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Z;J Z�D Y�o�Y�H2J�M�D�H-o;̀�J�Y2FIY2H�FId;Z;o!iwpL¢�H�D�Y�o�Y2H�J�M*D�H�o�̀�D
F j B;J2��J�U�d�J�H2Y.d U!omg�f j F�H�J-B�J�i ��U!FIE�D�U!fZ�F�i
j J-B;o�FI�!o�]�Z�FIY2H�owp���H�D�̀w\ j B�o�Y�̀�F�U!f�W��	FI�!Z�F�M�D�U�F�M
W���UmJ B�D�e2F�B�oaJ-Z;H-D�tmo�o �̀B!oaY2H�D�U!Umo�H	F�[ ¬ [ Y�U�W�]�D�J
�2B;D�Z!o�tmT Z;D�̀�U!F�Z!D

�
oaU�o�Y�̀�F�U!f WG��F��!Z�F�M�D�U�F�M

F�H�Z�F�Y-o�H�J�U!fZ�F�M®Y��![oa�	J�̀�B�o;Y2H2DkU�U4o�H2F�[ ¬ [|Y�U�W�]�D�J
��J�rsJ-̀aH2D W j D̀IF�[̀�o o;U!o M�o!̀�B;FH�B�J-�Ao!Z�T

�
j FH�J-Zmt�omD�U�f�ZmD.d _ Z�J-Ba�2oId _ U!J�̀IH-B�F�Z�D Z�JªMNF�bcJ�H�E�TVH-f
j B�J���Y2H�D�[�U;J-ZmD [ [Io���J®Y�W�MNM�T Z�J-[kF�e2MwW!�cJ�Z�Z�FI�	F
j J-B;o�FI�!o�]�J2Y�̀�FI�	F j FIH2J�Z�tmo!D�UmD o UmFG̀�D�U4f�Z�FI�	F
[kFGe�M6Wm�cJ-Z;o�d�p x�F�FH�[�J�H2Y�H2[kJ-ZmZ�F o Z�J�̀�F�H	F�B�TVJ
Y�W!�cJ�Y2H�[�J�Z�ZmTVJ lmD�B!D�̀�H.J-Bmo�Y�H-o�̀;o [�F�e�Z�o!̀�DIn¾�cJ��	F
�!o;Y�̀GB;J�H2Z�FI�	F Y j J�̀�H�B�D ¬ J2Y�H�J2Y�H2[�J�ZmZ�Fw\ Z�D r�F�Z�J
e�F�Z�Z�F�i Y�H-BaWàaH2W�B�T o;��J-DkU!fZaFG��F �̀B�o�Y�H�D�U!U!D

�
F�H�U!o�]�Z!T FGHXl�D�B;D̀IH2J�B�o;Y2H�o�̀{Y j J�̀�H�B�D;\SZ�D�l;FG��o;M�TVl�\
ZmD j B;o�M�J-Bw\�M�J�H2FI��F�M [IT¾B�FIb���J�Z�Z!TVl U!F�̀�D�U4f�Z!TVl
[kFGe�M6Wm�cJ-Z;o!i���o�rcg�omt!D ¬ Y2Msp̈ \ Z!D j B�o�M�J�Bw\ O�� \��!R

�
p

K�D̀ \ [�Z;J-̀�FIH2F�B!TVl|F j B;J2��J�U!J�Z�ZmTVl}e2D j BaJ-�AJ-Z;Z!TVl
e�F�Z�D�l MwFG��W�H j F�d![Io�H2fkY	d���[D �!o�Y�̀�B�J�H�Z!TVl�W�B�F�[ZGd
¬ j B�o j B;FGo;e2[kFGUmfZ�F�M�Y��![Io��	J¦B;J-g J2H�FG̀

�
\̂ [LH	FP[B;J2M d

�̀D�̀ H�J2F�B!oIduU�F�̀�D�U!fZ;T̂ lL[�Fe�M�W��cJ-Zmo�i j BaJ2� j o�Y�T̂ [DkJ2H
j F�d![�UmJ�Z�o�J Z�JªE�FUmJ2JªF�!Z;F�	F �!o�Y�̀�B�J�H2Z;F�	FuW�B�F�[ZId�[
�̀D�bA��FGi|H�D�̀�FGi|e�FGZ;J;p�¢�H2F�FIH2U4o�]�o�J FE�W�Y2U�F�[kU�J-Z;F
j FG[kFaBaFGH.FGM [kY2J�i MNDÌGB;FY�̀�F j o�]�J�Y-̀aFGi FGEIU�D�Y�H�ow\
Y�̀�D�b�J�Ms\ j B!D�[kF�	F G̀Bmo�Y�H-D�UmU!o;H2D FH�Z�FIY-o;H	J�U�f�Z;F
UmJ-[kF�	F p�4p x�H�B�F�	FIJ BmD�Y2Y�M�FH�B�J�Z!o�J j BaFE�U�J�M*T
UmFG̀�D�U4o�e�D�t!omo [ B�J�D�U!fZaFGM�H2B;J�l�M�J-B�Z;FM�̀�B;o�Y2H�D�UmU�J
ZmD�H-D�U4̀�o![ID�J2H�Y.d�Z�DsY�U!J���W!n¾�Ao�JsFY�Z�F�[ZmTVĴ H-B�W;�aZ;FY�H�o��
D
�
D�H�FM�T [ j B�o;�	B�DZ�o;]GZmTVl®Y�U!Fkdal®Y��![Io��2D�nsH	Y.d

