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U E1V3M�H�C�G�WXE�Y1ZNQ>MNQ�[]\_^�H>\?Q>ZKZNGPR�H>S?OPG�^`\?GPI�E�^aIKJ1E�T
L8E�MNG1^�E1S>\�G_GbM�Z�W_GPS�S>Z�H>M�E*L�Q�C�G�WbG Udc ZNH�O1\�JPE*CKC1E1F�E
c C1H�J1FH>\?G1R1H>S?O�E�FE S�IPH?O1\>JNQ I�JKG1FE�MNC�e ^fH�\>E1M�ehg
J�Q>i�J�Q>Y1E�\�Q�CKC�ejHkM�Z1Wl^�H�\�Q8Z�ZKE*LKmonpH�i�Q�L�G1S�GP^qErE1\
stC1S�Q>FH�J�Qdu>v�wyx3GNz3{|G�}PH>^XG�~jE�S>H?L�G�R1H>^�u$�Kw�Y�e,ZNQ
S�zjE�J1^��PZ�GKJ�E�L1Q�CKQ E1Y�JKQ�\�CKQ>W i�Q�MNQ8RNQ
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M�JP�*FGPH ^fH�\>E1M�e L�E1S�S>\�Q�C1E�L�Z�H�CNG*W E�S?CPE*L�C�E1�
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YNe,S�\?JPE��NYKejL�Q1[3\|S�J1E�S1\EK^ GNC1MPH*O1S�ENLKg�I�E�O1EP\�ENJPe,^
I1JPENG1i*L8ENMKG1\�S8W S���^q^�G�J1E7L�Q�C�G1H�g \?Q�O R1\E
^�Q�O1S1G1^�Q�ZN��C1E�H i*C�Q8R�H*CPG1H CPQ I1EKL�H*J U C1EPS�\�G���H*J1^�G
ε( � ) = ε5 zj�NC�OP}NG�G

ε Ù (� ) g � / ) g J�Q�L�C1E1H
687:9 ε Ù (� ) g � / ) = ηε; g ^�CPE�F6E ^�H?CK��{3H

ε5 m~jE c z3z3G�}NG�H?CP\?e=<  Ù  = η >%? G@< A Ù = η ? ^�C1E1F�E
^fH?CK��{|HB< Ù 0 = ? g�Q�L8S�HpE1S�\�Q>ZN��C�ejH�O�E c z3z:GK}NG�H?CP\�eLªz]E*JP^q�PZ�H�·�K¾�g O�J1E1^�HC< DE g_LªO1E*CKO1J�H>\�CKe U
J�Q>S>R1H�\�Q U Y��*MPH�^�I�E�Z�Q>FQ�\>�dJ�Q�L�C�e,^�G C1��ZN[¹mGF�Q�O1E1�
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��S�ZNG`I�J�G c \E1^
 � η � � � g1\�E E*S�}�GPZ�ZPWP}KG�G�z]E�J1^�G�J1�N[ \�I�JPQ�O�\?GPR�H>S�O�G
L8S�H C1E1S�G1\>H�ZNG i�Q�J�W�MNQ S O�L�Q>i�G1MNL8�*^�H�J�CKe,^
c C1H�J1FH>\?G1R1H>S?OPG1^ S�I�H�O�\?J�E*^ G Q>^�IPZNGP\��M�Q
E�S?}KG1ZKZ1WN}NGK� # J�Q�L�CKG1^�Q # IPZNQ�L�CPEX^�H�C�WN[��@H?�1S6W S

