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An eigenvalue problem on the half line for a singular nonlinear ordinary differential operator of the second
order is considered. We find sufficient conditions under which this problem has a solution which has a
prescribed number of zeroes and vanishes at infinity.

Poseaadaembca 3a0aqa Ha 64acHi 3HAUEHHA HA NIBOCE OAA HEAIHIIIHO20 CUH2YAAPHO0 36UHALIHO0 OU-
hepenyianbHo20 pigHAHHA OPY2020 NOPAOKY. 3HAUOEHO 0OCMAMHI YMOBU, NPU AKUX UA 3a0a4a mae
PO38’A30K I3 3A0AHOI0 KIABKICHIO HYAL8, W40 NPAMYE 00 HYAAL HA HECKIHYEHHOCMI.

1. Introduction. The goal of this paper is to establish sufficient conditions for the solvability of
the following singular boundary-value problem:

Y+ (e, y, 9 )y +a(z,y) = Ay, 1)
lim y®)(z) < 00, k=0,1,2, (2)
x—+0

Jim y(z) = 0. 3)

Here p(z,y,2) € C1((0,00) x R x R — R), ¢(z,y) € C((0,00) x R ~ R) are functions such
that

lp(z,y,2)| + la(z,y)| = O(™"), = — +0,

and A > 0 is a positive ”spectral” parameter. We ask whether there exists A > 0 for which
the system (1) —(3) has a nontrivial solution. Thus, the above system is treated as a nonlinear
eigenvalue problem. Moreover, we will seek for such a A that there exists a solution to (1)—(3)
with a prescribed number of zeroes. The problems of such a kind naturally arise when studyi-
ng global spherically-symmetric solutions of multidimensional nonlinear evolution equations
of the classical field theory. E.g., let us search for a function u(t,x;\) = ey(||x]]), A € R,
x = (x1,...,xy), satisfying the nonlinear Schrodinger equation (NSE)

iug + Au + @ (Jul)u = 0,
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where A is the n-dimensional Laplace operator and ®(-) € C(Ry — R). We require that
u(t,x; \) represents a global solution which vanishes as ||x| — oo. This requirement will be
fulfilled once the function y(z) satisfies the equation

n—1
y' + Ty’ +®(y)y = \y 4)

as well as the boundary conditions (2), (3). There are a lot of papers in which the nonlinear
singular boundary-value problems on the half line are studied (see [1—7]). In particular, in [1]
the authors considered the equation (4) in the case where ®(y)y = |y|*signy, A = 1,n—1 =
= ~. They have shown that the corresponding problem (1) —(3) has a nontrivial solution iff the
parameters « and < satisfy one of the following conditions: (a) v > 0,1 < o <
< (v+3)/(v—=1);®) v € (0,1, > 15(c)y > 0, < 1;(d) vy < 0, @ > 1. In the
cases (a), (b) any solution either is sign-preserving or has a finite number of zeroes; moreover,
there exists a solution with the prescribed number of zeroes. In the case (c) any solution is
oscillating, while in the case (d) it is always sign-preserving.
As it was shown in [8], the NSE with ®(|u|) = |u|*, k = 4/n, by means of the ansitz

= (gms) "o i) (155

is reduced to the ODE

Py ady | |ylty
29, 2% =\ 5
dx? * x dz * x Y )

where a = n/2. In [7], it has been proved that for any [ € Z the singular problem (5), (2), (3)
has a nontrivial solution with exactly [ zeroes provided that the following inequality holds:

max(0,1 - 1/k) < a <1+ - (©)
We will generalize this result for the problem (1) - (3).

The structure of the paper is as follows. In Section 2 we construct a solution y(z, \) to
the problem (1), (2), and show that y(z,\) € C(]0,00) x [0,00) — R) if the equation (1)
has a property of energy dissipation and the function ¢(z, y) satisfies certain nonlinearity and
convexity conditions.

The main results, — Theorems 1 and 2, — are proved in the Section 3. Here we present a
“supremum principle” of finding eigenvalues. This principle is applicable under the assumpti-
on that the function y(z,0) has at least one zero. Although some additional requirements
concerning functions p(z,y, z) and ¢(z,y) are quite numerous, they are satisfied by a wide
class of equations (1). Besides, they can be considerably simplified if we restrict ourselves to
more special and concrete, but important types of functions p(z, y, ), q(x,y), e.g., p(z,y,2) =
= Pi(z)P2(y)Ps3(2),q(z,y) = qi(x)g2(y). As an example, in Section 4 we consider the
eigenvalue problem of the form (1) —(3) for a generalized Emden — Fowler equation.

Section 5 contains auxiliary results which are referred to in the proofs of the main theorems.

2. Existence of solution on the half line. Assume that the following singularity condition at
x = 0is fulfilled:
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348 1 0.PARASYUK, S. V. POZUR
H;: For any compact set X C R? there exist the limits

po(y, ) = zgr{;oxp(x,y&), qo(y) = $1g_r¢0:UQ(w,y),

uniform in (y, z) € K. Itis not hard to show that if for a given A\ > 0 there exists a solution y(x)
of the system (1), (2) then its initial values

— 1 — 1 /
yo := lim y(z), zo:= lim y'(z)

must satisfy the equation
po(y,2)z + qoly) = 0. (™)
Basing on this fact, let us adopt the following hypothesis:

Hs: There exists a solution y = g, 2 = zg of the equation (7) such that yy # 0, and in some
neighborhood B(yo, z¢) of the point (yp, zo) the functions py(y, z), qo(y) are twice continuously
differentiable and satisfy the nondegeneracy condition

Ipo(yo, 20)

F— + po(yo, 2z0) > 0; ®)

besides, the functions p(z, y, z), ¢(z, y) admit the representation

Y,z
p(xvyaz) = M +p1($7y7 Z)7 q(x,y,z) -

X

qo:iy) + Q1(x7y),

where p;(z,y, ), ¢1(x, y) are continuous on the set [0, c0) x B(yo, 20), together with their partial
derivatives in y, z up to the second order.