F�H�Z�F�Y-o�H�J�U!fZ�F Y�[�F�o�l j Fe�omt�o!i [ o;�GJ�D�UmfZ�F�M
�̀B;o�Y�H-D�U;U!J���E � [ H2B;J2l�M�J�B�Z;FM�̀�B!oaY2H�D�U!U;J£FIE��!J�M�Z�TVJ
_ Z�J�B��	J�H2o;]�J2Y�̀�o�J�e�FGZmT MNF���W�H j J-B�J�̀�B�T̂ [ID�H-fkY	d�� [ �
B;J-g J-Z�o;J W�B!D�[IZ�J-ZmoId��{BaJ2�!o;Z���J�B!D;\�[�FIF�EG�AJ£��F�[�F�BId�\
Z;J r¾DÌIH2F�B�o�e�W�J2H�Y.d [ j B�F�o�e�[�J���J�Z�o;J rsW�Zm̀�t�omiw\
�̀D�bA�!D.d oaeq̀IF�H2F�B�T̂ l®e�D�[o�Y�o;H}U�o�ghfFHF�!Z�F�i
�̀F�F�B��!omZ�D�H-TAp
©�F [�Y2J2� H2D�̀�o FY�Z�FG[IZ�T�J lmD�B�D�̀IH	J-B�o�Y�H2o�̀�o

U�F�̀�D.U!o�e�FG[�D�Z�Z�TVl Y	FIY2H.F�daZ;o�i ¬ BGD���o�W�YcU�F�̀�D	Umo�e-D�tmo�o�o
_ Z�J2B��	o�n

�
\�DXH2D�̀IbcJLY2o�Y�H	J�MND�H2o;̀W¡Y2FIY	H	F�d!Z�o;i�MwFb�Z�F

j FIU�W�]Go�H�f j W�H	J.M}FEFIEG�cJ�Z�oId B�J	e.WGUmf�H2D�H	FG[�D�Z�D.U!o�e�D
FI�!Z�FMwJ2B�Z�TVl M�FI�GJ.U�J-iNp x�FFIH2[�J.H	Y2H�[�WGns��D.d
D�B���W�M6J�Z�H-D�tmoId ¬ F�Z�D j B;o�[�J2��J�Z�Da\ Z�D j B�o�M�J2Bw\
[ O�Q�\�Q � \�QIQR

�
F�!o�Z;D2̀�F�[�D �̀D�̀ ��U�d [Z�J�g�Z�J2i

j F�[�J2Bal!Z�FY�H2ow\�H2D�̀}o ��U�dq[�Z�W�H2B�J�Z�Z�o�l�	BGD�Z;o�t�o
Y�FY	H�FGoaH�\ j F Y�W��¾J�Y	H�[�Ww\£[�H	FM�\£]IH	F�[ EU�FIl�FG[kY2̀IFGi
rsWGZ;̀�t�o�o F j BaJ	��J2U�d�n¾�cW�n BIFU!f o��	B�D�J	H
M�F��W�U!o�BIW�n¾�Ao�i M�Z�FIb oaH	J	U!f � �"!

( #�$�% ) p @�M6J�Y	H	F
FI�!Z�F��F ¬ U;FG̀�D�U!o�e	F�[D�Z�ZaF��F

�
Y�FY	H	Fkd!Z�oId ��U�d F���

Z�FIM�J2B�Z�F�i�M�F��J	U!o�[�H2B�J	l;MNJ�B�Z�FM}Y.U�W�]GD�J o�M6J�J	H	Y.d
M�Z�FIb�J.Y2H2[�F�Y	FIY2H.F�d!Z�o�iw\LFH.U!o�]GD�ns��o�l�Y�d j B�FJ2̀;t�o�J2i
�̀[�D�e�o�[�FIU!Z�FG[�FI��F�[�J2̀aH	FGB�D Z�D j U�FIY-̀IFY.H-f �	B�D�Z�o�t�TAp
��Y	H�D.U!f�Z�TVJ l!D�B�D�̀IH�J2B�o�Y	H�o�̀�o _ H�o�l Y	FY�H	F�d�Z�o�i
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�IdGH�Y�d o�e D�Z�D.U!o�e�D FI��Z�FMwJ-B�ZaFGi M6FI�GJ�U!o [
Z�D j B�D�[�U;J-Z�o;ow\ j J2B j J�Z��!o�`IW�U�daB;Z�FM j U�FIY-`IFY.H-o
�	B�D�Z�o�t�TAp� U�d£`IFGUmo�]�J�Y2H2[kJ-ZmZ�F�i�o j F�[�F�e	M�F�b Z;FY�H�o j B�F�Y�H2F�i
F�t�J�Z�`�o U!F�`�D�U4o�e-D�tmomo Y�FY�H2FId!Z�omiw\ j F�B�FIb��!D�J�MNF�i
[IZ�W�H-B�J�ZmZ�o�M�o��	BmD�Z�omt!D�M�ow\�[[kJ2��J�M�Y�o;M6M�J2H�B�o;]GZmT^i
FI�!Z�F�M�J-B�Z;T¾i BaJ2U!fkJ-r�\vo�e	F�E�B!D�bcJ�Z!Z�Tsi�Z!D�Bmo�Y;p ¤ p
¢�H�FH}B�J�U!f�J�r j B�o −� ��� < � < ��� � j B;J2��Y�H-D�[kU�d�J�H
Y�FE�FGi j FIH2J�Z�tmo!D�U!fIZ�T¾iCEGD�Bmf�J-B [ITVY2FIH2F�i ��� \¥D�Z�D
o�Z;H	J�B![ID�U!D�l

