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In this review we discuss a wide range of topological properties of electron quasiparticles in Dirac and Weyl
semimetals. Their nontrivial topology is quantified by a monopole-like Berry curvature in the vicinity of Weyl
nodes, as well as by the energy and momentum space separations between the nodes. The momentum separation,
which is also known as the chiral shift, is one of the key elements of this review. We show that it can be dynami-
cally generated in Dirac materials in a background magnetic field. We also pay a special attention to various
forms of interplay between the background electromagnetic fields and the topological characteristics of Dirac
and Weyl semimetals. In particular, we discuss their signature features in the transport of the electric and chiral
charges, heat, as well as the quantum oscillations associated with the Fermi arc states. The origin of the dissipa-
tive transport of the Fermi arc states is critically examined. Finally, a consistent chiral kinetic theory for the de-
scription of Weyl semimetals is reviewed and its applications are demonstrated.

PACS: 72.80.—r Conductivity of specific materials;
71.18.+y Fermi surface: calculations and measurements; effective mass, g factor;
72.15.-v Electronic conduction in metals and alloys.
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1. Introduction

Although the chiral anomaly for relativistic fermions
was discovered a long time ago [1,2], it enjoyed a rather
unexpected renaissance in recent years in diverse physical
systems such as heavy-ion collisions and the primordial
plasma in the early Universe, as well as Dirac and Weyl
semimetals in condensed matter. This renaissance is due to
the recent understanding that a chiral asymmetry in relativ-
istic matter in the presence of background electromagnetic
fields can lead to new anomalous transport phenomena.

Since the chirality plays a central role in this review, let
us briefly remind what it is. While a nonrelativistic fermion
can be at rest and its spin can point in any direction, a mass-
less relativistic fermion always moves with the speed of
light. Its spin is strictly parallel to the particle's momentum
and points either along or opposite to the direction of motion
for the right- or left-handed fermions, respectively. Then, it
is clear that the chiral asymmetry can be achieved in two
ways. The simplest realization is connected with the excess
of fermions of one chirality. Since the chiral charge density
is given by \Tfyoy5\y, such an excess can be described by the
term bO\TJyOyS\V in the fermion action. Here y" are the stand-
ard gamma matrices, y~ = iyoylyzya, and =\|/Ty0 is the
Dirac conjugate spinor field. From a physics viewpoint, by
has a transparent meaning, i.e., it describes the splitting be-
tween a pair of opposite-chirality Weyl nodes in energy and
breaks the parity inversion (Pl) symmetry.

Another form of chiral asymmetry can be achieved
when there are equal number densities of the right- and
left-handed fermions, but they move in opposite directions.
In this case, while the electric current (which is the sum of
the currents of the right- and left-handed fermions) vanish-
es, the axial current (which is the difference of the corre-
sponding currents) is nonzero. Note that the corresponding
axial current in a relativistic model could be viewed also as a
spin density. Mathematically, the axial current density is
defined as Gyy . The corresponding current appears in
relativistic matter at a nonzero electric chemical potential p
in a magnetic field B and is given by Jg = —ezuB/(an).
This phenomenon is known in the literature as the chiral
separation effect (CSE) [3-5]. Note that this axial current
stems exclusively from the spin polarized lowest Landau
level (LLL) and is related to the chiral anomaly. Therefore,
physically, the CSE could be considered as a form of rela-
tivistic paramagnetism. Interestingly, if we add the term
b\T/'ny\V to the Dirac Hamiltonian of massless fermions, the
resulting model will contain two Weyl nodes of opposite chi-
rality separated by b in momentum space. For obvious rea-
sons, we called b the chiral shift in our paper [6]. One can
easily check that b breaks the time reversal (TR) symmetry.
The chiral shift is one of the key players in this review.

From the viewpoint of high-energy physics, parameters
by and b defining the chiral asymmetry in relativistic mat-
ter are the time-like and space-like components of the axial
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four-vector potential b¥ = (by,b) coupled to the axial cur-
rent \T/yVyS\u, where v=0,3. In the presence of external
electromagnetic fields, the chiral asymmetry leads to new
transport phenomena. In addition to the CSE discussed
above, the chiral magnetic effect (CME) [7-9] connected
with the electric current J = —e2u5B/(2n2) in the back-
ground magnetic field B is perhaps the most well-known.
Here pjg is the chiral chemical potential that determines the
imbalance between the fillings of opposite chirality Weyl
nodes. Among other anomalous transport phenomena are the
chiral electric separation effect (CESE) [10], the chiral
vortical effect (CVE) [11], etc.

Let us now proceed to the condensed matter systems
where unusual chiral asymmetry phenomena can be realized
and, very importantly, can be observed by using rather sim-
ple experimental techniques. These systems are Dirac and
Weyl semimetals whose quasiparticle excitations are de-
scribed by the Dirac and Weyl equations, respectively. The
study of these materials has a long history. Already in 1937,
Herring considered [12] the problem of two bands touching
at isolated points in the Brillouin zone. He showed that the
Hamiltonian describing the electron states in vicinity of such
points is naturally represented by a 2 x 2 matrix, which coin-
cides with the Weyl Hamiltonian in the case of a linear band
crossing. Later, this question was also studied by Abrikosov
and Beneslavskii [13], who showed that the symmetries in
some crystals could indeed allow for a linear spectrum. In
addition, they considered the role of the Coulomb interaction
that leads to a slowly varying logarithmic factor in the dy-
namical variables, including the vertex, polarization, and
self-energy functions.

Theoretically, Dirac semimetals were first predicted to
be realized in the AzBi (A= Na, K, Rb) and CdsAs;
compounds [14,15] in 2012. By using the angle-resolved
photoemission spectroscopy (ARPES), the Dirac semi-
metal band structure was indeed observed [16-18] in
Cd3zAs, and NazBi. Further, the existence of Weyl semi-
metals was theoretically predicted in pyrochlore iridates
in Ref. 19. In 2015 they were experimentally observed in
the TaAs, TaP, NbAs, and NbP compounds [20-29] (for a
recent review regarding the discovery of the Weyl semi-
metals, see Ref. 30).

Later, the materials with the topological charges of the
Weyl nodes greater than one, i.e., multi-Weyl semimetals,
were also suggested to be realized in HgCrSe4 [31,32] and
SrSiy [33]. In accordance with the crystallographic point
symmetries [32], only the Weyl nodes with topological
charges ny, less than or equal to 3 are permitted. The cor-
responding double-Weyl (ny =2) and triple-Weyl
(ny =3) semimetals have the quadratic and cubic energy
dispersion relations, respectively. For recent reviews of
Weyl semimetals, see Refs. 30, 34, 35.

Among the characteristic features of Dirac and Weyl
semimetals are their unusual transport properties in exter-
nal electromagnetic fields, which are profoundly affected
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by the chiral anomaly. As was first shown by Nielsen and
Ninomiya [36], the longitudinal (with respect to the direc-
tion of a magnetic field) magnetoresistivity in Weyl semi-
metals decreases with the growth of the magnetic field.
Therefore, this phenomenon is called a negative magneto-
resistivity in the literature. It was first experimentally ob-
served in Bi1—xSbhy alloy with x ~0.03 [37], and later in
other Dirac and Weyl materials [23,27-29,38-44].

In addition to the anomalous bulk properties, Weyl sem-
imetals possess also unusual surface states. They are known
as the Fermi arc states and provide a distinctive hallmark of
these materials. Experimentally, the Fermi arcs are directly
observed with the help of the ARPES technique (see, e.g.,
Ref. 30 and references therein). Unlike the long-established
Tamm-Shockley [45,46] states that form closed loops in the
momentum space, the Fermi arcs are open segments of the
Fermi surface connecting the projections of the bulk cones
onto the surface [19,47,48]. The existence of the surface
Fermi arcs is directly related to the nontrivial topological
properties of Weyl nodes. Indeed, a Weyl node is a mono-
pole of the Berry curvature [49] whose topological charge
is connected with the chirality of the node. Further, accord-
ing to the Nielsen—-Ninomiya theorem [50,51], Weyl nodes
in crystals always occur only in pairs of opposite chirali-
ty. Then, since vacuum has trivial topological properties,
the surface of a Weyl semimetal necessarily contains the
topologically protected surface Fermi arc states. As was
emphasized in Ref. 48 these states are crucial for equili-
brating the quasiparticles of opposite chirality and main-
taining the same value of the chemical potential for the
whole system.

This paper is organized as follows. In Sec. 2, we discuss
the mathematical origin of the chiral shift and its dynam-
ical generation in Dirac semimetals subjected to a back-
ground magnetic field. The bulk magnetotransport in Dirac
and Weyl semimetals is discussed in Sec. 3. In Sec. 4, the
Fermi arc states in Weyl semimetals are introduced and
their physical implications for the quantum oscillations and
the surface transport are discussed. In Sec. 5, we describe
the bulk transport phenomena in strain-induced pseudo-
electromagnetic fields as well as formulate the quasiclassical
kinetic framework in Weyl semimetals. Section 6 is devoted
to the electric, chiral, and thermoelectric transport in a two-
band model of Weyl semimetals. The results are summa-
rized in Sec. 7. Throughout the paper, we use the units with
h=c=1.

2. The dynamical generation of the chiral shift

In this section, we discuss one of the defining parame-
ters of Weyl semimetals, i.e., the chiral shift. From a phys-
ics viewpoint, it determines the momentum space separa-
tion of the Weyl nodes. As we discuss in Subsec. 2.1, such
a parameter could be also considered as a 3D analog of the
Haldane gap in (2+1)-dimensional theories. In Subsec. 2.2,
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we show that the chiral shift can be dynamically generated
in Dirac semimetals in a background magnetic field.

2.1. Haldane mass in graphene as a prototype
of the chiral shift

The experimental discovery of graphene [52], whose
electron quasiparticles are described by the (2+1)-
dimensional Dirac equation [53], strongly influenced con-
densed matter physics (see, e.g., Refs. 54-56). Interesting-
ly, the breakdown of the spin-lattice U(4) symmetry of the
graphene low-energy Hamiltonian was experimentally ob-
served in a magnetic field (for reviews, see Refs. 57, 58).
One of the scenarios describing this symmetry breaking is
the magnetic catalysis (see, e.g., Ref.59 and references
therein). It was revealed that, in addition to the standard Pl
and TR invariant Dirac mass, the TR breaking Haldane
mass [60] can be dynamically generated in graphene in a
strong magnetic field [61,62]. Historically, the Haldane
mass was first discussed in the context of (2+1)-
dimensional relativistic gauge field theories [63,64], where
it induces the Chern—Simons term in the effective action.

By making use of the usual four-component Dirac
spinor W¢ = (Wkas: WkBs: VKBs: WK'as) that combines the
Bloch states with given spin (s =T,4), sublattice (A,B), and
valley (K,K"), the explicit structure of the Haldane mass

term reads A\??SVS‘P. Here Ws = ‘P;H?O is the Dirac conju-

gated spinor, ¥V =73 ®(13,it9,—i1y) (with v=0,1,2) are
the 4 x4 gamma matrices belonging to a reducible represen-
tation of the Dirac algebra in 2+1 dimensions, and the Pauli
matrices T and t act in the valley and sublattice spaces,
respectively.