Proposition 1. Let the hypotheses Hy, Hy be true. Then for any \y > 0 there exists p > 0
such that for each A € [0, \o] the equation (1) has a solution y(z,\), x € |0, p|, satisfying the
initial conditions y(0,\) = vo, y,(0,\) = 29. As a function of the variables (x, \), this solution
is continuous on [0, p] x [0, \o].

Proof. After the change of dependent variable y = yo + 202 + v in (1), we get the equation
v+ %v' + %v = f(z,\) + g(x, \)v + h(z)v' + F(x,v,0") 9)
where
a = po(yo, 20) + Po- (Y0, 20)20, b = P, (Yo, 20)20 + 4o (¥o),

f(x,A) = AMyo + z07) — p(x, yo + 207, 20)20 — q(x, Yo + 20x),

b Op(z,y0+ 207,20)  0q(x, yo + z07)

A=A+ — _
g(x7 ) +l‘ 33/ 20 By )
a  Op(x,yo + 2oz, 2
h(l’) = ; - p( yoaz 0 D)Zo—p(%yO"‘ZO%ZO)a
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and

F(ZL‘,’U,U/) = p(x7y0 + 2o, ZO)ZO + Q(fﬁayo + Zox)—i_

20

. op(x, yo + 20, 20) n 9q(z, yo + zo) ot
oy oy

<3p($, Yo + 20, 20)
_I_
0z

20 + p(x, yo + 207, Zo)) v'—

— p(@, yo + 20z + v, 20 + V') (20 + V') — q(z, yo + 20z + v).

In view of Hy, Ho, for any A € [0, \o] the functions f, i, g can be extended by continuity on the
half line [0, c0). Now it is easy to see that the assertion to be proved follows from Lemma 1 and
Remark 1 below in Section 5. The proposition is proved.

We say that the equation (1) satisfies the energy dissipation condition if
Hy: q,(z,y) <0, p(z,y,2) >0 V(z,y,2) € (0,00) x R?.

Note that the equation (1), with p = 0, is a Lagrangian one with the energy function

12 pYT 4
Vil i= %+ Qo) = -, where Q(ry) = [ ala.s)ds.
0

When the hypothesis H3 holds, the derivative V'[y| of this function, in virtue of the equation
(1), is nonpositive,

V'Y == —p(z, 9,9 )y + QL (x,y) < 0.

In the sequel we shall assume that the function ¢(x, y) satisfies the following nonlinearity and
convexity conditions:

H,: For any = € (0, 00) there exist the limits

lim 25Y) _ o i
y—=0 Y y—Foo gy

besides, there exist » > 0 and R > r such that for all x € (0,7) U (R, 0), (y,2) € R?, and
y # 0 there exists the derivative gy, (z,y) which satisfies the inequality

0%q(z,y)
: 0 Vv 0.
a2 Y > y #
Proposition 2. If the hypotheses H, — Hy are true, then for each A\ > 0 the solution y(z, \)

from Proposition 1 is continuable on the half line [0, 00). Moreover, as a function of the variables
(x, \), this solution is continuous on [0, 00) x [0, 00).
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350 I. 0. PARASYUK, S. V. POZUR

Proof. Let, for some A\, € [0,00), the function y.(x) := y(z, A\«) be continuable only on a
finite interval [0, z). Then |y.(x)| — oo, x — z, — 0. Thus,

2
> Q(zx, yu(x)) — )\y*Q(:U) — 00, x — xx—0.

AyZ(x)

Viy(2)] 2 @, y:(2)) — =

But on the other hand, from Hjz we get V{y.(z)] < Viy«(z./2)] < oo if x € (2./2,2,). The
contradiction obtained implies boundedness of y.(z) on any bounded set of the half line [0, co).
But then, in view of Hs, y,(z) has the same property. Thus the natural domain of definition
for y(x,\) is D := [0,00) x [0,00). The continuity of y(z, A) at any point (0,\) € 9D, where
A € [0,00), has already been proved in Proposition 1. The continuity of this function at any
point (z,A), where x > 0, A > 0, follows from standard theorems of the general theory of
ODEs.

3. The main results. In what follows we shall suppose that

Hj: The function y(z,0) has at least [ + 1 zeroes on (0, co) where [ is a natural number.

Here we do not discuss additional conditions which the functions p(z, y, z) and ¢(z, y) must
satisfy to guarantee the fulfillment of the hypothesis Hs. There are a lot of papers where such
conditions has been established for nonlinear second order differential equations with damping
(see, e.g., [9-16]).

Let £,, be the set of all numbers A > 0 such that the solution y(z, \) has at least m + 1
zeroes for any A € (0, A). Obviously,

£m+1 C £m

Let the hypotheses H; — H5 be true. Then each set £,,,, m = 0,1,...,l+ 1, is nonempty and
bounded (Proposition 4 in Section 5). Introduce the numbers

Am =sup Ly, and  yn(z) = y(x, A\p), m=0,...,1

Obviously, \; < --- < Ap.

We are going to show that each ), is an eigenvalue and y,,(x) is the corresponding ei-
genfunction of the problem (1)-(3). We will prove this fact under some additional technical
assumptions described below.