−∞ < � < −	 � ¤ o 	 � ¤ <
�

< ∞
~

B�J�gcJ�H-`aW 
¾B�F�Z!o���D4~ 
¾J�ZmZ�o�p ��U4ow\ o�Z!D�]�J;\
j F�H	J�Zmt!o�D�U4f�ZmT^i B�J�U�f�J�r B�o�Y;p ¤ Y�H-BaFaoaH2Y.d o;e
o��;J-D�U4f�Z�F�i�\�EIJ2Y�`�FGZ;J�]aZaFai [�FIE�J Y�H	F�B�F�Z�T�BaJ-gAJ2H�`�o

¾B�F�Z!o���D4~ 
¾J�ZmZ�o j W�H2J�M�B�D�e�B�J�e-D�ZmoId�[�H2FI]�`�J �

= � \j F�Y�U�J���W�n�� J2��F Y�M�J-� J-Z�oad j B�D[kFGi ]�D�Y2H�o
FIH-Z�F�Y�o�H�J2U4f�Z�FLUmJ�[�FGiPZmD¦[kJ2Umo�]�o�Z;W ¤��

+ 	 −  ¬  ~j F�Y�H	FId!Z�Z!D.dvB�J�gcJ2H�`�o
�
o£[kY2H�D�[`;o£[AF�EGBmD�e2F�[D�[IgSo�i;Y.d

j BaFGY�[�J�H j FIH2J�Z!t;o!D�U4f�Z�FI�	F EGDIB�f�J-BmD;p 
�FI��FE�Z�D-d
MwFG�;J2U!f B�D�Y�Y2M�D�H�B�om[D�U4D�Y-f [ O��mR ��U�d _ Z;J-B���o�i�

<
� ç o�M�D`�B;FY�`�F j o�]�J2Y�`�o�l 	������ p�
^F�Z�J2]�Z�Fw\S[

_ H	F�M j B�J2�;J2U�� 	 → ∞
��F�U�bSZ�T j F�U�W�]�D�H�f�Y.d

H2DkM6M�F�[�Y�`�o�J j F�[�J�B�l!Z;FY�H�Z�T^JªY2F�Y�H	FId;Z;o�d�p�©SDkY�E�W���W�H
o�Z;H	J�B�J�Y�FG[D�H�fPY�FY�H2Fkd!Z!oId�\cU!F�`�D�U�oae2F�[D�Z;Z!TVJP[�EU4o�e�o
Z�D�]�D�U4D�`aFF�B��!o�ZmD�H;p xVFF�H�[�J�H	Y2H�[�W�nc��o;J�[�F�U!Z;FG[T�J
r�W!Z�`�tmo�o ��FIU!b�ZmT _ `IY j F�Z�J�Z�tmo!D�UmfZ�FªW�EGT^[ID�H2f�[�FE�J
Y�H	F�B�F�Z�T�F�HL�	B�DIZ�o!t;T ¬ H;p J;p�`�D` j B�o �

→ ∞
\�H2DI`Lo

j B;o �
→ −∞

�
p 
�Bmo��

> 	 � ¤}o�Y�`�FIM*D.dq[kF�U!Z�F�[D-d
r�W!Z�`�tmoId E�W���J2H o�M�J�H-f EGU;FGl;Fa[kY-`�omi [Io��
ψ( � ) = ��� α ��� α(

�
)
\ j B�o�]�J�M�`�F�M j U�J�`�Y-ZmT^i j F�`�D�e�D�H2J�U!f

α
��FUmbcJ-Z�o�MwJ2H�f j FGU;FGb�o;H2J�U!fIZ�W�n�M�Z�o;M�W�n}]�D�Y2H�f

¬ H-D�`;D.d r^WmZ�`�tmoId Y2F�FIH-[kJ2H�Y2H�[�W�J�H�Y2FIY2H�FId;Z;o�d�M [
e2D j B�J���J�Z�Z;FGi e2F�Z�J o���J�D�U4f�Z�F�i B�J�gcJ�H-`;o

�
p
¾F�Y�`IFGUmf`�W j FIH2J�Z!t;o!D�U Y�o;M6M�J2H�B�o;]J�Z�\�[�F�U!Z;FG[T�J

r�W!Z�`�tmo�o EW;�GW;H U4o�E�F Y-o;M�M6J�H-B�o;]�Z�TVM�o�\�Umo�EIF

DIZ�H-oaY-o;M�M6J�H-B�o;]�Z�TVM�o�p2�6Y�U�o j B!D�[ID.d�� j FUmWaBaJ-gAJ2H�`�D �
Y��![omZ�W�H�D FIH-Z;FY�o�H.J2U4f�Z�F U;J-[kFai Z�D
M�om`GB;FY�`�F j o�]�J�Y-`aFJ�BmD�Y�Y2H�F�d!Zmo�J�\"! ¤�� + + 	 −  !$#  \GH�Fo;M�J2J�H�Y�MNT�Y2U�o;e	W�]�D�H2fPU;Fa`;D�U!o�e�FG[ID�Z!Z;T^J�Y�FY�H�F�d!Z!oGd
Z;J H�F�U!f`IF ¬ o}�!D�b�J�Z�J Y2H�FU4f�`�F