As we stated in the Introduction, Dirac and Weyl semi-
metals are materials whose quasiparticles are also described
by the relativistic-like (3+1)-dimensional equations. There-
fore, it is natural to ask what is an analog of the Haldane
mass in 3D case and whether it could be dynamically gener-
ated. Historically, these questions were the turning point for
the three of the current authors in the subsequent studies of
the chiral asymmetry in 3D relativistic matter [6,65,66].

First of all, it is immediately clear that \Tfy3y5\|; has a
completely different physical meaning in (3+1)-dimensional
theories. It is no longer a mass term like in graphene, but an
axial-vector current density that breaks the TR symmetry.
By using the Nambu-Jona—Lasinio model with a local four-
fermion interaction, we showed [6] that the term bz\le?’yS\y
in the effective fermion action could be dynamically gener-
ated in dense relativistic matter when a magnetic field is
present. Further, by using the gauge invariant point-splitting
regularization, we checked [65] that although the chiral shift
b, contributes to the axial current, it does not affect the chiral
anomaly relation at all.

Concerning its interpretation, a word of caution should
be given about b;. While the Haldane mass has a direct
physical meaning in 2D, a constant axial-vector potential
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in 3D may not be observable a priori. Indeed, naively it
could be easily removed by the gauge transformation

v —>e'ZY5bZ\|1, v} —>\T/e'275b2. The point, however, is that
this transformation is anomalous. This follows from the
two facts: (i) b, acts as a correction to the electric chemi-
cal potential on the LLL, and (ii) the LLL dynamics is
(1+1)-dimensional [67,68]. Since the chiral transformation
is anomalous in the 1+1 dimensions (for a recent discus-
sion of this transformation, see Ref. 69), one cannot simply
get rid of the constant axial-vector potential in the presence
of background electromagnetic fields.

Interestingly, we found [66] that the dynamically induced
b; is not inhibited by a nonzero temperature. This implies
that the chiral shift can be also generated in the regime rele-
vant for heavy-ion collisions as well as in the cores of neu-

HWY = ") Hyy,

where

o (-iV+eA—by)
H(()W):Id3r{vFWT(r)[ 0 0

is the Hamiltonian of the free theory, which describes two
Weyl nodes of opposite chirality (as required by the Niel-
sen—Ninomiya theorem [50,51]) separated by vector 2bg in
momentum space. Following Refs. 6, 66, bg can be inter-
preted as the bare chiral shift parameter. There are two
reasons for choosing such a terminology. Firstly, as Eq. (2)
implies, vector bg shifts the positions of Weyl nodes from
the origin in the momentum space and, secondly, the shift
has opposite signs for the fermions of different chirality.
The other notations are: iy is the bare electric chemical
potential, o = (cy,0y,0,) are the Pauli matrices associat-
ed with the conduction-valence band degrees of freedom in
a generic low-energy model [71], which are commonly
called the pseudospin matrices, and Hjy; is the interaction
part of the Hamiltonian. In addition, due to the presence of
an external magnetic field, we replaced V — V +ieA,
where A is the vector potential and e is the absolute value
of the electron charge. The low-energy Hamiltonian of
Dirac semimetals is trivially obtained from Eq. (1) by set-
ting bg = 0.

By assuming a simple model with a contact four-
fermion interaction, i.e., U(r)= e? [(x]|r]) > 963(r),
where « is a dielectric constant and g is a dimensionful
coupling constant, and using the mean-field approxima-
tion, one can derive the following set of the Schwinger—
Dyson (gap) equations:

3
u:u0+£g<\]0>, <J0>zetr[yoG(u,U)], @)

=9, ® =t PPy |, @
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tron stars, where strongly magnetized quark matter could
be present. Clearly, the same should apply to the Dirac
semimetals whose quasiparticles are described by the
(3+1)-dimensional Dirac equation. This idea is further
elaborated in the next subsection.

2.2. Engineering Weyl nodes in Dirac semimetals
by a magnetic field

In this subsection, we consider an interesting property
of Dirac and Weyl semimetals: a dynamical rearrangement
of their Fermi surfaces in a magnetic field [70]. We begin
with writing down the general form of the low-energy
Hamiltonian for a Weyl semimetal

M
° (0 -now (Dw(r) )
o (-iV+eA+by) VOV
m=-2o@w).  Gw=-teuu]  ©)

1
b=by—-g(Js). (g =etr[y1°Gu.)].  (6)

where, by definition, G(u,u') denotes the full fermion
propagator with the following ansatz for the inverse one:

iG 7L (u,u") = (6 + Wy’ — (r-y)+

0/~ 5 5 4 ’ (7)
+y (@-y)y” +(b-y)y” —m]s" (u-u’).

Here u = (t, r) and = =-iV +eA is the canonical momen-
tum. [The eigenvalues of y5, i.e., A =, correspond to the
node (chirality) degree of freedom.] Further, m plays the
role of the dynamical Dirac mass. As follows from the Di-
rac structure of the p term, it can be re-interpreted as the
anomalous magnetic moment p,,, i.., i = 1,,B, associat-
ed with the pseudospin. It should be also emphasized that
the renormalized p and b in the full propagator may differ
from their tree-level counterparts py and bg, respectively.
Further, <JO> is equivalent to the electric charge density p
and (X) describes the pseudospin density of Weyl nodes.
On the other hand, the chiral condensate (yw) and the
axial current density (Js) describe internode coherent ef-
fects related to a charge density wave and a valley polar-
ized pseudospin condensate, respectively.

Because of the CME [3-5], the axial current density
(Jg) is generated in the free theory when a fermion charge
density and a magnetic field are present. Therefore, ac-
cording to Eq. (6), the chiral shift b is induced already in
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the lowest order of the perturbation theory even if bg = 0.
As a result, a Dirac semimetal with a nonzero charge den-
sity is transformed into a Weyl one, as soon as an external
magnetic field is applied to the system.

In the leading order of the perturbation theory, the elec-
tric charge density <J0)0 o —e%B and the axial current
density (Js)g :—eZBpO/(ZnZ) are nonzero. As to the
chiral and the anomalous magnetic moment condensates,
they vanish, i.e., (yy)g =0 and (Z); =0. Then, taking
into account Eqs. (4) and (5), we conclude that both the
parameter i and the Dirac mass m are zero in the perturba-
tion theory. Therefore, only the electric chemical potential
and the chiral shift are perturbatively renormalized. The
latter is quantified by

b=b, +&;‘°. ®)
8n
The above equation implies that the dynamical contribu-
tion to the chiral shift either renormalizes the bare chiral
shift (if it is present in the Hamiltonian of the system) or
generates it dynamically.

However, in accordance with the magnetic
catalysis [59], the ground state at vanishing p, should be
characterized by a dynamically generated Dirac mass mgy,
that breaks the chiral symmetry. In the weakly coupled
regime g — 0, in particular, one finds

2 2
2 _v,:leBl A
My = ———exp| — , 9
dyn T p[ gleB]| ®)

where A is a ultraviolet cutoff in the model at hand, which,
for example, can be expressed through the lattice spacing a
as A~m/a. Such a vacuum state can withstand a finite
stress for a sufficiently small chemical potential py < mgy,.
When pg exceeds a certain critical value p,, the chiral
symmetry is restored and the normal state with a
nonvanishing chiral shift parameter b in Eq. (8) is realized.
The free energies of the two types of states, i.e., the
perturbative state with a nonzero chiral shift (and no Dirac
mass) and the nonperturbative state with a dynamically
generated Dirac mass (and no chiral shift) become equal at
about pg ~ Mgyy /+J2. This is somewhat analogous to the
Clogston relation in superconductivity [72]. Note that the
dynamical chiral symmetry breaking was also studied in
Weyl semimetals in Refs. 73-77.

Therefore, the manifestation of the dynamical rear-
rangement of the Fermi surfaces in Dirac semimetals sub-
jected to an external magnetic field is quite spectacular: a
Dirac semimetal is transformed into a Weyl one. Each Di-
rac node transforms into a pair of Weyl nodes separated by
the dynamically induced (axial) vector 2b, whose direction
coincides with the direction of the background magnetic
field. The magnitude of the vector b is determined by the
strengths of the magnetic field and the interaction, as well
as the quasiparticle charge density.
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3. Magnetoresistivity of Dirac and Weyl semimetals

In this section, we discuss the implications of the rela-
tivistic-like dispersion relation, the chiral anomaly, and the
chiral shift for the electric charge transport in Dirac and
Weyl semimetals in a magnetic field.

Remarkably, the study of the unusual magnetoresistance
phenomena in condensed matter systems with a linear, dis-
persion law began by Abrikosov [78] more than 10 year
before the theoretical proposal of Dirac and Weyl semimet-
als. The idea was based on the assumption that nonstoichio-
metric silver chalcogenides are basically gapless semicon-
ductors with a linear energy spectrum and a very small
carrier concentration. Note that, at that time, the nontrivial
properties of Dirac and Weyl semimetals were not appreci-
ated neither experimentally nor theoretically. Consequently,
the corresponding terminology was not established. How-
ever, Abrikosov noted [78] that the electrons in his model
are similar to charged neutrinos and could be identified
with Weyl fermions. Further, he found that the transverse
magnetoresistivity increases linearly with magnetic field.
An important feature of the linear spectrum is that, unlike
more conventional cases, the quantum condition persists to
rather small magnetic fields and sufficiently high tempera-
tures. In order to distinguish this phenomenon from other
kinds of magnetoresistance phenomena, Abrikosov suggest-
ed to call it the quantum magnetoresistance.

Further, in a remarkable paper [36], Nielsen and
Ninomiya realized that the chiral anomaly is responsible
for pumping the electrons between the nodes of opposite
chirality in Weyl semimetals at a rate proportional to the
scalar product of the applied electric and magnetic fields
E-B. Such a pumping ultimately leads to the decrease of
the longitudinal magnetoresistivity in Weyl semimetals
with the growth of magnetic field. This phenomenon is
known in the literature as a negative magnetoresistivity.
For the first time, it was experimentally observed in Dirac
semimetal Bij_yxShy for x = 0.03 [37] and was interpreted
as an experimental signature of a Weyl semimetal phase,
where a single Dirac point splits into two Weyl nodes with
opposite chirality and the separation between the nodes in
momentum space is proportional to the applied field (see
also Subsec. 2.2 and the references therein). The physical
reason for the negative magnetoresistivity is quite trans-
parent [36,79] and connected with the spatial dimensional
reduction 3—1 in the low-energy dynamics dominated by
the LLL. Such a dimensional reduction is a universal phe-
nomenon, taking place in the dynamics of charged fermi-
ons in a magnetic field [67,68]. Since the LLL states at
each Weyl node are described by an effective chiral 1D
theory, they cannot backscatter on impurities. Therefore,
the corresponding contribution to the conductivity is finite
only due to the internode scattering processes. Since the
density of states on the LLL grows linearly with magnetic
field, the LLL conductivity increases too. If it dominates,
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then the total magnetoresistivity decreases with magnetic
field.