The following assumption concerns the behavior of p(z, y, z) for large values of x:

Hg: The function p(zx, 0,0) has a finite limit when x — 400, and

limsup sup (| (z,y,2)|+ [p.(z,y,2)]) < oo
T—+00 (y,2)ek

for any compact set K C R2.
We also impose a technical condition on the rate of energy dissipation. Namely,

Hy: For any ¢ > 0, there exist functions a4 (x, ) which are continuous with respect to the
variable z € [R, 00), satisfy the inequalities

0 < ai(z,e) < plx,y,2)22 — Q. (x,y) Y(y,z) € Mi(z,e), Vz > R,
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where
2

My(z,e) = {(y,z) eER?:+y>ex,+z>e, %—FQ(m,y) > 53:2},

and have the following property:

(e 9]

/ai(ac,e) dx = 0.
R
Observe that if
op(z,y, 2) op(x,y, 2)
Ty >0 —F >0 Ve>R 10
then each of the conditions
/p(m,0,0)dx:oo or /p(w,:tea:,ie)da::oo Ve >0
R R

obviously guarantee the fulfillment of H>.
From H, it follows that for any fixed € (0,7) U (R, o0) and any A > 0 the equation

q(z,y) = Ay

has exactly one positive solution y := 74 (z, A) and one negative solution y := n_(x, \). The
minimal values of the function Q(z,y) — \y?/2 on the semi-axes y > 0 and y < 0 are attained
at the points y = 14 (z, A) and y = n_(x, \) respectively. This minimal values we designate by

A

MH%M:[M%M—Q] n
y=n+\z,

Denote by £ (z,A) ({-(x,\)) the unique positive (negative) root of the equation Q(x,y) =
= \y?%/2.
Next we introduce the sets

2 AQ
Newd) = {(09) € B 2y > 2ale ). 2> 0. 5+ Qo) > 20

and adopt the following assumption:
Hg: For any A > 0, there exist functions S (x,\) which are continuous with respect to
variable z € (R, 00), satisfy the inequalities

0 < Bx(z,\) < plw,y,2) V(y,2) € Ne(z,\), Vo > R,
and for these functions either

7exp (fﬂi(s,)\) ds)]ui(s,/\)]

€2 (5, \) — 1 (5, V)] ds =00 VYA >0, (11)
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or

[ 10y 7 = 0 A 0. 12)
R

In view of the fact that both |u+(z,A)| and |ni(x,\)| are nondecreasing, this condition
is satisfied by a wide class of functions ¢(x,y) which obey Hs, Hy. It should also be noted that
if (10) holds then it is naturally to check the fulfillment of (11) setting [i(z,A) :=
= p(x,n(z, A),0).

Theorem 1. If the hypotheses Hi— Hg are true, then for any m = 0,...,l the pair
(A, Ym(x)), where ym(z) = y(x,\n), is a solution of the problem (1)-(3). Moreover,
ym(x)y), (2) < 0 for all sufficiently large x, and

[ym (@)| + [ym (2)] = O(e™™), @ — oo, (13)
where 7y, Is a positive number.

Proof. Let us show that V[y,,(z)] > 0 for all z > 0. Indeed, if we suppose that there are
xo > 0and ¢ > 0 such that V[y,,(zo)] < —e, then, according to Proposition 6 (Section 5), for
all A € L, sufficiently close to A, the (m + 1)-st zero, x,,,+1(\), of yn, () satisfies the inequali-
ties 11 (A) > zo and V]y(zm+1(AN), A)] < Viy(zo,A)] < —e/2. This, however, contradicts
Proposition 3 (Section 5).

According to Proposition 5 (Section 5) the function y,,, (x) does not vanish for all sufficiently
large x. Then from Proposition 7 it follows that v, (z)y,,(xr) < 0 and |y,(x)| +
+ |y, (x)] = 0,z — occ.

Observe now that y,,,(z) can be regarded as a solution of the linear equation

Y +a(x)y +b(z)y =0 (14)
in which

Qm(a7>ym($))

a(z) = {p(2,0.0) + [p(a, ym @), (@) =Pl 0,0)]},  b(@) 1= Ap = A

From H,, Hg it follows that this equation satisfy conditions of the Lemma 2 (Section 5).
The theorem is proved.

Theorem 1 asserts that each ), is an eigenvalue of the problem (1)-(3), but it does not
guarantees that \; # \; for 7 # j. Now we will analyze this question.
Introduce the sets

+ ny(x, N)

Pi(z,\) = {(y, z) € R%: 5

<ty < £z, N), 2> VIy? —2Q(x,y)}

and the following assumptions:

Hy: For any A > 0, there exist functions 7 (z, A) which are continuously differentiable with
respect to the variable z € (R, 00), satisfy the inequalities

0 <7mi(z, ) <plz,y,2) Y(y,2) € Pr(z,\), Vo > R,

ISSN 1562-3076. Heainitini koausanns, 2002, m. 5, N2 3



SINGULAR NONLINEAR EIGENVALUE PROBLEM FOR SECOND ORDER DIFFERENTIAL EQUATION ... 353

and for which
1 Ong(z,N)

3 (x,\) Oz

> —wi()\) V>R

with some functions wy : (0,00) — (0,00) bounded on any compact subset of the half line
(0, 00).
Note that if the condition 10 holds then it is natural to set

L nzl:(x7)‘) \,u,i(a;,)\)]
me(z,A) = p (:U, 5 , 2) .

Hip: On any compact set of positive values of the parameter A, the function
‘n:l:(xa/\)’

sSup ———
e>R A/ |pt (2, A

is bounded and the limit

T——+00 X

=0

is uniform.

By using a technique which is quite similar to that of the paper [1] we are able to prove the
following theorem.

Theorem 2. Let the hypotheses Hy — Hyg be true. Then
0< A <o <A1 < A,

and for any m = 0,1,...,1 the eigenfunction y,,(x) := y(x, \n,) has exactly m zeroes (the
function |yo(z)| is positive).