^�Q>F�C�GP\�C�e,^ I1E1Z�H�^ R�Q>S�\���[ Q�O��PS�\E c Z�H�O1\?J�E�CPCNe UO1E c z:z3GK}�G�H�C1\>E�LKm¢�ZNH�O�\?J�E�CPe I�JPE*L�E1M�GP^�E�S�\�G S�OPL�Q>i�G�E�MNC1E1^�H?J�CPej^
c C�H�J1FH>\�GPR1H�S�O1G�^ S�I1H�O1\�J1E�^ S>Z7Q>Y�E¥J1H�Q>F�G�J��N[j\�C�Q
IKJ�GPS��1\>S�\�L�G�H�^�Q�FCKG1\?C�E*F�E�I�E*Z�W�gqE�MNCKQ�O1EyG U CKQ>Z7G1R�G1H^�E1V3H�\�S>���3H>S�\�L�H�C�CPE I1E�L�ZNG�W�\?�¦C�Q i?Q�L�G1S?GP^�E�S>\?�
M�H�O�J1H>^�H?C�\?Q i?Q>\>� U Q�CKG�W i�L���O�Q E*\ L�H>Z7G1R�GNC�e
^�Q>F�C�GP\�C1E1F�E�I�E�Z�WyINJPGDv ��� 4�� ���  � m�qS>Z�Gbi?L8��O�E*L�Q6W L8E1ZNCNQ�JKQ>S?IPJ�E�S�\�J�Q�C�W�H>\>SW_L�M�E�Z��
E1S�G I�g¤\>E Q>S?GP^�I1\>E�\�G�R�H�S�O1E1H�I1E�L�H>M1H?CKG1HyMPH?O�J�H�^�H�C1\?Q
i�Q>\�� U Q�CNG*W i?L8��O�Q�E1O�Q>i?ejL�Q>H�\>S6W \�Q�O1GP^�V|H�g:O�Q�O G LS>ZN�1R�Q>H¥L8S�H>FErZ7G�{|�¦E�MKC1E�� F>J1��INI�e CPE�S�G�\H>ZKH?�
i�Q�J1W�M�Q S O�L�Q>i�G1MNL8�1^�H�J�CKe,^ c C�H�J1F�H�\�GPR�H>S?O�GP^
S�I�H�O1\�JPE�^]g G M�H�O1J�H>^qH�C�\ i?Q>\>� U Q�C�G�W i�L���O�Q
GPS?IPej\�e]L�Q>H>\ JPH>iE�C�Q�C1S�CKe,H E1S�}NG�ZNZ1WN}KG�G S
GPi�^fH?CPH�C�G�H>^�E1Y*J�Q8\�C�E1��L8H�Z7G1R�GKC�ed^�Q�FCNG�\?C1E1F�EyI�E�Z�W�m��S�ZP�*R�Q>HPg�O�E1F�MKQ|i�Q�O�E�C M�GPS?I1H�JPS?G�G�O�L�Q>i?G�MNL��1^�H?JPCNe U
c ZNH�O1\�JPE*CPE*L I�J1E�L�E�MNGP^qE1S�\�GyG1^�H>H�\pL�GPM
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� �−1 n uD� � � ���`I1ZNE�\?C�E*S>\���C1E1S?G1\>H>Z�H?�¨i?Q�J�W�M�Q�m
�fS�Z7G

η Ù S��K�3H�S>\�L�H�C�C�E E�\>Z�G�R�C�E_E1\ CP�*Z�W�g�\>E LR1G�S>ZNGP\�H>Z�HdG Lbi?CKQ>^�H?C�Q>\>H>ZNHdz]E*J1^��1Z�e ·���v�¾ I1E�WNT
L?W�\6SW M*E�I1E1ZNCKG1\>H�Z7��CKe,H S>Z7Q>F.Q8H�^�ejHPg
I�J�E�I�E�JP}NG1E�C�Q8ZN��CPe,H

η ÙÖ ms|MKC�Q�O1EtIKJ�GpE1\�O1ZKE*CPH?CPGNG�L8E�Z7C1E�L�E�F6EtL�H�O�\�E�J�Q]i�L8�NT
O1Q°E�\yINJ�H?GP^q�N�@H�S>\?L8H?CPC�E�FE¯CKQ�I�JKQ�L�Z�H�CKG�W S?O�E�J�E�S>\�H��
C1E1S�G1\>H�Z�H�� i�Q�J*W�MKQ_S�i�Q�O1E*CPE�^`MNGPS?I�H?J1S�GKG�·���¾ G UJ1E�Z��DLDi?Q>\>� U Q�C�GKG i?L8��O�E*L�E�� L�E�Z�C�e J1H>i?O1E L8E�i�J�Q�S�T
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ϕ
^�H>V3M��©L8H?O�\E�J1E1^��¨G¨E�S���[