Recently, by making use of the Kubo formulas, three of
us calculated the magnetoconductivity tensor and showed
that the negative magnetoresistivity can be realized in Di-
rac semimetals too [80]. In addition, it was shown that the
special nature of the LLL plays a profound role also in the
anomalous Hall contribution to the transverse conductivity
in Weyl semimetals.

In order to analyze the conductivity, we used the rela-
tivistic-like model with the Hamiltonian defined in Eq. (2).
All calculations were performed in the quantum regime by
using the Kubo linear-response theory, where the direct
current conductivity tensor reads

ImIT,,(Q2+i0;0)

Onm = lim (10)
o Q—0 Q

and is expressed through the Fourier transform of the cur-
rent-current correlation function

My (€20) =

P (11)

3 tr[YnG(iml ;p)YmG(iwl -Q;p)l.

= EZU|2:T i j

d3
|=—0 (275)

Note that this function is given in terms of the transla-
tion invariant part of the quasiparticle Green function in

the magnetic field, n,m =(x,y, z), and Z;‘;_w denotes the

summation over the Matsubara frequencies.

Let us first analyze the case of the longitudinal (along
the direction of the magnetic field) conductivity. In such a
case, it is instructive to extract the LLL contribution
cg;""), which is given by the following exact result:

2
e“ve |eB

ott) = E Ve 1Bl (12)
47'[ ro

where Ty is the quasiparticle decay width of the LLL.

Taking into account that oy, = 6, =6y, =0, =0, we
easily find the longitudinal magnetoresistivity p,, =1/c,,.
The corresponding numerical result including also the con-
tributions of the higher Landau levels is plotted in Fig. 1 as
a function of v% |eB| /pz. The oscillations of the
magnetoresistivity connected with the Shubnikov-de Haas
effect are clearly seen in Fig. 1. Due to the LLL contribution
denoted by the dashed red line, the total longitudinal
magnetoresistivity decreases as the magnetic field grows.
Therefore, both Dirac and Weyl semimetals exhibit the re-
gime of the negative longitudinal magnetoresistivity at suffi-
ciently large magnetic fields. This result agrees with that
obtained in Ref. 36 by using the chiral anomaly in Weyl
semimetals. As a result, the experimental observation of
the negative longitudinal magnetoresistivity cannot be used
alone as an unambiguous signature of a Weyl semimetal.

In order to clarify this point, we note that the chiral shift
b || B does not influence the longitudinal magnetoconductivity
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Fig. 1. (Color online) Longitudinal resistivity p;; at zero tem-
perature as a function of the magnetic field. The solid black
line shows the complete result, the red dashed line represents
the contribution of the lowest Landau level, and the blue dot-
ted line describes the contribution due to the higher Landau
levels. The quasiparticle width is T'o = T'y = 0.1p in all Landau
levels.

and could affect the result only indirectly through the
quasiparticle width [36]. Moreover, as one can see in Fig. 1
(see Ref. 80 for a detailed analysis), the negative longitudinal
magnetoresistivity takes place even when the LLL
quasiparticle width T'g is comparable to the width Iy, in the
higher Landau levels. Therefore, we conclude that this phe-
nomenon is quite robust and takes place even as b, — 0.
Next, let us analyze the transverse (with respect to the
direction of the magnetic field) magnetotransport. While
the diagonal components of the transverse conductivity are
associated exclusively with a nonzero density of charge
carriers, the off-diagonal ones contain a topological contri-
bution (which is present even at vanishing electric chemi-
cal potential u =0 and temperature T = 0) and comes ex-
clusively from the completely occupied states below the
Fermi level. In the presence of an external magnetic field,
such a term is related only to the LLL contribution. It is a
specific feature of Weyl semimetals and is directly related to
the anomalous Hall effect (AHE) [73,81-84], which is pro-
duced by the dynamical Chern—Simons term in Weyl sem-
imetals [71,81,83,85-87] and related to the Bardeen-
Zumino terms [88,89] (see, also, Refs. 90, 91). This topo-
logical (anomalous) contribution is independent of the
magnetic field and equals
_ e2bZ 13
Oxy.AHE =77 (13)
Physically, it is manifested via the anomalous part of the
electric current J oy = e? /(2n2)[b><E], which is similar
to the Hall effect current where the role of a magnetic field
is played by the chiral shift. It worth noting that while one
should treat the integrals over momentum with care in the
linearized model, the same topological result is straight-
forwardly reproduced in lattice models of Weyl semimet-
als. As we will show in Subsec. 4.1, the topological origin
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of contribution (13) can be established by expressing it in
terms of a winding number in a lattice Hamiltonian model.

It should be noted that there is no interference between
the topological contribution (13) and its matter counterparts,
which are related to the finite density of charge carriers. In
addition, the former could be present even in Dirac semi-
metals when a magnetic field is applied, because, as we
discussed in Subsec. 2.2, a nonzero chiral shift b can be
generated dynamically [80]. Consequently, the anomalous
contribution (13) unambiguously distinguishes a Weyl semi-
metal from a Dirac one only in the absence of a magnetic
field.

Further, we calculate numerically the transverse compo-
nents of the magnetoresistivity tensor at zero temperature

_ _ __ Oxx _ Oxy
Pox =Py =% 5 Pyl 5| (14
Gyx T Oxy Gyx +OXxy

and plot them as functions of 0,2: |eB|/u2 in Fig. 2 for
|[bl=b=0.3pu. As is clear from Figs. 1 and 2, all compo-
nents of resistivity have the characteristic Shubnikov—de
Haas oscillations when the Landau levels are well resolved
(i.e., the quasiparticle widths are sufficiently small). In
passing, let us note that the magnetotransport in Weyl and
Dirac semimetals was also studied in Refs. 92-98 (for re-
cent reviews, see, e.g., Refs. 99, 100).

Pu€ WU
S = N WA N

Fig. 2. (Color online) Transverse components of the magneto-
resistivity tensor pyx and pyy at zero temperature as functions of
the magnetic field for b =0.3 u. The quasiparticle width is
I'=0.05p (red solid line), I' = 0.1 p (blue dashed line), and
I' =0.2 p (green dotted line).
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4. Surface Fermi arc states and their transport
properties

In this section, we continue to study the anomalous
transport properties of the Weyl and Dirac semimetals fo-
cusing on their topologically nontrivial surface states, i.e.,
the Fermi arcs. We will start from introducing the concept
of the surface Fermi arcs in Subsec. 4.1 and then discuss
their physical implications in Subsecs. 4.2 and 4.3.

4.1. The Fermi arcs states in Weyl semimetals

In order to clarify the concept of the Fermi arcs, let us
employ one of the simplest continuum models of a TR
symmetry breaking Weyl semimetal (see, e.g., Ref. 101),
whose Hamiltonian reads

H (k) = y(kzz —m)csz +og (ko +kyoy ), (15)

where m and y are positive constants. As is easy to check,
the energy spectrum of the bulk states is given by

g = 112 (2 —m)? +0F (k2 +kZ) and the two Weyl

nodes are located at k = (0, 0, i«/ﬁ).

Further, in order to obtain the surface states, we need to
define the appropriate boundary conditions. We assume
that, in coordinate space, the semimetal is in the upper
half-plane y >0 and the vacuum is in the lower half-plane
y < 0. In order to prevent the quasiparticles from escaping
into the vacuum region, we set m — —m and take the limit
m— o for y<0. Because of the semimetal surface at
y = 0, the translation invariance in the y direction is broken
and, consequently, one should use the operator form
ky =—idy in Hamiltonian (15).

By considering the eigenvalue problem Hy =gy and
matching the wave functions at the boundary, it is not dif-
ficult to find the following expressions for the surface
states in the semimetal and vacuum:

i ikoz— 1
Wyso = |[plkg) "X Pla) @ (16)

ik, xc+ik, zymy (1
Wy<o = /Pl ) e et [J 17)

respectively, where p(k;) =y(m- kzz) I vg and
—/m <Kk, <+/m. The latter condition follows from the
normalizability of the wave functions. The corresponding
expression for the surface state energy reads

€5 = Upky. (18)

Then, the effective Hamiltonian for the surface Fermi
arc states is given by (see Ref. 102 for a similar derivation
of the effective Hamiltonian for the surface states in topo-
logical insulators)

Hsurf = —10p0y, (29)
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Fig. 3. (Color online) The bulk and Fermi arc (red plane) states in
the model of Weyl semimetal (15) with ky =0 (top panel). The
green plane represents the Fermi energy &g = 0.9 ym. The corre-
sponding Fermi surface is plotted in the bottom panel. Here a and
c are lattice spacings.

and, as expected, describes one-dimensional chiral fermi-
ons. It is worth noting, however, that the effective Hamil-
tonian (19) is valid only for —/m <k, <~/m. The energy
spectrum of model (15) as well as the Fermi arc states are
schematically shown in Fig. 3.

4.2. Quantum oscillations in Weyl semimetals
in a magnetic field

As we showed in the previous subsection, the Fermi
arcs serve as a distinguishing fingerprint of the topologi-
cally nontrivial Weyl semimetals. While their observation
by using the ARPES technique is straightforward (see, e.qg.,
Ref. 30 and references therein), it is important that there
are additional transport means to investigate these unusual
surface states [103]. They are related to one of the oldest
methods to investigate the Fermiology of materials, i.e.,
the quantum oscillations of the density of states (DOS) in a
magnetic field due to the closed orbits (see, e.g., Ref. 104).
Then, according to the Onsager relation, the period of the
oscillations provides an information on the extremal cross-
sections of the Fermi surface. On the other hand, in a TR
symmetry broken Weyl material, the Fermi arcs are dis-
joined and, naively, cannot contribute to the oscillations.
However, it was suggested in Ref. 103 that the closed
magnetic orbits can indeed form in a magnetic field when
the bulk states are taken into account.

Following Ref. 103, let us briefly explain the physics
behind this effect. We start by assuming that the Weyl
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semimetal has the form of slab with the thickness L and is
characterized by the Weyl nodes located at +bg =
=+(0,bg,y.bg ;) , Where by , and by , are the components
of the chiral shift perpendicular and parallel to the slab's
surface, respectively. As follows from Eq. (18) (see also
Ref. 105 for a detailed derivation of the Fermi arcs in the
slab geometry) the quasiparticle velocity of the Fermi arc
modes is vy, = (vg,0,0) on the bottom surface (y = 0) and
V; = -V, on the top surface (y =L). The direction of the
magnetic field B = BA is specified by the unit vector
N = (sin@sin g, cos0,sin 0cos ¢), where the meaning of the
angles 6 and ¢ is obvious from Fig. 4(a). The Fermi arc
states are localized on the surfaces of the semimetal and
are characterized by wave vectors k, and k.