Proof. Let m be an arbitrary nonnegative integer not exceeding [. According to Propositi-
on 6 (Section 5) the (m + 1)-st zero x,,+1(A) of the function y(z, A) tends to infinity when A —
—  Am — 0. For this reason there exists an integer & € [l,m + 1] such that
limsupy .y _o2k(A) = oo but,if & > 1, limsup,_,, _¢zr—1(A) < oo. Our goal is to show
that one can choose such a positive A < A, near \,, that the function y(x, \) has only k zeroes.
Obviously, this is possible only if ¥ = m + 1, and hence, \;,11 < Ay, for any m < [.

Let {\(®)},_; 5 be a sequence such that \®) — )\, — 0 and z;(A\)) — ocoasi — oo.
Suppose, on the contrary, that for each natural i the function y(z, A\(!)) has a zero z;1(A\®)) >
> 1,(A\(")). Without loss of generality we may assume that

y(e D) >0 Vo e (2x(AD), 201 (AD)).

Under this assumption we are going to show that for sufficiently large ¢ the function
Vy(z, \)] vanishes on (z(A?), 2,1 (A?)). In view of Proposition 3 this will give us the
desired contradiction.

Let us choose a sufficiently small § > 0 in such a way that

2

Am
6 < Ins(RAn)l. QRy) < 25 vy € (=6,6).
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Then for all sufficiently large ¢« we have the inequalities

)\(z) 2 A 2

§ < |ne(z,AD)| Vo >R, Yy € (—8,0).

Next we choose z5 > R so large that z5 > sup; > zp_1(ADYif k > 1 and
ym(@)] < 0, ym(@)ypn(x) <0, Vigm(x)] <4 Vo > 5.
Then for all sufficiently large ¢ the following inequalities holds:
(25, A <6, y(as, Ay (25, AD) <0, Vy(ws, )] <6, ax(AD) > a5,

Now it is not hard to show that |y(z, A\("))| is monotone decreasing to zero on [z, z;(A(*)] and
simultaneously

y'? (2, ) - Amy? (2, AD)

(i)
5 1 Vo € [zs, xp(AY)].

From this it follows that
ly(z, \D)| < e AnE=m)/V25 gy € (a5, 2, (AD)].

Besides, since |y(z, \))| < [ni(z, AD)| for z € [zs, 2x(AD)], we have v (2, \D)y/ (z,\D)) <
< 0and

1y (2, X)| < [y (25, AD)| < V2(An0? +0) Ve € [ws,2,(AD)].
Now for sufficiently small § and all sufficiently large 7 one can extend the functions

a(z, y(z, AV))

a(z) = ai(z) = p(x,y(x,)\(i)),y’(x,/\(i))), b(z) = bi(x) = A0 4 (2 AD)

on the semi-axis [z, 00) in such a way that they satisfy the conditions of Lemma 2 (Section 5)
with zp = z5 and with the numbers «, (3, € independent of ¢. But then taking into account that
y(z, \) is a solution of the equation
y" +ai(z)y’ +bi(z)y = 0,
we get the estimate
Iy (2 (AD), XD < Ko~ mek(AD)
with some positive constants K and ,,. Thus,
2

Vi) < The-2mat), (15)

Without loss of generality we assume that 3/(zx(A(?))) > 0. Taking into account that
Viy(z,A)] > 0forz € [z(A\D)), z541(AD)], itis easy to establish the existence of the nearest
to z;,(A\?) value z = z,(A\D) € (21,(A\D), z341(A?)) for which

) = ]
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Then there exists x,(A(*?) such that

(@)
i)y — (2, AY)
y(l’,)\ ) 2 i|x:$*()\(i>)’
and
z, \@ ; J ‘ '
m(2) < y(@AD) < (@ AD), Y (2,A0) > /ADy2 —2Q(x.y) y=y(@AD)

for all z € (2.(A®), 2*(AD)).
Now for such values of =z, using the convexity property of the function f(y) :=

= /A2 —2Q(z,y) (Lemma 3, Section 5) and inequality (15), we have

V'iy(z,\)] < —my (2, Ny (2,A) <

g (@4 (A), M)V [y (2, A)]
< —my (@, A) - WV y(22 (), V] -

—’/T.:,.(l‘,)\) y/($7A) <

PHEXOBN
8
< e Wl WVl V)] - o ) YD )

provided that A = A and i is sufficiently large. Integrating the above differential inequality
we get

\/W w - T8 $
_'“*(3)’ / et W I T NS (3 Ny (2,0 de |,
zx(A)

where
C()\) _ efw-q-(/\) f;*(()\)\)) m4+(8,A\) ds.

+(A) f;;()\) 74 (s,A) ds

Since Hy is true, the function e” 74+ (z, A) is nondecreasing. Thus,

VIy(z*(X),N)] < C(N) [Ife—%mzkm_

VI (B, A 4 (2 (M), A)

Bl (y(a™(\),A) = y(x*(x),x))] <

3

<)

K?2 /
756—2’Ymrk()\) _ ‘/J,+ (Ra )é)’n-‘r(Ra )‘) T (l‘*()\), )\)]
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where A = A0,
From Hy it follows that

7T+(Rv )‘)

@A) 2 R e @ B 11

and Proposition 8 (Section 5) allows to obtain the estimate x*()\(’)) =
provided that Hj is true. Now it is easy to show that V/ [y(x*()\ ), A(®
large 7. This is just the required contradiction. The theorem is proved

O( K(A®)) asi — oo
] < 0 for sufficiently

4. Singular eigenvalue problem for generalized Emden — Fowler equation. In this section we
consider the following boundary-value problem:

a
v+ + @)y = Ay, (16)
- i (k) =
Jm y(2) =yo,  lim y¥(z) <o, k=12 (17)
Jm y(z) =0 (18)

where a and k are positive constants and f(z) € C'((0,00) + (0,00)).
By applying Theorem 2, we arrive at the following generalization of results obtained in [7].