�
Y _ Z�J�B��2oGdaM�o�

<
� ç \�Z�F o Y _ ZaJ-B;�	o�d�MNo*\ j BaJ-[IT^gSD�ns�So�M�o

[IT^Y�FH�W£E�D�B!f�J�B�D�\ �
>

� ç p©SD�l!FIb���J-Zmo�J [�FU4Z�F�[TVl rsW�Z!`�t;o!i
UmFG`�D�U4o�e�F�[D�Z�ZmTVl�Y�F�Y2H�F�d!Zmo�i�o Y2F�FH�[�J�H�Y2H2[kW!n¾�Ao�l
_ Z�J�B��	J�H2o;]�J2Y�`�o�l�W!B�F�[Z;J-i �!o;Y�`GB;J�H2Z�FI�	F�Y j J�`IH-B�D�[
BmD�Y2Y�M�D�H-B;o�[DkJ2MwFai F�!Z;FM�J�B�Z�F�i M�F��J�U!o j B�J���Y�H2�
DI[�U�d�J�HSY�FE�FGi Y�H-D�Z��mD�B�H2Z;W�n�`�[ID�Z�H�FG[kF�M6J�l�D�Zmo�]�J2Y�`�W�n
e�D��!D�]�Wwp 
¾F _ H�FM�W�Z�J2H Z;J2FIE�l�F��!o�M�FY�H-o j B�o�[kFG�mo�H-f
e���J�Y-fª��J�H-D�Umo�B�D�Y�]�J2H�D;p�x�UmJ2��W�J�H�\�FG��ZmD�`�F4\�[TV��J�U4o�H-f
Bad��£M�FIMNJ�Z�H�F�[�o j B;o�[�J�Y2H�ovZ;J2FIE�l�F��ao;M�TVJSrsF�B�M�WGUmThp
�ND�Y�]GJ�H j B�FGo;e�[�F�mo�H2Y.d¦[�B�D�M�`�D�lvH�F�]GZ;F£B�J�g�D�J�M6F�i

M�F���J2U4owp¾x^[�d�e-fuMwJ2bA��W���J�`�B�J�M�J-ZaH2FIM
α
o _ Z�J�B��	o;J-i� _ U�J�`�H-BaFGZmD�[�M6F���J�U!o%
¾B;FGZmo��2D4~ 
¾J�Z!Z�o o�M�J�J2H

lmFGB;FGgcF o�e�[�J�Y�H2Z!T^i [o;��O.QR-�
&('") (α  ) = *

),+.- ξ
ξ

+ &/'") ξ ≡ 0 (ξ)
p ¬ Q

�

1 �;J2Y�f * ~�E�J2e�B�D�e�M�J-B�Z;D�d�M�F���Z�F�Y�H-f j F�H�J-Z�tmo�DkU!D��
ξ ≡ (√

¤�2 � �43−)  p1 Z!D�]�J�Z�o�d _ Z�J�B��2o;o�\���U;d `aFGH.FaB;TVl ! 0 (ξ)
!
<
QI\

Y�F�FH�[�J�H2Y�H-[kW�n^H B�D�e�B�J-gAJ�Z�Z!TVM e�FGZmD�M ��J2Y�U4o bcJ
! 0 (ξ)

!
>
QI\NH	Fuo�MwJ2J�M���J�U�FvY�e�D j B;J-�cJ�Z�ZmTVM�ove�F�Z�D�M�o�p

@�F���Z�FIMNJ�B�ZmTVl�MwFG�;J2U�d�l j J-B;o�FI�!o�]IJ2Y�`�o;lLY2H�B�W�`�H�W�Bw\
`�D�`�oae-[kJ2Y�H-ZaF6\�e�D j B�J-� J-ZmZ�T^J�e�FGZmT]J�B�J���W!n^H�Y.d�Y
BmD�e-BaJ-gcJ�ZmZ�TVM�o�\!H;p J;p�Z;J2HSZ;D�U�F�bcJ-ZmoId e2F�Z�p6@XMNF���J�U�o

¾B;FGZmo��2D4~ 
¾J-ZmZ�oP[�J�B�l4Z�o;J `;B�D.d B�D�e�B�J�gcJ�Z�Z!TVlPe	F�Z
¬ H;p J;p�Zmo�bSZ�o;J�`GBmD.dve2D j B�J-�AJ�Z�Z!TVl e2F�Z

�
Z!D�lmF�adaH�Y.d [

H�F�]G`�D�l
ξ 5 = 6 π ( 6 =

Q\�¤ \¨p p.7
)
p ©SD `�D�bc��F�M

_ Z�J�B��	J�H2o;]�J2Y�`IFGM omZ�H2J�B�[ID�U�J 6 π < ξ < ( 6 +
Q
)π

( 6 = � \�Q\4¤4\¨p¨p�p ) BmD�Y j F�U�F�b�J�ZmT FI�!Z�D e�D j B�J��cJ�Z!Z;D.d
e�F�Z�D ¬ Y�Z�o;e	W