Further, let us describe the closed orbits schematically
shown in Fig. 4(b). Since the velocities of the surface
modes in the given framework are parallel to the x axis,
only the z component of the quasiclassical equation of mo-
tion in the magnetic field is nontrivial, i.e.,

Otk = —E[Vb,t x B]Z = Fevg Bcoso, (20)

where the signs F correspond to the top and bottom sur-
faces, respectively. Then, according to the above equation,
the quasiparticles slide along the bottom Fermi arc from
the right-handed Weyl node at k, = by , to the left-handed
one at k, = —hy ;. In the Weyl node, by using the gapless
bulk states in the magnetic field as a conveyor belt,
quasiparticles propagate to the top surface where they
move along the top Fermi arc, albeit in the opposite direc-
tion (which stems from the relation v = —vy,). Arriving at
the Weyl node, the quasiparticles move to the other sur-
face, consequently, completing the orbit.

The semiclassical quantization condition for the closed
orbits depicted in Fig. 4(b) is E,t = 2n(n+a), where n is
an integer and o denotes a phase shift that cannot be de-
termined semiclassically. Further, the time to complete the
orbit t includes the time of quasiparticles propagation
through the bulk ty,c = 2L/ (vg cos®) (where the pres-
ence of cos6 in the denominator is related to the fact that
the movement through the bulk occurs only along the
magnetic field) and the time of the propagation along the
arcs t,..s. According to Eq. (20), the latter can be estimated
as tyes = =4by, /(vpeBcos0). Therefore, the quantiza-
tion condition reads [103]

E = g (N+a)
" L/cos0+2bg , /(eBcosO)’

(21)

At fixed Fermi energy p, the maxima of the DOS oscilla-
tions are achieved at the following discrete values of the
magnetic field:

e [nvp cos0

1 _
RV (n+oc)—L]. 22)
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Fig. 4. (Color online) The model setup (a) and a schematic repre-
sentation of the closed quasiparticle orbits in a magnetic field
involving the surface Fermi arcs (b). The oscillations of the total
density of states including the bulk and surface contributions (c).

The period of these oscillations is

Ty = envE cose' 23)
2uby, ,

The requirement that the right-hand side of Eq. (22) be
positive defines the smallest possible value of n, i.e.,
Nmin = [ML/ (mop c0sB) —a+1], where [...] denotes the
integer part. It has a transparent physical meaning and de-
fines the saturation value of the magnetic field By =By, . .
The oscillations of the DOS could be observed only for
B < Bgy-
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As we discussed in Subsec. 2.2, the interaction effects
change the separation between the Weyl nodes and, con-
sequently, may also affect the quantum oscillations. In
particular, the chiral shift vector is renormalized and
reads as b = by +38bh (see Ref. 105 for the detailed deri-

vation). Here 8b is the magnitude of the correction to
the chiral shift, which is similar to that in Eq. (8), and f
is the unit vector pointing in the direction of the mag-
netic field. The effect of the interactions can be easily
included by replacing the bare arc length 2by, with

2
2\/(b O,z) +2bg ,8bcos¢sin 0+ (3bsin 9)2 . As one can see,

the most important qualitative effect is the ¢-dependence
of the oscillation period. As we suggested in Ref. 105, this
dependence could be used to extract the dynamically gen-
erated correction to the chiral shift in Weyl semimetals.

Since Weyl semimetals have the gapless energy spec-
trum, the conventional oscillations in a magnetic field re-
lated to the extremal cross-section of the bulk Fermi sur-
face will be always present at any finite p [106]. In order
to study the relative contribution of the surface-bulk orbits
to the total DOS N (), we present the latter in Fig. 4(c) for
two values of the slab thickness L. As one can see, the con-
tribution of the surface-bulk orbits, which is given by thin
peaks with a smaller period, strongly diminishes with L
leaving only the bulk background. Therefore, in order to
reliably distinguish bulk and surface oscillations experi-
mentally, one needs to use sufficiently thin samples and
minimize the scattering effects, which tend to destroy the
coherent electron motion.

In passing, let us discuss the experimental confirmation
of the surface-bulk oscillations reported in Ref. 107. The
authors observed the two types of the magnetoresistance
guantum oscillations: (i) the bulk type, which is almost
independent on the direction of the magnetic field, and (ii)
the surface type with the period oc cos®. The amplitude of
the latter strongly depends on the slab's thickness L (like
shown in Fig. 4(c)). In order to exclude the contribution of
the trivial surface states, where the electrons move in
closed orbits confined to a particular surface, the meas-
urements of the samples of different geometries were also
performed in Ref. 107. It was found that the samples of a
triangular shape allow only for the bulk type of the
magnetoresistance oscillations. This fact could be inter-
preted as the destructive interference of oscillations with
random phases. The above findings provide a strong evi-
dence in favor of the hybrid surface-bulk magnetic orbits.

4.3. Origin of dissipative Fermi arc transport
in Weyl semimetals

Taking into account the existence of the unusual sur-
face-bulk orbits discussed in the previous subsection, it is a
natural question how the Fermi arcs contribute to the charge
transport. In view of the topological protection of these
surface states in Weyl semimetals, it is not surprising that
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their effective Hamiltonian is that of a chiral 1D fermion
(see, e.g., EQ. (19)). In this connection, it would be useful to
recall the quantum Hall effect [108]. There, the absence of
backscattering for chiral 1D fermions provides the physical
reason for the nondissipative electric transport, resulting in
vanishing conductivity c,,. It was shown in Ref. 109 that
the fantastic exactness of the QHE conductivity is connect-
ed with nontrivial topological properties of QHE materials,
which are encoded in their nonzero Chern numbers. Since
vacuum has trivial topological characteristics, the current-
carrying edge states are topologically protected that leads
to the celebrated bulk-boundary correspondence. All this
strongly suggests that the electron surface transport due to
the Fermi arcs is nondissipative too.

The problem of the surface transport in Weyl semimetals
was studied by us in Ref. 110. We found that the Fermi arc
transport is, in fact, dissipative. The fundamental physical
reason for the dissipation is the presence of gapless bulk
states in Weyl semimetals whose low-energy dynamics is
not fully decoupled from the surface Fermi arc states. In
order to show this, we used a simple model of a Weyl semi-
metal in Eg. (15). Recall that, in this model, there are two
Weyl nodes located at k = (0,0,++/m) that are connected by
the Fermi arc with the energy dispersion &5 = vgkK,. Further,
by including a short-ranged quenched disorder, we
showed [110] that in the full effective model of Weyl semi-
metals, which contains both the surface Fermi arc states and
the gapless bulk states, the Fermi arc transport is dissipative.
The formal reasons for this are: (i) the loss of the 1D kine-
matic constraint in the scattering of chiral fermions and (ii)
the nondecoupling of the low-energy dynamics of the sur-
face and bulk states. The latter stems from the fact that the
quasiparticles from the surface Fermi arc states can scatter
into the bulk as well as into the other Fermi arcs. This
nondecoupling implies that there is no well-defined effective
theory of the Fermi arcs in Weyl semimetals in the presence
of quenched disorder. This is in contrast to the case of topo-
logical insulators, in which the bulk states are gapped. In addi-
tion, these findings agree with the generic conclusions in
Refs. 111, 112, claiming that an effective theory of surface
states in gapless systems can not be formulated.

Due to the loss of exact integrability in the full model, we
cannot present an exact solution supporting the nondis-
sipativity of the Fermi arc transport. However, it is possible
to use physical arguments that strongly support such a
claim. Following Ref. 110, let us consider the scattering of
the Fermi arc states using the Born approximation. A con-
venient starting point for such an analysis is the Lipp-
mann-Schwinger equation for the surface states

s (N =y (N =ifd3rsrrU s (), (24)

where \ugo)(r) =g is the incident surface wave, S(r, r')

is the free propagator, and U (r’) is the potential of impuri-
ties. By making use of the perturbative approach one can
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use the following general definition of the propagator in a
clean limit: S(r,r") ziZE\yE(r)\uTE (r'")/ (- E +i0), where

the sum runs over a complete set of the energy eigenstates.
Further, we note that the Hilbert space contains both bulk
and surface states. Therefore, the resulting Green function
naturally splits into the surface Sy(r,r") and bulk Sy (r,r’)
contributions, leading to the following scattered wave
function in the first order in the disorder potential:

v ) =y® ) +yP (), (25)
v (n) = =if d3rsg(r,ru )y (r) ~

ity Y8, (. )v O ry). (29)
]

Here in \uél) (r) one needs to replace Sq(r,r’) with Sy(r,r’).
Obviously, the scattered wave functions consist of the sur-
face and bulk contributions. In addition, we used the local

disorder potential U (r) = Z quS(r— rj) whose strength is

determined by ug.

We present the dependence of the upper components of
the scattered surface and bulk wave functions on y/a (which
quantifies the depth of the propagation into the bulk of the
semimetal) for a single impurity in Figs. 5(a) and 5(b), re-
spectively. Firstly, we note that \ygl) (r) falls off as a pow-
er-law function of y, rather than an exponential function.
While this might seems surprising (the wave function of
the incident wave has an exponential dependence on y like
that in Eq. (16)), the power-law dependence stems from the
regions where Fermi arcs merge with the bulk states. Sec-
ondly and most crucially, the scattered bulk portion of the
wave function is also nonzero. Unlike their surface coun-
terparts, these outgoing waves propagate into the bulk,
which is suggested by the characteristic phase shift of /2
between the real and imaginary parts of the wave function.

The dissipative character of the Fermi arcs allows us to
use the perturbative methods to study their conductivity.
The corresponding analysis was done in Ref. 110 where
we included both surface and bulk states and used the Ku-
bo response theory. The resulting surface conductivity is
shown as a function of the normalized electric chemical
potential py/vé in Fig. 5(c). As one can see, the conductiv-
ity decreases with the increase of the electric chemical po-
tential. This is easily explained by the growth of the Fermi
arc quasiparticle width with the density of states in the bulk
and, consequently, the phase space for the scattering. It is
interesting to note that the slopes of the conductivity are
different at small and large values of py/vé, showing a
characteristic kink at p=ym when temperature is small.
Such a Van Hove kink can be explained by the Lifshitz
transition [113], at which two disjoined sheets of the Fermi
surface merge into a single one. Note that the correspond-
ing phenomenon was observed also in Dirac semimetal
Na3Bi [114]. The temperature dependence of the Fermi arc
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Fig. 5. The upper components of the surface part of scattered
wave \ugl) (@) and \y,gl) (b) as functions of y/a (which quantifies
the propagation into the bulk of the semimetal). The normalized
surface conductivity as a function of the electric chemical poten-
tial p at several different temperatures (c). Here p(q,) =
=y(m-— qf) /v and q is the wave vector of an impurity.

conductivity is nonmonotonic with a local maximum at
temperature that scales approximately as the electric chem-
ical potential. While the conductivity at small values of p
is a decreasing function of T, it tends to weakly increase at
large chemical potentials. Such a nonmonotonic dependen-
cy clearly suggests a nontrivial competition between the
phase space of the bulk states and the thermal effects.