Theorem 3. Let the function f(x) satisfy the following conditions:
1) there exists the limit hrfrlo rf(x) = fo > 0;
T—

2) f'(x) <0

oo oo

3) [ zf(z)de = cifa € (0,1); [zf(@)nzds = ccifa =1; [ 27O Vrf(z)de =
/ / /
= oo ifa > 1;

4)x1_>oolnf( 2) _ o

Then for any yy # 0 and arbitrary natural | there exists a solution of the problem (16)—(18)
with exactly | zeroes.

Proof. From the assumptions 1 and 2 it follows that the hypotheses H; — Hy, Hg and Hy are
true. In fact, the equation (7) takes the form az + fo|y|*y = 0, and thus 2o = — fo|yo|*vo/a for
any yo. To verify H7 and Hy it is sufficient to put ay (z,¢) = 7y (z,\) = a/z.

As it was shown in [17], any nontrivial solution of the equation (r(z)y') +s(z)|y[Ysgnz = 0,
where r(x), s(x) € C([1,00) — (0,00)), 7 > 1, is oscillatory on (0, o) provided that

l/r(lx)dac:oo and #(@[@dfdmm
or N . . N
1/T(lg:) dr < oo and 1/5(:1:) x/r(lﬁ)d dr = oo.
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Now letting r(z) = z%, s(z) = x®f(x) one can easily verify that the assumption 3 guarantees
the oscillatory property for any solution of the equation (16) with A\ = 0. Thus the hypothesis
Hjy is true.

Next, one can easily calculate that

Mk A\
| (2, M) = 2(k + 2) (f(x)> '

Thus, in view of condition 2, we get inf,>1 |{4(z, \) — na(z, \)| > 0, and Hy is true.
Lastly, H1o follows from the assumption 4. The theorem is proved.

It should be noted that to satisfy the condition 3 it is necessary to require a < 1+ 2/k. In
the special case f(z) = 1/x the assumption 3 takes the form 0 < a < 1+ 1/k. This shows that
the condition a > 1 — 1/k in (6) is superfluous. On the other hand, Theorem 3 does not allow
us to obtain the best upper bound for a. The reason is that our requirement that all solutions of
(5) are oscillatory is stronger then the hypothesis Hj.

5. Auxiliary results.

Lemma 1. Consider the equation
b
V4 20+ 20 = f(@) + (@) + h(2) + Fla,v,0) (19)

wherea > 0,b € R, f,g,h € C([0,7] = R), F € C((0,7] x B(0,0) = R), F(x,0,0) = 0, and
B(0,0) is a neighborhood of the origin in R%. Suppose that there exists a constant L > 0 such
that

|z F (z,v1,w1) — zF (2, v2, w)| < Lmax{|v1], va], Jwi], [wa|}(Jvr — va| + w1 — wo))

forall (z,v,w), (x,v1,w1), (z,v2,w2) € (0,7] x B(0,0). Then there exist numbers p < r, H > 0
and a solution v(x) € C?([0, p] — R) of the equation (19) satisfying the inequalities

lv(z)] < Hz?, |V (z)| < Hx Yz € [0,p]. (20)
Proof. The equation
o+ S+ év =0 (21)
x T

has a regular singular point at x = 0. The roots of the corresponding indicial equation are 0
and 1 — a.

As is well known, if a ¢ N, the equation (21) has a pair of linearly independent solutions
v1(z), vo(x) with asymptotic representation

vi(z) = 14+ O(x), va(z) = 274 (1+O(x)), = — 0.
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In the resonant case where a € N there exists a pair of linearly independent solutions with
asymptotic representation

vi(z) = 14+ O(x), va(z) = avi(z)lnx + 1+ O(z), = — 0,

where « is a real number. In both cases the Wronskian W (z) of these solutions equals z7%/w
where w is a real number.

It is not hard to show that if for some p € (0,r|, we have that H > 0, a function v(x) €
€ C10, p] satisfies the inequalities (20) and the integral equation

v(z) = Apl(z) = /G(ﬂf» $)[f(s) +g(s)v(s) + h(s)v'(s) + F(s,v(s),v'(s))]ds, (22)
0

where
v2(@)v1(s) — v1(z)va(s)

G(x,s) = W) = ws” (va(@)v1(s) — vi(z)va(s)),

then this function is a solution on (0, p] of differential equation (19).
Next we show that there exists such H; > 0 that

/!G(:L‘,s)|ds < Hyz?, /|G;;(l',8)|d8 < Hiz Yz € [0,r].
0 0

Now it turns out that we can choose sufficiently large H > 0 and sufficiently small p > 0 in
such a way that the mapping A : My, — My , be a contraction in the space

Mty = {v(x) € C'[0, ] : [o(@)] < Ha?, |v/(2)] < Hz, @ € [0,p]}
supplied with the standard metric

olv(e).w(e)) = max [[o(@) = w(@)] + (@) - w'(@)].
(Note that for any v(x) € My, , we set, by definition, A[v](0) = 0.)
To prove that the fixed point v(z) of the mapping A belongs to C?[0, p], it remains only
to observe the following property of the kernel G(z, s): for any function ¢(x) € C|0, p| the
function

xT x

[ Gt speras = (A 2 [ oo s

0 0

T T

(@) bu(a) st% el ds
+ (- 1)0/ 2(5)o(s)d

can be extended by continuity onto the whole segment [0, p|. The lemma is proved.
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Remark 1. If in equation (19) the functions f = f(z,\), g = g(z, ) € C([0,r] x [0, \o])
additionally depend on a parameter A then the solution v(z, A) satisfying (20) is a continuous
function of the variables (z, ) on the set [0, p] x [0, Ao].

Proposition 3. Let the hypotheses Hs, Hy be true. If for a nontrivial solution y(z), x > 0, of
the equation (1) there exists xo > 0 such that V[y(zo)] < 0 then y(z) does not vanish on [z, 00).