I g_R1\�E¥IKJ�G�L8E1MNG1\§O E1S�ZKQ>Y*ZPH?CKG�[ J1H�i>E*CKQ�C1S�C�E�FE
i�CNQ>^�H�C�Q>\>H�ZPW�g Q I�JKG

ϕ ��� (  � )−
Ùñð�Ö J1H>i>E*CKQ�C1S

E1\>S��1\>S�\�L8��H>\1g H>S�ZNGkI1ZKE�\�CPE�S>\?GkC1E1S�G1\�H>Z�H�� i?Q�J�W�MNQ
E1Y�H�G U FJ1�NI�I G�^�H�[]\ E�MKG�CNQ�O�E*L�e]� I�E1J�W�M�E�O
L8H�Z7G1R�GNCPe m ��J�G c \>E1^ L8^�H�S>\E J�H>iE�C�Q�C1S?Q
IPE�WNL�ZPWN[j\>SW F�G�F�Q�C�\6S?O�GPH�E�S�}NGPZ�ZPWP}PGNG�MPH?O�J�H�^�H�C1\?Q
i�Q>\�� U Q�CNG*W¨i>L��NO1QKg7O1E�\>E�J�ej�yIKJ�G ϕ = π
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��^fH�S>\>ErE�S>\?J�e U ^�Q�O1S�G1^��1^�E1L¥L i�Q�L�GPS?G1^�E�S�\�G
M1H�O�J1H^fH�C1\�Q i�Q>\� U Q�C1G�W i�L8�*O1Q E�\ v n � I1J�G
& c�� (

� 4 �  ) =
v1g�O�E1\�E1J�ejH GP^qH�[:\�^�H>S�\EXI % G ϕ = e g^�Q�O�S?GP^�Q>ZN��C�E*H�i�CNQ>R1H�C�G�H

Γ
IPJ�G \>H U V|H�i�C�Q>R1H?CKG�W U�  �  M1E1S�\�G1F�Q>H>\�S6W INJ�G I�ZKQ�L�CPE�^ G1i>^�H?C1H�CKG�G

^�Q�FCNG�\?C1E1F�E IPE�ZPW�m��¤S�G�^�I1\>E�\�GPR�H>S?O1E1H I1E�L8H�M�H�C�GPH
M1H�O�J1H>^�H�CP\�Q�i�Q>\�� U Q�CNG�WXi�L���O�Q ·.�1�K¾dL ^�Q>F�C�GP\�CKe U
I1E1Z1W U g �1M�E1L�ZKH�\�L�E1J�WN[�� G U ��S>Z�E�L�GP[
v � �  � ��� v n η

g7E�S>\?Q>H>\>SW�CPH?G1i>^�H?CPCNe,^ G�L�S>Z���R*Q8H
I�J�E�G�i?L8E*ZK��C1E1F�E L�G�MNQ O�L�Q>i?GPM�L���^fH?JKC1E1F�E
c Z�H�O1\?J�E*CKC1E1F�E c CPH�J1F�H�\�G�R�H�S�O1E1F�EXS�I1H�O1\?JPQPg¯G�ZNGK{|�
R1G�S>Z�H�CNC�e H ^�C1E1V@GP\H>Z�G IPE*J�W�M�O�Q H�MKGNC�GK}�e L
I1E1S>Z�H>MNC�G U \?J1H U S>Z�Q>F�Q>H>^�e U R1��L8S�\�L�G�\�H>Z���CKe�O�L�G�M1�i�Q�O�E�CPQpMNG1S�I�H�J1S�GNGyC�E*S�G1\>H�ZPH?��i�Q�J�W�M�Q�m�DM�E�S>\�Q�\>E�R�C�E�R�GKS>\�e U I7JPE�L�E*MKC7GNO�Q U g���O1E�\>E�JKe U
 � η ��� v�g�Sd�1^�H�C���{3H?CKG1H>^ ^�Q8FCNG1\�C1E1F�E I�E�Z�W IKJ�G
ZN[]Y�E�� E�J�GPH?C�\?Q�}KG�G L8E*ZKC�E1L�E1F�E L�H�O1\E�J�Q i>L��NO1Q
J1H>i>E*CKQ�C1S?CKe,H GkFGPFQ�C�\>S?O1GPH E�S�}KG�Z�ZPWN}�GKG

Γ
IKJ�G

 � η ��� v S�^�H�C�WN[]\�S6W�E*S�}KG1ZNZ�WP}KG�W�^�Gr�|G�IKI�Q�JPM�Q�g
Q>^�I1Z7G1\>�*MKQ�O�E1\�E1J�e U L (  � η)