It is worth noting that the region of small chemical poten-
tials is peculiar. Technically, this is due to the fact that the
first-order corrections become large at small energies and
the leading-order perturbative treatment is insufficient. In-
stead, a nonperturbative analysis is needed. Finally, there is
an interesting question related to the dissipativity of the Fer-
mi arcs when the electric chemical potential is exactly zero.
Naively, there are no bulk states to participate in the scatter-
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ing, leading to the blow up of the Fermi arc conductivity at
p — 0. However, the study performed in Refs. 115, 116
showed that there is still a nonzero density of bulk states in a
disordered Weyl semimetal with short-range impurities even
at zero electric chemical potential due to nonperturbative
rare region effects [115]. For charged impurities, the
nonvanishing bulk DOS originates from the formation of
electron and hole puddles [116]. Thus, the bulk states in
disordered Weyl semimetals are present even at a vanishing
electric chemical potential. This suggests that the surface
and bulk states of the Weyl semimetal are always coupled
leading to a finite Fermi arc conductivity.

5. Transport in the strain-induced
pseudoelectromagnetic fields

5.1. Pseudoelectromagnetic fields in Dirac
and Weyl semimetals

The interplay of axial and vector gauge fields and their
interaction with chiral fermions is a delicate issue. While
the electromagnetic fields, described by the vector poten-
tial A, are routinely generated, the realization of the axial
gauge fields As in the high energy physics is rather un-
common. Therefore, it is important that Dirac and Weyl
materials not only demonstrate properties similar to that of
the high-energy relativistic matter, but provide means to
study novel quantum effects connected with the axial fields.
For example, it is shown [117-123] that the axial vector
potential As can be indeed generated by static mechanical
strains in these topologically nontrivial materials. Such a
potential describes axial or pseudoelectromagnetic fields. As
in graphene, the corresponding effective gauge fields cap-
ture the corrections to the kinetic energy of quasiparticles
caused by unequal modifications of hopping parameters in a
strained crystal. Unlike ordinary electric E and magnetic B
fields, their pseudoelectromagnetic counterparts Es and Bs
interact with the fermions of opposite chirality with different
sign. Consequently, the pseudomagnetic field does not break
the TR symmetry in Weyl materials (as is expected in the
case of static deformations). The characteristic strengths of
the pseudomagnetic field in Dirac and Weyl materials are
much smaller than in graphene and range from about
Bs ~ 0.3 T, when a static torsion is applied to a nanowire
of CdzAsp [121], to approximately Bs ~15 T, when a thin
film of CdsAs; is bent [123]. Note that the pseudo-
electromagnetic fields are also related to the magnetic tex-
ture [124] and give rise to the regular Hall effect.

Let us briefly review the studies of the electron transport
properties of Dirac and Weyl semimetals under strain. As is
shown in Ref. 120, the application of strain in Weyl semi-
metals changes the chiral shift and leads to an experimen-
tally measurable CME current decaying exponentially with
time. In addition, it was demonstrated in Ref. 121 that
pseudoelectromagnetic fields give rise to new and unusual
manifestations of the chiral anomaly, which can be observed

645



E.V. Gorbar, V.A. Miransky, I.A. Shovkovy, and P.O. Sukhachov

by such conventional experimental probes as electrical
transport, electromagnetic field emission, and ultrasonic
attenuation. By using a semiclassical approach, the authors
of Ref. 122 showed that the pseudomagnetic field Bs also
contributes to the conductivity as 6, ~ Bg. In addition, it
was argued that the surface Fermi arcs can be viewed as the
zero pseudo-Landau levels at Bg = 0, which are localized at
the boundary of the system even when strain is absent. Simi-
larly to the unusual surface-bulk oscillations in an external
magnetic field B described in Subsec. 4.2 (see also
Refs. 103, 105, 107), the strain-induced pseudomagnetic
field Bs was also proposed to cause periodic in 1/Bs oscilla-
tions of the DOS[123]. The tunability of the pseudo-
electromagnetic fields and their uniqueness for the relativ-
istic-like Dirac and Weyl semimetals provide an exciting
possibility to study the quantum field effects not easily ac-
cessible in truly relativistic matter.

5.2. Local conservation of electric charge
and the consistent chiral kinetic theory

Recently, the issue of the local electric charge noncon-
servation in chiral media with the strain-induced pseudo-
electromagnetic fields Es and Bs came to attention [121,122]
in the framework of the chiral kinetic theory defined in
Refs. 79, 125. Indeed, the naive continuity equations for
the chiral and electric currents are

P 3

%WJS ) _:?[(E'B”(ES Bl @D
op _ e3
E+V-J = —?[(E-B5)+(E5-B)], (28)

where p (ps) is the electric (chiral) charge density and J
(Js) is the electric (chiral) current density. The first equation
is related to the celebrated chiral anomaly [1,2] and de-
scribes the nonconservation of the chiral charge in the pres-
ence of electromagnetic or pseudoelectromagnetic fields.
From a physics viewpoint, this nonconservation can be un-
derstood as the pumping of the chiral charge between the
Weyl nodes of opposite chirality [36]. The second equation
leads to a striking anomalous local nonconservation of the
electric charge when both electromagnetic and pseudo-
electromagnetic fields are present. In this connection, it was
suggested [121,122] that only the global charge conservation
is respected and the local nonconservation of the electric
charge describes its pumping between the bulk and the
boundary of the system. However, this nonconservation is a
very serious problem that implies the possibility to literarily
create the electric charge out of nothing.

In the quantum field framework, where the same diffi-
culty was previously encountered too, it was proposed to
correct the definition of the electric current by including
the Chern-Simons (CS) contributions [90], which are also
known as the Bardeen—Zumino polynomials [88,89]. Such
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terms restore the local conservation of the electric charge
in the presence of both electromagnetic and pseudo-
electromagnetic fields.

As we argue in Ref. 126, the acute problem of the local
electric charge nonconservation is resolved in the con-
sistent chiral kinetic theory. Technically, the resolution can
be described by moving the terms on the right-hand side of
Eq. (28) to its left-hand side where they are rewritten in
terms of the derivatives of the topological Chern—Simons
current, i.e.,

e3

Igs = ——ZSVMBAS,B Fap- (29)
4n

Here v,8,a,$=0,3 and Ag5 =bs/e+Ag is the axial-
vector potential, which, unlike the usual vector potential, is
an observable quantity. Indeed, in Weyl materials, by and
b correspond to the energy and momentum separations
between the Weyl nodes. Further, ,55’5 is expressed
through the deformation tensor and describes strain-
induced axial or pseudoelectromagnetic fields. In compo-
nents, Eq. (29) takes the following form:

&3
pcs = ———(As-B), (30)
2n
e © AsxE] (31)
Jog =—— B +——[Ac xE]. 1
cs =753 Aso o 2R

For Bs to be nonzero, the axial field Ag should depend on
coordinates.

It is worth noting also that Egs. (27) and (28) in high-
energy physics are known as the covariant anomaly rela-
tions that come from the fermionic sector of the theory in
which the fermions of opposite chirality are treated in a
symmetric way. However, this is inconsistent with the
gauge symmetry. As was argued in Ref.90 (see also
Ref. 91), the correct physical current, satisfying the local
conservation of the electric charge, is the consistent one.
As is easy to check, the total (consistent) current
Jiot = (P+pcs,J+Jdcg) [88-91] is nonanomalous and
satisfies the electric current conservation relation, i.e.,
0y Jtet = 0. Note that the CS currents are important even in
the absence of strain-induced pseudoelectromagnetic
fields. For example, in the equilibrium state with pg = eby,
the first term in Eq. (31) ensures the absence of the CME
current [86,87,91]. Moreover, the second term in Jcg de-
scribes the AHE in Weyl materials [73,81-84], which is
missing in the conventional chiral kinetic theory. As we
will show in Subsec. 6.1, the topological CS terms (30) and
(31) are necessarily present in a lattice models of Weyl
semimetals [127].

The consistent chiral kinetic theory was applied by us in
order to study various collective excitations in Weyl semi-
metals [128,129]. We showed [128] that in a system with a
nonzero electric (chiral) chemical potential, the background
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magnetic (pseudomagnetic) fields not only modify the val-
ues of the chiral magnetic and pseudomagnetic plasmon
frequencies in the long-wavelength limit, but also affect the
qualitative dependence on the wave vector. Similar modifi-
cations can be also induced by the chiral shift parameter in
Weyl semimetals. The latter lifts the degeneracy of the
plasmon modes. Moreover, it strongly affects the longitudi-
nal plasmon mode by mixing it with the transverse ones.

Next, the helicons (i.e., transverse low-energy gapless
excitations propagating along the background magnetic field
in uncompensated metals) in Weyl semimetals are also sig-
nificantly altered by the chiral shift and pseudomagnetic
fields. The modification of the usual helicons by the chiral
shift was predicted in Ref. 130. In the absence of Bs and at
ugs = ebg = 0, the corresponding dispersion relation reads

EBoﬁU%kz
n02n+2e*E (B-b)

where the Langmuir (plasma) frequency is

4¢? n°T?
Q, = J [uz +ud+ : (33)
3EUF 3

As is easy to see, the chiral shift modifies the effective heli-
con mass (i.e., the denominator in Eq. (32)). Further, in the
presence of Bs, there exist the pseudomagnetic helicons [129]
with the energy dispersion

Oy ‘Bs—>0, ng—0 ~ (32)

eBsTEUé k2
n02us +26*0¢ (Bs -b)

(34)

®pH |By—0, p—0 ¥

Unlike the usual helicons given in Eq. (32), the pseudo-
magnetic ones exist even in the absence of the background
magnetic field. The necessary ingredients for the propaga-
tion of these helicons are the strain-induced pseudo-
magnetic field Bs and the chiral chemical potential ps.
Note that the latter appears naturally in the equilibrium
state of a PI-odd Weyl material with a nonzero energy sep-
aration by between the Weyl nodes.

Experimentally, the unconventional collective excita-
tions in Weyl materials could be detected via a relatively
simple experimental setup. It is based on the same idea that
is used in metals and requires measuring the amplitude of
transmission of an electromagnetic wave through a Weyl
or Dirac crystal as a function of the (pseudo-)magnetic
field (here the pseudomagnetic field can be quantified by a
bending or torsion angle) or as a function of the frequency
at a fixed field. Since standing waves interfere inside the
sample, the resulting signal should oscillate as the function
of B or Bs. The effects of the chiral shift parameter can be
studied by changing the orientation of the crystal and/or by
applying strains along different directions.

