy =gl + E O ly = il +

MW / Mol ()l — Floods +

7'L7L

+ Mal[lnl Lo.n) |y — Ulloc)ds + e Hy Ylln <
1 1 1
< - e Oy =gl + =L Oy = gll, + =Dy — 7|, +

1 7 _ = _
+ =" Oy =gl + sup Iy = Gl
T te[0,n]

Therefore,

[N3(y) = N3(@)ln < (4 + sup [I(t )) 1y = Flln,

te[0,n]

305

showing that N3 is a contraction for all n € N. From the choice of Y; there is no y € 0Y; such
that y = AN3(y) for some A € (0,1). As a consequence of the nonlinear alternative [1] we

deduce that N3 has a unique fixed point which is a mild solution to (5), (6).

6. Controllability for second order semilinear neutral FDEs. In this section we study the

initial value problem (7), (8).

Definition 6.1. A function y € C(|—r,00), E) is said to be a mild solution of (7), (8) if

y(t) = o(t), t € [=r,0],4'(0) = 7, and

0
y(t) = C(H)B(0) + S(t)[n — g(0, 6)] + / Ot — 5)g(s, ya)ds +

¢ ¢
—{—/St—s ds+/St—s (s,ys)ds.
0 0

Theorem 6.1. Assume that hypotheses H1), H2), Hs), Hg) and A1), As) hold. Then the IVP

(7), (8) has a unique mild solution.
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Proof. Define the control

uy(t) =Wt a1 = C(n)g(0) + [ — 9(0,)]S(n) +
+ [ Cn—s)g(s,ys)ds + [ S(n—s)f(s, ys)dS] :
[ [

Transform the problem (7), (8) into a fixed point problem. Consider the operator N3 :
C([-r,00), E) — C([-r,00), E) defined by:

o(t), ift € [-r,0];
C(t)(0) + [n— g(0,9)]S(t)+

C(t—s)g(s,ys)ds+

S(t—s)f(s,ys)ds, ift € [0,00).

0
/
+ / S(t — 5)(Bul')(s)ds+
0
/

We can easily show (as in the previous theorems with minor appropriate modifications) that the
operator ny is a contraction. The details are left to the reader.

7. An example. As an application of our results we consider the following partial neutral
functional differential equation of the form

2
%[z(t,x) —p(t,z(t —rx))] = %z(t, x) +
+ Q(t,z(t —r,x), zx(t — 7, 2)) + Bu(t), 0<z <m,tel0,00), 9)

z(t,0) = z(t,m), t >0,
(10)
z(t,x) = ¢(t,x), —r <t <0,
where ¢ is continuous. Let
g(t,w)(x) = p(t,w(t —x)), 0 <z <,
and

flt,we)(x) = Q <t,w(t —x), %w(t—x)) ,0<x <.
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Take E = L%[0, 7] and define A : D(A) C E — E by Aw = w” with domain

D(A) = {w € E,w,w’ are absolutely continuous, w” € F,w(0) = w(w) = 0}.

Then
o
Aw = ZnQ(w,wn)wn, w € D(A),
n=1
. . . 9 2 .
where ( , ) is the inner product in L* and w,(s) = y/— sin ns, n = 1,2,... ,is the orthogonal
T

set of eigenvectors of A. It is well known (see [10]) that A is the infinitesimal generator of an
analytic semigroup 7'(¢), t > 0, in E and is given by

T(t)w = Zexp(—th)(w,wn)wn, w e E.
n=1

Since the analytic semigroup 7'(¢) is compact there exist constants m; > 1 and my > 0 such
that

IT(#)| <mi and [JAT(t)| < mo.

Assume that the operator B : U — Y,U C [0,0), is a bounded linear operator and for each

b > 0 the operator
b
/ T(b— s)Bu(s)ds
0

has a bounded inverse W ! which takes values in L?(]0, 00), U)\ker W. Assume that there exists
a constant L > 0 such that

p(t, w(t — )| < L.

Also assume that there exists an integrable function o : J — [0, c0) such that

lq(t, w(t = 2))| < o(®)Q(]|lwl])

where 2 : [0,00) — (0, 00) is continuous and nondecreasing with

/HQ oo,
1

Assume that for each R > 0, there exists a function [ € Ll (J, E) such that
la(t, w(t —x)) — q(t, 0(t — 2))| < [r(t)|w -],

t € [0,00), w,w € E, with ||w]], |[@|| < R.
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We can show that problem (5), (6) is an abstract formulation of problem (9), (10). Since all
the conditions of Theorem 5.1 are satisfied, the problem (9), (10) has a unique solution z on
[—7,00) X [0, 7].
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