Ù�ð�Ö J�Q>ip^�H?CP��{3H�I�ZKQ�L�C�E
i�Q�L�G1S6WN�3H���E1\|^�Q>F�C�GP\�C�E�FE©I�E*Z�W¨R�Q>S>\?G

Γ
m

�3JNG C�GPi?O1G U \�H>^�I1H?JPQ�\�NJPQ U g O1E1F�MNQ �*R1H>\
O1L�Q�C1\>E*L�Q�C�G�W c C1H?JPFGNG CPE�S�G�\6H�ZKH?� i�Q�J1W�M�Q L
^�Q�FCNG�\?C1E1^kI�E�ZNH�S����3H>S>\?L8H?Cfg IPE�^�G1^�E�O�L�Q�C�\6E�L�e U
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E�\�ZNGPR�Q�[:�pG1^�SW E1\ I�H�J�G1E1MNQ E1S�}�G�ZPZ�WN}KG��
L�ejJ�Q>V|H�C�G1Wy·����K¾:CNQ@^�Q>ZK��[dL�H>ZNGPR�GPC��  λ  gNJ�Q�L�CP��[E�\?C1E�{3H�CKG�[ MPZNGNCPe L�E1ZNCKe M�H ��J1E��1ZPW c ZKH?O�\�J1E�C�QyOM1Z7G�C�H i?L8��O�E�L8E*�yL8E1ZNCNe m87M�H>S�� 	  � c O1S�\�J1H>^�Q>Z���CKQ6W IPZ�E��|Q>MN� S>H�R1H�C�G�W
F;E*z:JPG*J�E*L�Q>C�C1E�F;E }�G1ZNG1C1M�J�Q�I1ZPE�S?O�E�S>\���[ � ò = #A$ � &R[ �
ψ(ξ) = ξ � ��� ξ � Q ξ =

�
π
*
Θ
n �− Ω

gqF�M�H
Θ
�ªL�H>ZNGPR*GKC�Q

\H>^�I�H�J�Q>\>��J�C�E�FE�JPQ�i^�e,\�G1W z:H�J1^�G1H�L�S�O1E�� zj�KC�O�}KG�G
J1Q>S�I�J�HM1H>Z1H?C1G�W c Z1H?O�\�J�E*C�E�L�I*J�E*L>E�M�G�^qE�S\�Gfg�\1m H�m�\H�^�TI1H�J�Q8\�NJ�Q�L c C�H�J1F�H>\?GPR�H>S?OPG U H>M�GNCPGN}KQ U m�3JNG

Θ � � 3− Ω c CPH?J�F�G�W i�L���O1E1L�E�� L8E�Z7C�e
I1E1F�ZKE*�|Q8H�\S6W�LXE1S�C1E�L�C1E1^¥C�E*S�G1\>H�ZPW�^�G`i�Q�J�W�MNQ S

i�Q�O1E�C1E1^yMNGPS?I�H?J1S�GKG ·��N¾�g1M1Z�W�O1E�\>E*JKe U S>E*S>\E�WNC�G�W¹C�QIPE*L8H?J U CPE�S>\?Gb��H�J1^�G S>E�S?O�E�J�E�S>\?��[XMKJ1H?�Pz�QDL�M�E�Z��
�
g JNQ�L�C1E�� S?O�E*J1E1S>\?G i�L8�NO1QKg J�Q8i�JPH?{|G�^�e
IKJ�Q�O1\�G1R1H�S�O�G¦I�JKG�ZN[]Y�E*^li�C�Q>R1H?CKG�G ^�Q>F�C�GP\�C�E�FE
IPE�ZPW�m KjZPW c ZPH?O1\�J1E1C�E1L CKQ�i�Q8^�O�CP�1\?e U E�J�Y*GP\?Q U
IKJ1E1H?O1}KG1W�GP^�IP�*Z7�>S�Q � ò IKJ�GNCPG�^�Q�H>\XM�G�S�O�J1H>\�C�e,H
i�CNQ>R1H�C�G�W�gjG I�E�FZ�E��3H�C�GPH�Q�O���S>\�GPR*H>S�O�E1F�E�z]E1C�E1CNQ°S
c C�H�J1F�G�H?� �−ω

CPE�S�GP\�H>Z�H>^ i�Q�J�W�MNQ S�E S?O�E�J1E1S�\>��[
MNJ�H?�Kz3Q �__ � #%$'& α =

9 L8E�i>^�E�VtC1E Z�G�{ � IKJ�G
GPi�Y1J�Q�CPCNe U i�C�Q�R�H?CKG�W U ^�Q>F>C�G�\�C1E1F�E I�E�Z�W � � · α �
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