6. Anomalous transport in a two-band model
of Weyl semimetals

As we saw in the previous section, the topological Chern—
Simons or Bardeen—Zumino terms play a very important role
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in the physical properties of the collective excitations in
Weyl semimetals. In order to investigate the origin of these
terms in the consistent chiral kinetic theory as well as to
study various types of transport, we consider a simple lattice
model of a Weyl semimetal [127,131,132]. This two-band
model is described by the following Hamiltonian, which is a
generalization of the low-energy Hamiltonian given in
Refs. 32, 133, 134:

3
Hiarr (K) = dg (K) + > ‘od); (K). (35)

i=1

Here functions dg (k) and d(k) are periodic in momentum
k= (kx,ky,kz). Henceforth, we will omit the explicit ar-
guments of the functions dg and d. As is easy to check, the
dispersion relation of quasiparticles described by Hamilto-
nian (35) is given by g =dyx|d|. While a nonzero dg
introduces an asymmetry between the valence and conduc-
tion bands, it does not affect the key topological features of
the Weyl nodes and, consequently, should not affect the
main qualitative features of the transport. Therefore, in what
follows, we will ignore it.

Let us discuss now the explicit form of the function d.
For example, in the case of Weyl semimetals with the unit
topological charge ny, =1, they have the following form:

d; = Asin(aky), (36)

d, = Asin(aky), (37)

dz =ty +t cos(ak, )+t [cos(akx) + cos(aky)], (38)

where, for simplicity, we assumed that the lattice is cubic,
i.e., all lattice spacings are equal, a, =a, =c=a, and the
energy parameters A, to, t1, and tp are material dependent.
Their characteristic values can be obtained, for example,
by fitting the dispersion relations of low-energy excitations
in NagBi or CdsAsy. When the parameters are such that
|to +2t, [<| Yy |, the model given in Egs. (36)—(38) has two
Weyl nodes separated in momentum space by distance 2b,
where the chiral shift parameter b; is

—tg — 2t
b, = L arccos (MJ (39)
a 4

It is worth noting that the same Hamiltonian (35), albeit with
different functions dy and do, is valid for the multi-Weyl sem-
imetals, i.e., the semimetals with the topological charges of
the Weyl nodes greater than one n,, >1 (for the explicit form
of these functions, see, e.g., Ref. 132). The energy spectrum
of model (35) with the function d given in Egs. (36)—(38) is
shown in Fig. 6(a). As one can easily see, the energy spectrum
has a characteristic “dome” with the height defined by g
(which is the value of energy g atk = 0).

In the subsections below, we will study the electric, chi-
ral, and thermoelectric transport in (multi-)Weyl semimetals.
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6.1. Origin of the electric Chern-Simons currents

Following Ref. 127, let us start from a linear electro-
magnetic response in the two-band model of Weyl semi-
metals specified above. The electrons interact with the
electromagnetic field through the standard interaction term
Hint =J-A, where the electric current density operator in
the momentum space is given by J(K) = eV H,,. Hence-
forth, we assume that the magnetic field points in the
+ z direction and is described by the vector potential in

6,,(1)/5,,(0)

0_0:|....|....|....|....|

1.00 3 (c)
0.95F
0.90
0.85
0.80F
0.75F
0.70
0.65

I, cxr

0.0 0.5

1.0 1.5 2.0
We,

Fig. 6. (Color online) (a) The energy spectrum of the two-band
model (35) with the function d given by Egs. (36)-(38). (b) The
dependence of the zero-temperature Hall conductivity oy in a
Weyl semimetal (red solid line), a double-Weyl semimetal (blue
dashed line), and a triple-Weyl semimetal (green dotted line) on
the electric chemical potential. (c) The electric current density J;
in the direction of the pseudomagnetic field as a function of p/ &.
Here gg is the value of quasiparticle energy at k = 0.

648

the Landau gauge A =(0,xB,0).

Let us first calculate the electric charge density in the
background magnetic field. In the case of the vanishing elec-
tric chemical potential and temperature, the final result reads

3
o= g2 j (‘;n')‘g (B-Q), (40)

where d =d/ |d| and Q, denotes the z (i.e., parallel to B)
component of the Berry curvature [48,49]

o= 3 Si%(a.[(akla)x(akma)]), (41)

I,m=x,y,z

In order to make clear the topological nature of the charge
density (40), we note that each component of the Berry
curvature can be also viewed as the Jacobian of the map-
ping of a two-dimensional section of the Brillouin zone
onto the unit sphere. When integrated over the area of the
cross section (in the case under consideration, this is the
<y —ky plane), it counts the winding number of the map-
ping or the Chern number [135]

Y fim [ (G0, 3)x (0, D)

I,m=x,y,z 2 T

C(ki) =

(42)

We checked that C(k,) is nonzero only for |k, [<b, and
after the integration over k, leads to the topological CS
expression for the electric charge density induced by a
magnetic field (see Eqg. (30) with Ag — b/e), albeit gen-
eralized to the case of a multi-Weyl semimetal, i.e.,

dk, e?(B-b)
Ck,)=-ny ——2.  (43)
TEZ (Z) nVV 21‘(2

Pcs = —925_[ ]

Equation (43) clearly demonstrates the topological nature of
the CS charge density related to the winding number in lat-
tice models of multi-Weyl semimetals with finite Brillouin
zones. As for the electric current density in the static back-
ground magnetic field, we found that it vanishes in the
linear order in B. Therefore, as expected, the CME current
is absent in the equilibrium state [86,87,91].

The topological result in Eq. (43) cannot be captured by
the conventional chiral kinetic theory [79,125]. This fol-
lows from the fact that the corresponding kinetic equations
do not contain the chiral shift parameter b at all. As we
noted in Ref. 127, the topological CS terms appear to be
the only contribution that the chiral kinetic theory fails to
reproduce.

In order to identify the topological contributions to the
electric current density, one needs to study the response of
the two-band Weyl model to a background electric field.
We performed the corresponding analysis in Ref. 127 by
using the Kubo linear response theory. In the clean limit
and at T = 0, the off-diagonal conductivity tensor reads
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S = —% %(a[(akna)x(akma)})[l—eq kI-1dD).

(44)

whose only nonvanishing components are c,, =-cy,. The
topological nature of the off-diagonal conductivity oy, in
Eq. (44) at u — 0 is evident from the fact that it is deter-
mined by the integral of the Chern number (42) or, equiva-
lently, the winding number. Note that the latter is equal to
the topological charge of the Weyl nodes ny, . After calculat-
ing the corresponding integral, we derive the following ex-
plicit result for the anomalous Hall conductivity:

: (45)

where p = 0. This result corresponds to the expected topo-
logical CS current that describes the AHE conduc-
tivity [73,81-84]. Note also that it agrees with the conduc-
tivity in Eq. (13), albeit the magnetic field is absent now.
The dependence of the zero-temperature Hall conductivity
Oyy given in Eq. (44) on the electric chemical potential p
is plotted in Fig. 6(b). Due to the matter contribution, the
total Hall conductivity decreases as the absolute value of
the chemical potential increases. In addition, the corre-
sponding dependence is much steeper in the case of dou-
ble- (ny = 2) and triple-Weyl (n,, = 3) semimetals.

There is another point regarding Eq. (44), which is worth
discussing. According to the conventional wisdom of the
Fermi liquid theory, the conductivity is related only to the
states on the Fermi surface. However, Eq. (44) contains the
integration over all filled quasiparticle states. Such a contra-
diction was resolved in Ref. 48 by noting that the corre-
sponding term can be rewritten as a Fermi surface integral.

It is very interesting also to investigate the response of
Weyl semimetals to the strain-induced pseudoelectro-
magnetic fields Bs and Es, which we discussed in Subsec.
5.1. According to Ref. 121, strains in Weyl materials lead
to the following additional terms in the Hamiltonian:

SMygrain = A(UyeOy +Uy, 0y Jsin (ak, ) ~tyu,, 0, cos (ak, ),

(46)

where Upy = (OpUp, +0,Upy )/ 2 is the symmetrized strain
tensor and u = (uy,Uy,U,) is the displacement vector. The
notion of the strain-induced axial potential As naturally
arises, because, in the vicinity of Weyl nodes, dh,in can
be interpreted as the interaction Hamiltonian of Weyl
quasiparticles with the background axial gauge field

1 . .
Ag = ——1| u,, sin(ab,),u,, sin(ab,),u,, cot(ab,) |. (47
5 ea[ Xz ( z) yz ( z) 2z ( z)] (47)
For example, the strain-induced pseudomagnetic field

along the z direction can be induced by applying torsion to
a wire made of a Weyl semimetal [121], i.e.,
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Bs =VxAg =%sin(abz)2, where u=0z[rxZ]/L, 0 is

the torsion angle, and L is the length of the crystal.

Our numerical calculations in Ref. 127 show that
p=1Jy =Jy =0 if only the pseudomagnetic field is present.
Therefore, unlike the magnetic field, the pseudomagnetic
one does not induce any electric charge density. On the other
hand, the component of the electric current along the direc-
tion of the pseudomagnetic field is nonzero and is shown as
a function of p in Fig. 6(c). At sufficiently small values of p,
the electric current agrees with the corresponding expression
in the chiral kinetic theory (CKT) [117,122]

2
e“uB
Jzokr = - 2“25- (48)
T

However, as is obvious from Fig. 6(c), the calculated cur-
rent deviates from Eq. (48) as u increases. Physically, this
is related to the fact that the interpretation of the strain-
induced background field (47) as a conventional axial vec-
tor potential As deteriorates outside the immediate vicinity
of the Weyl nodes. In addition, we note that the strain-
induced pseudoelectric field Es leads to a sort of the dy-
namical piezoelectric effect with p «c Eg, which is, howev-
er, not topological.

6.2. Chiral response

In this subsection, we present the analytical results for
the chiral (or, equivalently, valley) charge and current den-
sities in background electromagnetic and strain-induced
pseudoelectromagnetic fields. The corresponding study in
Ref. 131 is motivated by the fact that, as was argued in
Refs. 90, 91, in addition to the CS terms in the electric
charge and current densities, their chiral or axial counter-
parts should be also accounted for. In the four-vector nota-
tion, the corresponding chiral CS current is given by
3 es =62 P A s Ry o 1 (127°),

Before discussing the chiral charge and current densi-
ties in the two-band model of Weyl semimetals, it is nec-
essary to note that while the concept of chirality is well-
defined only for the quasiparticles in the vicinity of the
Weyl nodes, its generalization to the whole Brillouin
zone is problematic. Therefore, we consider two defini-
tions of chirality. The first definition is the standard one
for chirality in systems with a linear dispersion law

Hmzi:xyzvikici generalized to the entire Brillouin

zone, i.e.,
11 (K) =sgn (0,07, ), (49)

where v; = Oy, di is the quasiparticle velocity. The second
definition is specific for the two-band model given by
Egs. (35)-(38) and is related to the reflection symmetry
k, — —k, of the Hamiltonian, i.e.,

%2 (K) =—sgn (k; ). (50)
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Due to the existence of two valleys in the model at hand
(which is directly related to the separation of the Weyl nodes
of opposite chirality), such a symmetry can be also identi-
fied as a valley symmetry and makes sense even for the
states away from the Weyl nodes. Note, however, that defi-
nition (50) is limited only to Weyl materials with a broken
TR symmetry. While in the vicinity of the Weyl nodes both
definitions of chirality in Egs. (49) and (50) are completely
equivalent, they differ for the states far from the Weyl nodes.
Similarly to Subsec. 6.1, we begin with the response to
the background magnetic field. The topological or “vacu-
m” part of the chiral charge density p5 atu=T =0 reads

g = —e? j —x(k) B-Q), (51)
where (k) is a chirality function that is given either by
Eq. (49) or (50).