Proof. In fact, if there exists z; > x¢ such that y(z;) = 0, then Vi]y(z1)] = (y’(xl))2/2 >
> 0. But V[y(x)] is nonincreasing, and thus we arrive at the contradiction, V'[y(zo)] > 0.

Proposition 4. [f the hypotheses Hy — Hs are true, then for m = 0,1,...,1 + 1 each set L,, is
nonempty and bounded.

Proof. From ¢(z,0) = 0 it follows that y = 0 is a solution of (1). As a nontrivial solution,
the function y(x,0) has only simple zeroes: if y(x;,0) = 0 then y/(x;,0) # 0,7 = 1,...,1 +
+ 1. Then by implicit function theorem there exists A\; > 0 such that for any A € (0, )\;) the
function y(z, A) has at least [ 4+ 1 simple zeroes. Thus £; # &. Now we are going to show that
one can choose A, > J; in such a way that the function y,(z) := y(x, A\«) does not vanish on

[0, oog(; If zo = 0, then go(yo) = 0 and go(y) = 0 for y € [0,yo]. So limy—, 4o Q(x, y«(x)) =
=/ 71(0,y) dy, and
0

Yo

. . A>»<y0
IIL%OV[y*(:B)] = /q1(07y) dy — 9 <0
0

if A\, is sufficiently large. From this it follows that V[y.(z)] < 0 when z > 0 and, in virtue of
Proposition 3, y.(z) does not vanish on [0, c0). Now let zyp # 0. Without loss of generality we
assume that zg < 0. Then yy > 0. Note that in view of (8) there is a neighborhood of (yo, 2o)
in which those points of the (y, z)-plane whose coordinates satisfy the equation (7) form the
graph of a function Z(y) € C'([yo — J,y0 + 6] — R), where § is a positive number. We can
choose § < /2 in such a way that Z(y) < Oforally € [yo — J, yo]. For a fixed \,, the function
y«(x) := y(z, \s) is decreasing on some interval [0, z1). Choose x; as such a maximal number
that y./(z) < 0 and yp — 0 < y«(x) < yo for all z € [0, 7). Analyzing the nontrivial case
where x1 < o0, let us show that if )\, is sufficiently large, then

v () > Z(ya(x)) (23)

forallz € (0,x;), i.e., the curve given by the equations

y=1y:(2), z=y/(2), 2€(0,m),

is contained inside the figure 7 bounded by the linesy = yo — d, y = yo, 2 = 0, z = Z(y).
It is not hard to calculate that

AYo

9 5
”0%’2 20) 20 + po(yo, 20)

This implies
d

dx

@) > L (26) = Z a0
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provided that ). is sufficiently large. Taking into account that y,/(+0) = zp = Z(y«(+0)), one
can assert that there exists a maximal number zo € (0, z1] such that the inequality (23) holds
for all z € (0, x2). It turns out that xo = z;. In fact, if we suppose that x5 < z1, we would get

y«'(x2) = Z(y«(x2)) and, in view of po(y, Z(y))Z(y) + qo(y) = O,
" (22) = Ays(2) — p1 (w2, v (22), u4 (22)) 3 (22) — @1 (22, yu(22)) >

> A\yo/2 — max |pi(z,y,2)z + qi(x,y)| >
[0,x1]><]:

dZ(y«(z2))
m Z' (N Z > 27
” y0—5ﬁa;(Syo (v)2(y) = dx

provided that A, was chosen sufficiently large. On the other hand, by the definition of xs,

dz
y (x2) < (33(1'2)) This contradiction proves that o = 7.
XL

Now it is not hard to see that if y.(x1) € (yo — J,y0) then y./(x1) = 0; otherwise, y.(z1) =
= yo — 0. In the first case we have y(z1) > 0 and thus ¢(x1, y«(21)) — Mys(z1) < 0. Together
with Hy, this implies Q(z1,y«(71)) — Ay2(71)/2 < 0 and V[y.(x1)] < 0. Now the required
property of y.(z) follows from Proposition 3 . In the second case, by means of the inequality

Y. (z)
Z(ys(z))

we get for x; the lower bound which is independent of A,

<1, =z¢e€ [0,.%1],

Yo—0

xry > / dy > 0 .
s Z(y) — yo_rglgggyo\Z(y)\
Now
2 )\*y(Q]
Viye(z1)] < <y0_1glg;%yo !Z(y)|> 2+ max Qny) - —~ <0

provided that A\, was chosen sufficiently large. Again we can apply Proposition 3.

Proposition 5. For any m = 0,...,[ the number of zeroes of each function y,,(z) does not
exceed m.

Proof. In fact, otherwise y,,,(z) would have at least m + 1 simple zeroes. Then y(x, \) would
have the same property for A belonging to some neighborhood of ),,. This contradicts the
definition of A, as an exact upper bound.

Proposition 6. Let A € L, and x1(\) < -+ < xp41(X) be successive zeroes of y(x, \). Then
Tmt1(A) = 00, A = Ay — 0.

Proof. Should this assertion be false, there would exist a sequence A 5 X, =0,k — oo,
such that each sequence {mj()\(k))}k:1727,_,, j=1,...,m+ 1, be convergent to a finite limit x;‘
which is a zero of y,,,(x). It is not hard to see that in such a case

*

*
Tq < .- <xm+17
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otherwise y,, () would have at least one multiple zero. Hence, y,,, (z) has m + 1 different simple
zeroes. This, however, contradicts Proposition 5.

Proposition 7. Let the hypotheses Hs, Hy, Hs— Hg be true. If for some fixed A > 0 the equati-
on (1) has a solution y(x) which possesses only a finite number of zeroes and satisfies the condi-
tion Viy(z)] > 0V > 0, then y(z)y'(z) < 0 for all sufficiently large positive x and

ly(@)| + |y (@) = 0, = — +oo.