�
o F��!Z�DuB�D�e-BaJ-gcJ�ZmZ�D�d�e�FGZmD ¬ Y�[�J�B�l!W

�
p

@|Y2FIFGH�[�J�H2Y�H-[Io�o�Y�H-D�`�oaM BmD�Y j F�U�F�b�J�Zmo�J2M�W���F�EGZ;F
j J-BaJ-Z;W�MNJ�B�F�[D�H�f�e�D j B�J-� J-ZmZ�TVJ�e.FaZ;Tz~ ZaW�U�J�[D.d�\
j J-B;[D.d�\£[�H	F�B�D.d�o�H�p��wp£@�ZaW�H2Bmo 6 �¨i�e-D j B�J��cJ�Z!Z�F�ie�F�Z�T�Y�FE�U!ns�!D�J�H2Y.d�Z�J�B�D�[kJ-Z;Y2H�[�F 6 π < ξ < ( 6 + γ 8 )π \j B�o;]J�M [kJ2U4o�]�o!Z;D γ 5 \�F j B;J2��J�U�d!n¾�hD.d j F�U�F�b�J�Zmo�J[kJ-B;l!Z;J2��F `�B�D-d _ H�F�i e2F�Z!TA\�MwJ-Zmf�gAJqJ��!o�Zmo�tmTA\
γ 5 <

QGp:9^Y-oaM j H	F�H�o�]�J2Y�`�ow\ j Bmo�EIFGUmfg�o�l 6 \¦`IFG���!D
6 ��; * \ γ 5 #�¤ *�� ( 6 π)
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Y�[�d�e�fPM�J2bc��W
α
o � Y�U!J���W�J�H�o�eXWGY�U�F�[oGd Y�gSo;[`�o

[kFGUmZ�F�[T^l�rsW�Zm`�t�omi�o�o;l j B�F�o�e�[�F���ZmTVly[PH�F]�`�D�l�
= ± 	 � ¤ p"�6Y�U�o _ Z;J-B��	oad _ U�J�`�H�B�F�Z�DsEGFIU�f�gAJ�[ITVY2FIH-TE�D�B�fkJ-B�D;\mH2Fª�GU;d£]�J�H2ZmTVl¦[�FIU�Z�F�[ITVl rsW�Zm`�t�omi£o;M�J2J�M
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����JS[I[�J���J�Z!T¡F�EF�e-Z;D�]GJ�ZmoId�� @ � ≡
¤ 2  � � ç ��3−� �

ε ≡ 	 � ¤  � δ ≡
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sFG�;FE�Z�D.d ¬ ¤ � Y-[-d�e-f j FIU!W�]�J�Z�DLoX��U�d Z;J�]GJ�H2ZmTVl
[kFU4Z�F�[TVl rsW�Z!`�tmo!iw\ Z�F MNT J2J e	��J�Y-f Z;J
[IT j o�Y�T^[D�J�Msp � U�d _ Z�J�B��2o�i*\�MNJ�Zmf�g�o�l [TVY�F�H2T
E�D�B!f�J�B�Dm\VW!B�D�[Z;J�Z�o�J ¬ ¤

�
H�B�D�Z�Y�rsFGB�M�omB�W�J2H�Y.d j WGH�J�M

D�Z�DkU!o;H2o�]�J�Y-`IF���F j B�F���FIU!bcJ�Z!oGdNp��¾BmD�[Z�J�ZmoId ¬ Q
�
o

¬ ¤
�
Y2FIY2H�D�[�U;d!n^HPY�o�Y�H	J�MNWw\SB;J-gcJ�Z�oady`�FH�FGB;FGi{�!D�nsH

_ Z�J�B��	J�H-o�]�J�Y-`;o�J�WaBaFa[IZ�o o B�D���o;W�Y-T U;Fa`;D�U!o�e�D�tmo�o
[kFU4Z�F�[TVl�rsW�Z!`;t�o!iNp ���cJ�B�D�e j F�;]GJ�B�`�ZaJ2Ms\L]H�F
U�F�`�D�Umo�e	F�[ID�Z!Z�TVM�Y�FY�H2FId!Z�oadaM�FH�[�J�]aD�nsHLH�FU4f�`�F�H�J
B�J�gcJ�Z!oGdN\���U;d `�FIH2F�B!TVl

α
~ `aFM j U;J-`�Y�Z�D-d

[kJ2U!o;]GomZ�D Y j FUmFbSoaH2J�U!fZaFai M*Zmo�M�FGi ]�D�Y2H�f�n�\
���

α > � \�� � α = 6 π�4 \ 6 ~ j BaFaoae-[kFU4f�Z�FIJ�t�J�U�F�J
]�o�Y�U�Fwp ��Y-`�U4n^]�J�Z�o;J

α
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o ¬ ¤

�
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1 ��J�Y2fse2Z�D�`�o:��
 ��o:�� �AFH2Z�FIY�d�H	Y.dSY	FFIH-[�J�H	Y	H�[�J�Z�Z�F
` ]�J	H2Z�TVM o Z�J�]J	H�Z�T M [�FIU!Z�FG[ITVM r^W�Z�`�tmoIdGM�p
©cJ j FY2B�J���Y	H�[�J-Z�ZaF W�B�D�[Z�J�Z�o�J ¬ §