Because of the additional factor y(k), the chiral charge
density does not have the same topological robustness as the
electric charge density (40). Nevertheless, it may be conven-
ient to define a chiral analog of the Chern number (42),

Z 8|I2m J‘dkl

I,m=x,y,z

¢, (k)= 2()(d- [0, D) x (01, D).

(52)

For the chirality defined by Eq. (50), there is a simple rela-
tion between the chiral and standard Chern numbers:
C, (k ) = —sgn (k; )C(k,). Obviously, C,_ takes only inte-
ger values and is zero for | k, |>b,. Taklng into account the
reflection symmetry k, — —k, of the model, C, can be
considered as a symmetry-protected topological invariant. In
contrast, C, is generically noninteger and depends on the
details of the model. We showed [131] that the vacuum part
of the chiral charge vanishes pg =0, because the chiral
Chern number is an odd function of k,. Therefore, no chiral
charge is induced by the magnetic field.

After integrating over the Brillouin zone, we find that
only the longitudinal component (with respect to B) of the
chiral current density is nonzero. For sufficiently small val-
ues of the electric chemical potential, i.e., |p|<gg, when
two separate chiral sheets of the Fermi surface are formed,
the chiral current density coincides with the well-known
CSE expression in linearized effective models [3-5], i.e.,
J2se = —e?Bu/(2n°). However, the dependence of the
chiral current density changes when the system undergoes
the Lifshitz transition at | |=¢q (see also Fig. 6(a)). In-
deed, for chemical potentials larger than g, the chirality
becomes ill-defined and, as a consequence, the chiral current
deteriorates compared to that in the linearized models. It is
interesting to note that the results are almost the same for
both definitions of chirality. This follows from the fact that
the current for small values of p is determined by the states
in the vicinity of Weyl nodes where y; (k) ~ %, (k). Further,
integrating over the Brillouin zone, we found [131] a non-
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zero chiral charge density induced by the background elec-
tric field. It depends on the disorder strength and, conse-
quently, is not topologically protected.

For completeness, we studied also the chiral response to
the pseudoelectromagnetic fields. The analysis of the chiral
charge density in the pseudomagnetic fields reveals, how-
ever, that the actual chiral charge density differs from the
expected topological result pgs = —eZBSbZ /(6n2) [90,91].
While the inability to reproduce the chiral CS terms may
seem surprising, this might have been expected taking into
account the subtlety with the implementation of the chirali-
ty in lattice models as well as the effective character of the
pseudoelectromagnetic fields. Indeed, the latter are not
coupled minimally in the whole Brillouin zone. The same
is true for the response of the chiral current density to the
pseudoelectric field, where the relativistic quantum field
theory result o5 ppe = —e2bZ /(6n%) is not reproduced
either.

These findings are in a strong contrast with the results for
the electric CS terms studied in the previous subsection. In
essence, the key to understanding the distinction between
these two sets of observables is the conceptual difference
between the definitions of the exactly conserved electric
charge and a much less unambiguous concept of chirality on
a lattice. Therefore, the chiral analogs of the electric
Chern-Simons terms in Weyl materials do not possess a
mathematically well-defined topological status.

However, this does not diminish the potential practical
value of the chiral or, equivalently, valley transport. Indeed,
even a nontopological anomalous chiral Hall effect could
find useful applications, which rely on the chirality or valley
degrees of freedom. Therefore, let us briefly discuss the
physical meaning of the chiral or valley current. In contrast
to the electric current, the chiral one is not directly observa-
ble. However, it still plays an important role in physical pro-
cesses in Weyl semimetals. For example, it is important for
the collective excitations. An interplay between the electric
and chiral currents allows for a unusual type of collective
excitations known as the chiral magnetic wave [136]. Such a
wave is a self-sustained mode in which the chiral current
induces a fluctuation of the chiral chemical potential that
drives the electric current via the CME. On the other hand,
the electric current produces a fluctuation of the electric
chemical potential. The latter leads to the chiral current via
the CSE that closes the cycle. In addition, the chiral current
also affects the properties of the chiral plasmons in a quali-
tative way [126,128]. Therefore, the observation of various
collective modes could provide an additional indirect ob-
servation of the chiral current.

6.3. Anomalous thermoelectric phenomena

In this subsection, we complete the investigation of the
transport phenomena in the two-band model of multi-Weyl
semimetals by studying the thermoelectric response. In
literature, the thermal transport in Dirac and Weyl semi-
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metals was investigated in Refs. 98, 137-139 by using a
semiclassical approach of the chiral kinetic theory. It was
shown that the chiral anomaly plays an important role pro-
ducing the characteristic quadratic dependence of the
thermal conductivity on the magnetic field when the tem-
perature gradient is parallel to the field. In addition, the
Wiedemann-Franz law does not hold when an external
magnetic field is present [137]. Such an effect was suggest-
ed to be another hallmark of Weyl semimetals that originates
from their nontrivial topology. Further, by using the chiral
kinetic theory with the Berry curvature obtained in a two-
band model, it was shown [139] that, in addition to the con-
ventional Nernst effect in a magnetic field, which was re-
cently measured in NbP [140], there is also an anomalous
Nernst response, which is determined by the chiral shift.
Comparing to the Weyl semimetals with the unit topological
charge ny =1, the anomalous thermoelectric transport coef-
ficients in double-Weyl ones contain the topological charge
multiplier n,, =2 [141]. In addition, the transport in the
latter exhibits an interesting directional dependence.
Phenomenologically, the electric and heat transport cur-
rent densities in terms of the background electric field and
temperature gradient (see, e.g., Ref. 142) are given by

Iy =l E, el 2y, (Tij, (53)
Q= —eTlL,f%] E,+L22V, (Tij (54)

where n and m are the spatial indices (i.e., X, y, z) and the
thermodynamic forces are defined to comply with the On-
sager reciprocal relation L}]rzn = L,%&1 As is obvious from
Eq. (53), the transport coefficients Lﬁﬁ1 and Lrlfn define the
electric current densities induced by a background electric
field and a temperature gradient, respectively. The coeffi-
cient L1l is directly related to the electric conductivity
tensor as L1 = o, /€2 From Eq. (54), we see that L2}
and Lﬁﬁ1 define the heat current density in response to an
electric field and a temperature gradient, respectively.
Using the Kubo linear response theory, we calculated
the corresponding transport coefficients in Ref. 132. How-
ever, it is worth noting that the standard Kubo formalism is
unable to capture the thermoelectric coefficients L}]ﬁ] Lﬁ%l
and Lﬁ,zn correctly in a general case. In particular, it may fail
in the presence of nonzero gradients of the electric chemical
potential and/or temperature [143,144]. The problem is re-
lated to the thermodynamic nature of the corresponding
driving forces, which cannot be captured by an interaction
Hamiltonian alone without a simultaneous adjustment of
local thermodynamic equilibrium. By following the
Luttinger's approach [143], it was shown in Refs. 145, 146
that, in addition to the standard Kubo coefficients, there are
also terms in the local currents that are related to the elec-
tromagnetic orbital magnetization M and the so-called
heat magnetization M? = ME +uM/e. Here ME corre-
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sponds to the gravitomagnetic energy. These magnetiza-
tions sustain additional transport currents that are propor-
tional to the thermodynamic forces and the local magneti-
zation [145,146]. Such currents are necessary for the
correct description of the thermoelectric response as well
as for reproducing the Onsager reciprocal relations.

The explicit form of the coefficients L1 112 121 and
er]ﬁ1 is given in Ref. 132. Here, for the sake of brevity, we
start directly from the definition of the experimentally rel-
evant thermal conductivity tensor «,,. By enforcing a
setup in which there is a thermal current, but an electric
current is absent (see, e.g., Ref. 142), k,,, reads as

_ 1,22 1 01,10-1,12
Knm —T—Z[an—?l—m('— )ij ij] (55)

We present our results for the most interesting (and poten-
tially anomalous) off-diagonal component of the conduc-
tivity tensor k,, = -k, in Fig. 7(a) as a function of tem-
perature. The off-diagonal component «,, describes the
thermal Hall effect, which is also anomalous and related to
the topological charge of the Weyl nodes. In the limit
T — 0 and p— 0, we have the following anomalous ther-
mal Hall effect (ATHE) conductivity:
2 3
AL Q,(K) = KaTHE = M %

(56)

3 7 (2n)

ny =

It corresponds to the heat current

3
JQATHE = _%{V(%}b} &)

which plays a principal role in reproducing the
Wiedemann-Franz law. One can easily see in Fig. 7(a) that
the thermal Hall conductivity generally deteriorates with T.
While J%THE clearly resembles the CS term in the electric
current, it is induced by thermally excited quasiparticles
and, therefore, cannot be completely identified as an ana-
log of the topological CS current.

Another important characteristic of the thermal transport
is the thermopower or the Seebeck tensor defined as

1 _
Som = ———5 (L")l Lis. (58)
eT

Physically, it measures the magnitude of an induced
thermoelectric voltage in response to a temperature gradi-
ent. We plot the dependence of S,, = —S,, on temperature
in Fig. 7(b). While all three types of Weyl semimetals
share the same bell-shape dependencies on T, the maximal
values of the off-diagonal coefficients are considerably
larger in materials with the topological charge ny >1.

A few words are in order here regarding the off-
diagonal coefficient Lisl, From a physics viewpoint, this
coefficient describes the heat current perpendicular to the
external electric field and the chiral shift, i.e.,
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Fig. 7. The dependences of the off-diagonal components of the
thermal conductivity «yy (a), thermopower Sy, (b), and relative
Lorenz number Lyy/Lo = ny/(eZLOTleb) (c) on temperature in a
Weyl semimetal (red solid line), a double-Weyl semimetal (blue
dashed line), a triple-Weyl semimetal (green dotted line) at fixed
p=0.1 gq. The results are plotted in the clean limit I" = 0.