Proof. Without loss of generality we analyze the case where there exists such a positive
xo that y(z) > 0 Vz > x(. First we suppose that y/(z¢) > 0 and show that there is 1 >
> x¢ such that y/(z1) = 0. Let, on the contrary, y'(z) do not vanish on [z(,00). Put v :=
:= inf,>4, ¥'(z) and consider each of the following possible cases: (a) v > 0; (b) v = 0.

In the case (a) we would have y(x) > y(zo) +va > va and, under an appropriate choice of
e = e(v, x0),

VM@hﬂ%@M+/VMMMSVMmHhﬁaﬁawﬁw,wﬁw-

Thus the case (a) is impossible.
In the case (b), for any given ¢ > 0, there exists # > max(zg, R) such that 0 < /(%) < e.
From H, it follows that for any sufficiently small ¢ > 0 the equation

y? g2
Qz,y) —— =%

has a pair of positive roots & (x, A, ), &(x, A, €) satisfying the inequalities
0 <&z, Ae) <np(z,A) < &z A e) < &(z,A).

It is not hard to see that the function &;(x, A, €) is nonincreasing while the functions &(z, A, ),
n4(z, A), &4 (x, \) are nondecreasing with respect to . Moreover, &;(z, A\,e) — 0, — 0, and
&z, N\ e) — &4 (x,\), e — 0. We may think that & (z, \,e) < y(xp) for all z > Z. Now it is
clear that until z > z and 0 < y/(x) < ¢ the following inequalities hold:

2.ZU 52
Qay(a)) - L 5 2 (4)
Y(@) > 10, ala.ylx) - Ayla) > 0. ©s)

Hence,
y"(x) < My(z) — q(z,y(z)) <0

and y/(z) is monotone decreasing. Obviously, in case (b) we have y'(z) — 0, z — oo. Thus,
(25) must be realized for all z > Z.
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To obtain a contradiction from this fact, let us estimate y”(x) more accurately. Rewriting the
equality

G e
Q(xa 52) - 2 - )
in the form
Ea(z,\E)
&2
pee N+ [ () - wdy = -5
77+($’)‘)
and assuming that ¢ is so small that ¢ < |u (R, \)|/2 we get
&a(x,\e)
(¢(z,y) = Ay)dy = |4 (2, A)]/2.
N+ ($1>‘)

Observe that [¢(x,y) —Ay]y—n, (z,») = 0and for any fixed z the derivative g (z,y) — \ is increasi-
ng in y. Taking into account that ¢(x,y) — Ay > 0fory > n.(x, \) we see that g (z,y) — A > 0
once y > n4(z, A). Hence, ¢(x,y) — Ay is monotone increasing in y on (74 (x, A), c0). Now by
the mean value theorem we get

(4o (@)~ M) (€ — ) = (als) )], (€ ) =

and thus

s (2, V)] g (2, M)
a(z,y(2)) = Ay(z) = 2(&(x, A, e) —ny(x, M) - 2(64(z,A) = m4(2,0))

Solving for z > 7 the differential inequality

(26)

y”(fb‘) < —fBy(x, )\)y/(x) - 2(§+(1‘.th\_)(% 7/;3_’(1»’ A))

we obtain the estimate

/ — [ZBy(s;N)ds | 1=y [T B4 (s,\)ds (1, A)]
y(x) <e Jz y (T /e & dr
@ @) 2Er (7, A) — 1 (7. V)

T

Now if (11) holds, then y/(z) — —oo as * — oo and we arrive at a contradiction. Otherwise,
(12) holds, and hence, V[y(x)] — —oo, & — oo. This is again impossible.
Thus we have proved that there exists 1 > x such that y/(x1) = 0, y(z1) > &4+ (x1,\) and

y'(x1) < My(z1) — q(z1,y(z1)) < 0.
From this it follows that y/(z) < 0 for all x > z;. In fact, should the first moment zo >

existed for which ¢/(z2) = 0 we would have y”(x2) > 0 and hence ¢(x2, y(z2)) — Ay(z2) < 0.
This would imply the contradiction: V[y(z2)] < 0.
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Let y, := lim,_,~ y(x). In view of Hj the function Q(x, y(z)) is nonincreasing,

Q" y(x")) < Q" y(a") < Qa',y(a")) va" > 2

As Q(z,y(z)), y(x) and V[y(x)] have finite limits when  — oo, y/(x) has the same property,
and obviously lim, .~ ¢/(z) = 0.

Let us now show that y, = 0. Suppose on the contrary that y, > 0. We may think that
e was chosen so small that & (R, \,e) < v, and |y/(z)| < e for all sufficiently large . Then
y(x) > ye > &i(x, A e), V]y(z)] > 0, and hence, the inequality (24) holds. This yields (25) and
boundedness of the difference &»(x, A, &) — 1y (x, A). For this reason in view of (26),

liminf(q(z,y(z)) — Ay(z)) > 0

T—00

and hence, taking into account Hg,

limsupy”(x) < 0.

T—00

This inequality contradicts existence of zero limit for y/(z). The proposition is proved.

Lemma 2. Let the coefficients a(x), b(x) € Clxg,o0) of the equation
v +a(z)y +b(z)y =0 (27)
satisfy the inequalities
la(z) —al? <46 —e, —B < b(z) < —F Yz > xo
with some constants o # 0, B > > 0and ¢ € (0,45).