�
FH�[�J2]�D�J	H

�Z;D��GE�D�B�f�J2B�Z;TVM�� Y2FIY	H�F�daZ;oId�M^\ `�F����D
ξ
�

> @ A p�c��Z�D�`IF j W�H	J�M�D�Z�D.U!o�H�o�]J	Y�`IF��F j BaF��FU�bcJ2Z;oId F�Z�F
_ U;J2MwJ2Z�H�D2B�ZaF j J2B�J j o�Y2T^[�D�J�H	Y�d o �GUad
� j F��EGD�B�f�J�B�Z�TVl � Y	FY�H	FkdaZ�o�iNp 
�B;o _ H	FIM
Y	FIFH2[kJ	H�Y	H2[�W�ns��oaJ H2B�o���F�Z�FMwJ2H2B;o�]J�Y2`�o�J r�WaZ;`Gtmo�o
H2B;D2Z�Y�r^F�B�MNo;B�W�n^H	Y�dv[��	o j J-B�EIFU!oa]J	Y�`�o�J�p
@ H-B�DIZ�Y�t�J�Z���J�Z�H�Z�FIJ W�B!D�[IZ�J-Zmo�J ¬ §

�
[kl!FI��d�H

Z�J�Y�`�FU4f�`�F j DIB�D�M�J2H�B�FG[�\ j F _ H	F�MNW�[¡FE��cJ�M�Y�U�W�]GDkJ
J���F D�Z�DkU!o;e e-D�H�B�W���Zmo�H2J�UmJ-Zw\ �!D o [IBId�� U!o
Z�J�F�ElmF�!oaM¾p 
cF _ H�FM�W�M�T FY�H-D�Z;FG[Io�MwY	d ZmD��m[�W�l
Z�D�o;EF�U�J�J�o�Z�H�J�B�J2Y�Z�T�lvY2U;WG]�D.d�l p
Q�p �{o;B!o�ZmD E�D�B�f�J�B�D 	 Y�H�B�J2M�o�H�Y.d `

EIJ2Y�`�FGZ;J�]aZaFGY�H2o*\ �
=  \ o @ � > ξ A p 
 B;o _ H	F�M

W�B�D�[IZ�J�Z�o;J ¬ §
�
j B�J2F�E�B!D�e�W�J2H�Y	d [�`IU�D�Y�Y�o�]IJ2Y�`�F�J

W�B�D�[IZ�J�Z�o;J K�D�M�MND�O	QR���Uad j F�[�J�B�l!Z;FY�H-ZmTVl�W�B�F�[ZaJ-i �
ξ ����� ξ =

@ �¤ * − √@ � − ξ
� p ¬ «
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cB!o EF�U!fIg�o�l*\NZ�F¦`IF�Z�J2]�ZmTVl 	 \N`IFG���!D 	 �4 ��� Q�\`�D�bc�!T^iªH�D�M�M6F�[�Y�`�o�iªW�B�F�[�J�Z�fhB�D�Y��cJ j U�d�J�H2Y.d£Z�DA��[D
W�B�F�[ZGdN\ D [�J�U!o;]ao;Z!D B;D�Y-�AJ j U!J�Z�oad
_ `IY j FGZ;J-Z;t!omD�U!fZaF�M*D�UmD ¬�� � − � � <

�
pS¢VH2FIH BaJ2e�W�U!f�H�D�H

Y�U�J���W�J2HSZ;J j F�Y-B�J���Y�H-[kJ-Z;Z�F o�e ¬ §
�
¬ Y�Msp!H�D�`�bcJ£O��mR

�
p

¤mp 
¾W�Y�H2f�H.J j J-B;f�[T^Y�FH�D�EGDIB�f�J�B!D�B�D�[IZ!D�ZaWGU4n
¬ @ = �

�
p�¢�H�F|Fe�Z�D�]�D�J�H�\ ]�H�F�M�T j B�J�Z�J�EaBaJ2�	D�J�M

o;e2MwJ-Z;J�Z�o�J�M Y2H�B�W�`�H�WaB;T [ j J-B�J�lmF�!Z;FM Y2UmFJ�o
�2B;D�Z!o�tmD r�FaBaM*o;B�W�J�H2Y.d H.FGUmf`�F j W�H2J�M
F�H�Z�F�Y-o�H�J�U!fZ�F���F Y2�m[o��2D j B�D�[kFai o U�J�[�F�i
� j FIU!W�B�J�gAJ2H	F�` �vZmD�[kJ2U4o�]�omZ�W�¤ � + + 	 −  ≡ � pNK6F�Hb�J�B�J�e�WGU4f�H�D�H�\ ]�H	F o®Y��![Io���\ ��D�J�H�F�H2BmD�b�J�Zmo�J
Y�H-BaW!`IH2W�BmT�FH�Z�FIY-o;H	J�U�f�Z;F�H2F�]G`;o�\SZ�D�lmF��d!�cJ�i;Y	dyZ�D
BmD�Y2Y�H�F�d!Z!o;o

(  + � ) � ¤�FIHSW�e�U!D�o���J�D�U�f�Z;FGi B�J�gcJ�H-`�o*p@ B�D�Y�Y�MND�H�B!o�[ID�J2M�F�i Y-o�H�W�Dt�omo WaBmD�[ZaJ-Zmo�J ¬ §
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Y�o�UmfZ�FªW j B�F���D�J�H2Y.d��
�

(ξ) ≡
ξ )/+.- ξ

* − &/'>) ξ = ± �� B � ξ
p ¬ � �

��H	M�J2H�o�Ms\�]�H2F�r�W!Z�`�tmoId �
(ξ) j F�M�F�;WGU4n¡MNJ�Zmf�gcJJ��!omZ�o!t;T `�D�` B�D�e [ e2D j BaJ-�AJ-Z;Z!TVl e�FGZmD�l�p

�NDkY2Y�M6F�H�B�J�Z�o�J �2B�D�rco�`�F�[®rsW�Z�`�tmo�i [�UmJ-[kFGi o
j B�D�[�F�iX]�D�Y2H.d�lPWaB;D�[Z;J-Z�oad ¬ �

�
j FG`�D�e�T^[D�J�H�\V]H�F�[�F

[kY2J�l e2F�Z!D�l \!`�B�FM�J;\�EaTVH�fAM6F�bcJ2H;\!Z�W�UmJ-[kFGi*\;oaMNJ�nsH	Y.d
�![ID B�J�g�J�Z�oad _ H�FG��F W!B�D�[IZ�J�Z�oad ¬ ��Uad
F j B;J2��J�U!J�Z�Z;FY�H-o Y2]�o;H2D�J�M �$�� <
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p�cF�`�D�U!o;e	F�[D�ZmZ�TVM j B!o���B�D�Z!oa]aZ;T^M

¬ e�J-B;Z�FI�2B�D�Zmo�]�Z�T^M
�
Y2FIY2H�FId!Z�o�d�MuF�H2[�J�]�D�n¾HsH2F�U!fI`IF�H	J

B;J-g J-Z�oad ¬ � � \ _ Z�J�B��	oad `aFH�FaB;TVl�W�M�J-Z;fg�D�J�H2Y.d�Y
B;FY�H2FIM � pz¢VH2F j F�ZId�H�Z�F `�D` o�e j B�F�Y�H-TVl
rco;e2o�]�J�Y-`�o;l�Y�F�FE�B�D�b�J�Z�omiw\ j FY�`�FU4f�`�W�Y�B�F�Y�H	F�M �W�MwJ-Zmf�ghD�J2H�Y	d Y�B;J2��Zmo�i j F�H	J�Z!tmo�D�U _ U!J�`�H2B;FGZmD�[
BmD�Y2Y�M�D�H-B;o�[DkJ2MwFai Y�H2B;W�`�H	W!B�J;\ H�D�` o
j F��H�[�J�B�b���DkJ2H	Y.d�D�Z!D�U!o;e�FM�Y�o�Y�H�J2M�T ¬ Q
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�
j F�Y�U�J

j F��Y�H�D�Z�F�[`�oX[ ¬ Q
�
o ¬ ¤

�
B�J-gAJ�Z�o!iuW�BmD�[Z�J�ZmoId ¬ � � p

��Y�Z�F�[Z;FGiLB�J�e�WGU4f�H�D�H _ H�F���FuD�Z!D�U!o;e�D�Y�FGY�H	F�o�H�[ªH�FGM�\
]�H�F4\£`�D�` j B�DI[o�UmF4\ j Bmo�[�e�d�H�Fai�Z�D�W��	D���[�J�U!o;]GomZ�J
� �4 Y j J�`�H2B e�J-B;Z�F���BmD�Z�o;]�Z�TVl�Y2F�Y�H	FId;Z;o!i o�M�J�J2H
Y�U!FIbSZ�F�JSZ;J-BaJ2��W�U�d!B�Z;FJhW�Y2H�B�F�i�Y�H-[kF�H-o j D �]�J�B�H�FG[�F�i
UmJ2Y�H�Z�o!t;T�� o Z�J Y-[kF�!oaH2Y.d ` Y j J�`�H-BaW
j J-B;o�FI�!o�]�J2Y�`�F�i Y�o�Y2H�J�M*T Y U�F�`�D�U!fZ;T^M
[kFGe�M6Wm�cJ-Z;o�J�Msp ��M�J-Z;Z�F \ J�Y�U!o Z�DIi���W�H�Y	d H-D�`;o�J
t;J2U4TVJ j FUmFbho�H2J�U4f�Z!TVJ ]ao;Y�U!D 2 o 6 \ ]GH�F
[IT j F�U!Zad�J2H	Y.d¦Z�J�B!D�[kJ-Z�Y�H�[�F

6 <
2 
� < 6 + γ 8 \ ¬ � �

H�F [ 6 �¨i e�F�Z�J�EW���W�H�Z�D�lmF�mo�H2fkY	d �![ID�W�B�F�[ZGd ��[e�F�Z�D�l�\�Z�JªW���F�[�U�J�H-[kF�BId!n¾�ho�l Z;J-B;D�[�J�Z�Y�H2[�W ¬ � � \�EW��
��J�H j F F��!ZaFGMwW�W�B�F�[IZ�n�p 
¾F�Y-`�FIU�f�`aW

γ 5 <� Q�\¾H�F j F`�B;Di�Z;J-i¡M�J-BaJL�GU;d�Z�JuY�U�o�gh`IF�MyE�FIU�f�g�o;l 6 U!J��	`�Fj B�om[�J�Y2H2o j B�o�M�J�B�Th\ `IF����mD Z�J�B�D�[kJ-Z;Y2H�[�F ¬ � �
W���F�[�U;J2H�[�F�BId�J�H2Y.d���U�d�EF�U!fg FG��F�]�o�Y�U!D{e2F�Z�p�K�D` \
J�Y2U4o FH�Z�F�gcJ-Zmo�J ���� B!D�[IZ�Fvt�J�U�F�M�W£]�o�Y�UmW�� j U�n�Y
M�D�U4D.d ��FIEaD�[I`�D