-_& 0
32, = Ly [Exb], (59)

where b = b/ |b| and the ratio Lf& /T vanishes in the limit
u =T =0. In essence, the relation in Eq. (59) describes the
inverse of the Nernst effect and is sometimes called the
Ettingshausen—Nernst effect. Further, in view of the On-
sager reciprocal relation, Lﬁ%1 = Llnzm a similar expression
is true for the thermoelectric transport coefficients in the
electric current. In particular, the Nernst conductivity is

defined by lef, and the corresponding current reads
1 A
Iner = L2} V[—) b|. 60
Ner xy{ T X (60)

This result is in agreement with the previous findings in
Ref. 139, where the anomalous Nernst response was pre-
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dicted for the multi-Weyl semimetals. Note that another
form of the anomalous Nernst response can be also in-
duced by the conformal anomaly in a background magnetic
field [147].

Let us discuss now the Wiedemann—Franz law, which
relates the thermal and electrical conductivities. It is gener-
ally held when the same well-defined quasiparticles are
responsible for both types of conduction. In terms of the
transport coefficients, the Wiedemann—Franz law reads

Kpm = ¢ LOTLln}nl (61)

where Ly = n? /(3e2) is the Lorenz number. In order to
study this relation in multi-Weyl semimetals, we plot the
dependence of the off-diagonal component of the relative
Lorenz number L,y /L =1y /(ezLOTLl)&,) on temperature
in Fig. 7(c). As expected, the Wiedemann—Franz law holds
in the limit of small T. As for the deviations at nonzero T,
they first quickly increase with temperature and then grad-
ually slow down. Note that the deviations in the intermedi-
ate region of temperatures are smaller in the ny, =1 Weyl
semimetal than in the double- and triple-Weyl semimetals.
It is important to emphasize that the Wiedemann—Franz
law holds exactly in the clean limit ' =0 and T — 0. This
result demonstrates that a nontrivial topology in multi-
Weyl semimetals by itself does not cause any violation of
the Wiedemann—Franz law. Such a conclusion also agrees
with the analysis in the linearized kinetic theory [138].

As in the case of the electric response, the nontrivial to-
pology of the electron structure of multi-Weyl semimetals
also plays a profound role in the thermoelectric transport.
Indeed, the chiral shift allows for the anomalous Nernst ef-
fect, which implies the existence of an electric current in
response to a thermal gradient even in the absence of an
external magnetic field. Similarly, the off-diagonal compo-
nents of the heat current are induced by a thermal gradient
and an electric field. They describe the anomalous thermal
Hall and Ettingshausen—Nernst effects, respectively. Our
calculations show that all anomalous thermoelectric coeffi-
cients, including the anomalous Hall, Ettingshausen—Nernst,
Nernst, and thermal Hall effects in multi-Weyl semimetals,
contain an additional multiplication factor, which in the limit
of zero temperature and electric chemical potential, is the
integer topological charge of the Weyl nodes.

7. Summary

In this review, we discussed different aspects of a charge
transport in Dirac and Weyl semimetals subjected to exter-
nal electromagnetic and axial (or pseudo-) electromagnetic
fields. A special attention was paid to the nontrivial topolog-
ical properties of these materials. In Weyl semimetals, they
are primarily connected with the energy and momentum
separations of the Weyl nodes. The physical properties of
Dirac semimetals are also nontrivial, however. By studying
the phase diagram of a Dirac semimetal in a background
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magnetic field at a nonzero charge density, we showed that
there exists a critical value of the electric chemical poten-
tial at which a first-order phase transition takes place [70].
For small chemical potentials, the quasiparticle spectrum is a
gapped state with the dynamically generated Dirac mass.
Such a state is parity and time-reversal invariant. The super-
critical phase is a gapless state where each Dirac point splits
into two Weyl nodes of opposite chirality. The splitting is
quantified by a dynamically generated chiral shift [70]. The
latter is directed along the magnetic field and its magnitude
is determined by the quasiparticle charge density, the
strength of the magnetic field, and the strength of the inter-
action. It worth noting that the chiral shift is a three dimen-
sional analog of the Haldane gap in graphene and breaks the
time-reversal symmetry.

By making use of the Kubo response theory, the bulk
conductivity of Dirac and Weyl semimetals in a magnetic
field was calculated [80]. It is found that the longitudinal
(with respect to the direction of the magnetic field) magneto-
resistivity is negative, i.e., decreases with B, at sufficiently
large magnetic fields for both types of semimetals. Physical-
ly, this phenomenon is connected with the dimensional spa-
tial reduction 3 —1 in the dynamics of the lowest Landau
level. The off-diagonal component of the transverse conduc-
tivity in Weyl semimetals contains an anomalous contribu-
tion that is directly proportional to the chiral shift and present
even in the absence of a magnetic field. This contribution
describes the anomalous Hall effect [73,81-84]. It is worth
noting that in the presence of the background magnetic field
this term comes exclusively from the lowest Landau level
and, as expected, is independent of temperature, the electric
chemical potential, and the strength of the field (the situation
is clearly similar to that for the chiral anomaly [148]). A
negative longitudinal magnetoresistivity is expected also in
Dirac semimetals and, thus, is not an unambiguous signature
of Weyl semimetals. Moreover, some effects induced by the
chiral shift could potentially be observed, because the latter
is dynamically generated when a background magnetic field
is applied [70].

Further, by making use of a simple model, we discussed
the surface Fermi arc states. Such states allow for an uncon-
ventional Fermiology of the Dirac and Weyl semimetals,
where the disjoined arcs on the opposite surfaces of the
sample are connected via the bulk states [103]. These closed
magnetic orbits lead to the quantum oscillations of the densi-
ty of states periodic in the inverse magnetic field. Their sur-
face-bulk nature is revealed in the characteristic T;;g oc cos
dependence of the oscillations period on the angle 6 be-
tween the magnetic field and the surface normal. However,
these oscillations are almost unobservable in the thick sam-
ples where the bulk states dominate. In addition, we
showed [105] that the interaction effects can change the arc
length and introduce the unconventional dependence on the
magnetic field orientation.
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Due to the topologically protected nature of the Fermi arc
states, one may naively expect that the surface charge
transport in Weyl semimetals should be nondissipative.
However, we found [110] that this is not correct. Contrarily,
the Fermi arc transport is dissipative. The origin of the dissi-
pation is the scattering of the surface Fermi arc states into
the bulk of the semimetal. Nondecoupling of the surface and
bulk sectors in the low-energy theory of Weyl semimetals
invalidates the usual argument of a nondissipative transport
due to the one-dimensional nature of the arc states. There-
fore, the corresponding scattering rate is nonzero and can be
estimated even in a perturbative approach. The non-
decoupling implies that there is no well-defined effective
theory of the Fermi arcs in disordered Weyl semimetals.
Note that while the dephasing of the Fermi arc surface states
and dissipation are sustained by the scattering of quasi-
particles from the surface into the bulk and vice versa in
Weyl semimetals, this is not true in the case of topological
insulators, where the decoupling is protected by a gap in
the bulk.

Remarkably, as is discussed in Refs. 117-123, the Weyl
and Dirac semimetals allow for the axial or pseudo-
electromagnetic fields Es and Bs. In essence, these fields
interact with the fermions of opposite chirality with differ-
ent sign. This leads to various effects, including the correc-
tions to electric conductivity, electromagnetic field emis-
sion, ultrasonic attenuation, and periodic in 1/Bs quantum
oscillations. The uniqueness of Es and Bs allows one to
study different phenomena not easily accessible in a high-
energy relativistic matter. Moreover, the quasiclassical de-
scription of the charge transport in Weyl semimetals is also
significantly affected by their nontrivial topology. We
showed [126] that the correct kinetic description can be done
using the consistent chiral kinetic theory. Such a theory nec-
essarily includes the Chern—-Simons [90] or, equivalently,
Bardeen—Zumino [88,89] contributions to the electric charge
and current densities. This makes the theory consistent with
the local conservation of the electric charge in electromag-
netic and strain-induced pseudoelectromagnetic fields.
Moreover, these terms play an important role even in the ab-
sence of pseudoelectromagnetic fields. The Chern-Simons
terms in the consistent chiral kinetic theory allow one to cor-
rectly describe the anomalous Hall effect in Weyl materi-
als [73,81-84] and to reproduce the vanishing CME current
in the equilibrium state of chiral plasma [86,87,91]. In ad-
dition, the topological terms affect the spectra of various
collective modes, including the chiral (pseudo-)magnetic
plasmons [128] and helicons [129,130]. The anomalous
features of these modes could be used to identify them in
experiments and suggest the efficient practical means of
extracting the chiral shift.

In order to clarify the origin of the topological Chern—
Simons terms, we calculated [127] the electric charge and
current densities in a two-band model Hamiltonian of the
electron states in Weyl semimetals. Taking into account
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background electromagnetic and strain-induced pseudo-
electromagnetic fields, we found that in addition to the terms
given by the conventional chiral kinetic theory [79,125],
there are contributions containing the information about
the whole Brillouin zone. The latter coincide exactly with
the Bardeen—Zumino terms introduced in relativistic quan-
tum field theories in order to define the consistent anoma-
ly. The topological origin of the Chern-Simons corrections
to the electric charge and current densities is demonstrated
by expressing them in terms of the winding number in the
two-band Hamiltonian.

Unlike the electromagnetic response, the chiral one in-
duced by the pseudoelectromagnetic fields is not topologi-
cally protected [131]. Although we reproduced qualitatively
the anomalous chiral Hall effect [90,91], the corresponding
conductivity is not topological because it depends on the
parameters of the two-band model and the definition of chi-
rality. On the other hand, for a sufficiently small electric
chemical potential, which corresponds to the well-separated
Fermi surfaces of the individual Weyl nodes, the electric
current induced by the magnetic field coincides almost ex-
actly with the current of the chiral separation effect in linear-
ized models [3-5]. The significant deviations appear only
when the Fermi surfaces undergo the Lifshitz transition, i.e.,
when the two separate Fermi sheets merge. As a general
trend, all chiral response coefficients tend to vanish at large
values of the electric chemical potential. Therefore, in a
common sense, the chirality is well defined only in a close
vicinity of the Weyl nodes.

The nontrivial topology of the electron states of multi-
Weyl semimetals, i.e., the Weyl semimetals with the topo-
logical charge of the Weyl nodes greater than one, also plays
a profound role in the thermoelectric transport. In particular,
our calculations revealed [132] a number of thermoelectric
coefficients of topological origin that describe the anoma-
lous Ettingshausen—Nernst and thermal Hall effects in the
absence of a background magnetic field and cannot be re-
produced in the conventional kinetic theory. These effects
are quantified by the off-diagonal components of the heat
current induced by a thermal gradient and an electric field,
respectively. We found also that all anomalous thermoelec-
tric coefficients in multi-Weyl semimetals contain an addi-
tional multiplication factor, which in the limit of zero tem-
perature and electric chemical potential, is the integer
topological charge of the Weyl nodes. Interestingly, the top-
ological contributions to the thermal current take a form
that is somewhat similar to the electromagnetic Chern—
Simons currents. However, these contributions are related
to the thermally excited quasiparticles and, thus, are not
true analogs of topological electromagnetic currents.
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