Then there exist positive numbers K = K(xg,a,f,B,¢), v = 7(«a, 3, B,¢) and linearly
independent solutions y,(x), ya2(z) of (27) for which the following estimates hold

lyi(2)| + yi(z)| < Ke™ ™, |ya(x)| > —, x> 0. (28)

If y(x) is a nontrivial solution of (27) vanishing at a point ©1 > x, then

—~z1— [*1 a(s)ds
[y (@) < Kly(wo)yh(zo) — ' (wo)yalwo)e o . (29)
Proof. The derivative of the quadratic form W (y, z) := —ay? — 2yz, in virtue of the system
v =z 2 =-bla)y—alr)z (30)

being equivalent to the equation (27), equals W’ (y,z) = —2(z* — b(z)y* + (a — a(z))yz). For
eigenvalues A\ (z), A2(z) of the corresponding matrix

( 2b(z)  a(z)— a)
a(zr) — « -2
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the following inequalities holds:
)\1(13) + )\Q(IE) < —2(1 + ﬁ), )\1(33))\2(1,‘) > €.

Hence, these eigenvalues are negative and separated from zero. Since the matrix of W (y, z)
is nondegenerate and indefinite, the system (30) is dichotomic (see, e.g. [18]). Hence, it has a
fundamental system (y; (), z1(z)), (y2(x), 2z2(x)) such that

W(yi(z),z1(x)) >0, W(ya(z),22(z)) <0 Va € [zg,0), (31)
and for certain K; > 0 and v > 0 the following inequalities holds:
()| + |z (2)] < Kie™?", fya(@)| + |22(2)] = /Ky Vo = x.

Observe that we may choose as (y2(x), z2(z)) an arbitrary solution of the system (30) with
initial values satisfying the condition W (y2(xo), z2(x0)) < 0. Set, e.g., z2(zo) = (1 + |a|)y2(x0)
and y2(xg) > 0. Now to establish (28) it remains only to prove that for some K > 0 the function
ya2(z) obeys |ya(z)| > €7 /K for all z > xy.

The second inequality in (31) implies y2(z) > 0 and yh(z) = 2o(z) > —%yg(x) for all
x > xo. Let us show that y(x) < Ays(x), where A is a positive number such that

A > yh(xo)/y2(z0) and A% > Asup la(z)| + sup |b(x)|.

xr>x0 x>x0

&
|
s

<

[\V)

~—
I

:./
-
=
o
=

N

N

©
V

In fact, should there exist such a first “moment” z > x( that y/(
> Ayh(Z) and hence, in virtue of (27),

—a(Z)Aya(T) — b(Z)y2(2) > APys().

This, however, is impossible for the choice of A.

Thus, we have proved that |y} (z)| = |z2(z)| < max (’% ,A) |y2(x)|. Consequently, we may

set K = K;(1+ max(|al, A)).
Now we will deduce (29). Let wy stand for the value of the Wronskian of y;(z), y2(x) at
x = zo. Then y(x) = c1y1(x) + cay2(x) where

o — y(20)ya(z0) — ¥ (z0)y2(20) o — _ayi(z)
1 wo L ya(21)

and hence,

) = o 1E)Y2(21) —y1(z1)ya(z1) _
Y (wl) - y2($1) B

— [y(z0)vh(xo) — o (z0)ya(wo)]e” J0 “ fyn(ay).

This, obviously, implies (29).
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Lemma 3. Let f(y) € C?[a,b] N C3(a,b), f(0) = f(0) = 0,and f(y) > 0, f"(y) < 0 for
ally € (a,b). Then

d2
Proof. We have
d2
W i) - 3w

Now let us show that the function F(y) = f(y)f"(y) — % f 2(y) takes only negative values on
(a,b). Infact, F(0) = 0and F'(y) = f(y)f"(y) < Oforally € (a,b).

Proposition 8. Let the hypotheses Hs, Hy, Hg, Hy be true and for some A\ > 0 the equation
(1) have a solution y(z) for which there exist xy > R and x* > x such that

1+(8, A)

y(xO) = O, 0< y/(ﬂﬁo) < 92 ) y(m*) = 77(35*7/\),

Viy(x)] >0, 0<y(z) <ny(z,A) Ve e (xgx").

Then
2" — M|y (2%, \)] < @0+ P00 L M) Iy (o)
where
A
M(A) := sup M, P(A) = sup p(z,y, 2).
2>R /2| (2, M) a>R
0<y<n4(R,\)M(N)
0<2<n+(R,A)

Proof. Let z; be a point at which the function y'(x) attains its minimal value on the
segment [zg,z*]. In virtue of Lemma 3, for any fixed x and )\, the function y

— /Ay? — 2Q(x, y) is convex on the interval (0, &y (z, \)). For this reason

Y (2) > V3P — 200, y(@) > Wy@) Vo € [z0,27].
Thus,
Yy (1) > Wy’(m)(m )
and

ne (RAMO)

1 —x0 < M(A), ylz1) < 5 (32)
Let 2. € (z¢,z") be a point such that
N (Tyy A ne(z, A "
sao) = HEAN BN ) ) Ve € ()

2 2
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Since y(zy) >

L O.PARASYUK, S. V.POZUR

R, A
(R, A) > y/(z0), there exists xo € (xg, ] such that y(z2) = y'(zo). But

y(xe) > y'(z1)(z2 — z0). Hence, 22 — 29 < y/'(x0)/y'(z1). To estimate y'(z1) observe that in
view of (32)

y'(z) = —p(a,y(x),y (x))y'(z) = =Py () Vo € [xo, z1].

This implies 3/ (z1) > 3/ (z¢)e~ MM and thus

T —x9 < ePAMA),

Since the inequality ¢/(z) > y(z)/M (X) holds on [zg, x*] we get

77(13*,>\) = y(x*) > e(x**xQ)/M()‘)y(xz) — e(m**xz)/M()\)y/(xo)

and finally
o < @z + M) [[Inns (a7, A)] + [Iny/(z0)[] <
< wo + "M L M) [Ty (2%, 2] + [Tny/ (o)
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