µ ��� Q�\¦H�p�J�p j J-B;o�FI� BaJ-gcJ�H�`�o j F]�H�oz`;B�D�H	J�Z�Y��![oa�	W � \�H	F�Z�J�B�D[kJ-Z�Y�H�[�F ¬ � �
[IT j F�U!Zad�J2H	Y.d¦��U;d¦e	F�Z Y�Z�F�M�J-B�D�M�o 6 = � \ � � \"! �
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o�H�p���p¨\ j F�`�D 2
µ
Z�J j B�J�[�e�Faia��J2H γ 5 p�9 H2D`�`�D`

µMwFGbcJ�H EaTVH�f Y�`�FU4f W���F���Z�FuM�D�U!F�iP[�J�U!o�]�o�Z;FGi*\�H	F�[
j BaJ2��J�UmJ�`�D�bc�!D.d � � d�e2F�Z!D¡EW���J�H�Y�FG��J�B�b�D�H�f���[D��o;Y-`�BaJ2H�Z�TVluWaBaFa[IZId�\ DhFIY2H�D�U4f�Z!TVJL~ j FªFG�mZ�F�M6W�p6@
��J�i�Y�H-[Io�H�J2U!fIZ�F�Y2H�o j B�o�`�F�Z�J�]GZmTVl

µ
]�J�B�J���FG[IDZ�o;J

e	F�ZY��![kW�M6dqo F�!Z�o;M®W!B�F�[Z;J2M®E�W���J�H�Z�F�Y-o�H�f
]�B�J�e2[T�]GDIi�Z�F�Y�U!FIbSZ�T^i�o�e�D j W�H�D�Z!Z;T^i lmD�B!D�`�H.J-B*\
F j B�J���J�U�d�J2M�T^iv`;D�`�Y��![Io��	FM � \�H2DI` o �IM�F���Z�F�Y2H�f�n �
j F�H	J�Zmt!o�D�U4D��h\�[�MwJ-B;W�e�D�[o;Y-oaMNF�Y�H2o γ 5 (* )

p�wY2U4o Y2��[o;� j FG]IH-o Y�FG[ j D��!D�J�H�Y j J-Bmo�F���F�M
B�J�gcJ�H-`;ow\ H�F j F�]H�o [kF [kY2J�l e.FaZ;D�l E�W���W�H
B�D�Y j FUmFb�J�Z�T �a[ID W�B�F�[IZId�p �wY2U4o BmD�[�J�Z�Y�H-[kF
[IT j F�U!Z�d�J�H2Y.dvH2F�]�Z�F \6H2F j F�U�F�[o;Z!DhUmFG`�D�U4o�e�F�[D�Z�ZmTVl
Y�FY�H2Fkd!Z!o�i�o�Y�]�J2e�D�J2H ¬ ��J2U;Fa`;D�U!o�e�W�J2H�Y.dN\ �G[ �!J�e2bhD�J2H �
[ B!D�e�B�J�gcJ-ZmZ�TVJ e�FGZmT
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\ H�D�` ]�H�F [ `�D�b���F�i

e2D j B�J���J�Z�Z;FGie�FaZaJ�FY�H-D�J�H�Y	d Y2H�B�F�.F j F}F��!Z�F�M6W
W�B�F�[Z;n�p � B�W��2o�M�o|Y2UmFG[ID�M�o�\ j B�o � →  Y j J-`aH2B
B�D��mo�`�D�U4f�Z�F j J�B�J2Y�H�B�Do�[ID�J2H�Y.dNp ¢�H	F j F�Y�U�J2�mZ�J�J
W�H�[�J�B�bc��J-Zmo�J�Y�FF�H2[kJ2H�Y�H-[kWGJ�H�rco�e2o;]�J2Y�`IF�iy`�DIB�H-o;Z�J;\
j F�Y�`IFGUmf`�W�[�Y2UmW�]aD�J � =  \¥[�F�H	U�oa]ao;J�FIH�Y2U;W�]GD-d
� ≠  \ j FIH2J�Z�tmo!D�U!fIZ�D�d _ Z�J�B��2oId _ UmJ-`IH�B�F�Z�D j B�J2�;Y2H��D�[Io�M�D [ [o���J Y2W�M�MNT Z;J-[kFe�M�Wa� J-ZmZ�F���F
j J�B�o;F�!o;]J�Y�`�F���F j FH�J�Z!t�omD�U4D o U�F�`�D�U!fIZ�F���F
[kFe�MNW��cJ�ZmoId�p¾©�F�[uH-D�`aFM�Y�U�W�]�D�J;\�`�D�` j F�`�D�e-D�ZaF [
B�D�E�FIH-D�l ��o!rsgSo�tmD�o 
^F�Y2J�[o�]�D�O5� \��mR	\£[ `�D�b���F�i
e	F�Z�J �;FUmb�J�Z EaTVH�f oaMNJ�Z�Z;F F�!omZ W�B�F�[kJ-Z�f�\
Y�FF�H2[kJ2H�Y2H�[�J�Z�Z;F o�MwJ-ZmZ�F F�!Z�F U�F�`�D�U!o;e	F�[D�ZmZ�F�J
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