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\�] ^�_�`�a�bAc.d�b e�f�e#g*b&c che�f�i�b&j k*lhe�f�f�enm2bAlhc�e j

e*g#o7p�f�i&d�q k�e�i�e*l.pr e�sZl.p&c dha�bAc p t lhb�u�b�o7v&c.w;xyd
f�o.`�anpr xyd fAm2bAl�z.t[l�e m2e�u[d�x�e�f�i�d kne*chu bAcnfAp�i&p
k�` t b&l�e m&f&k�d z{t[p&l|d}fAm2bAlhz i�bAk�`�a�b�f�i�d|f�e�f�i&p&m�c.w;z
g*e#_�e c�e m7q `�~�b u e�o se�b m#l�b�x�r t l.d m2o[b&k�p&b�i
d f�f�ohb�u e m#p�i�b�o b&j�mUfAmAr _�d�f�g#e*ohb�b�e�g*��b&j�t.l�e�g�o.b�x�e j
enthd f&p&c[d*r m�w�f�e*kne�i�b�xyt�b&l[p�i�` l c.w;z
fAm2bAlhz[t.l�e*m2e*u.c d[k#e m������H�R���U��f�x���q�c p#t l dhx�bAl�qR������#�
� c p�f�i�e�r[��b�x�`�x�e�x�b&c i�`|b�f�i&v�the*c.d�xyp&c[dnb���i�e j
e*g#o7p�f�i&d�u ohr��#��fAdhf�i�b�x�t.l d�ch`�o bAm2e j�d�k�e c�b�a c�e j
i�b�xyt�bAl.p�i�`nlhp�z�� �h��q�l p&f�f�x�e�iAl�b&c�q�z e�i�r¡d¢c b&t�e�o[che�q
k l�e�f�f�e*m2bAl�m�k m�p�_&d £¤�&�¥fAd�f�i�b�xyp�z��¦�.��qnm�ie§m#l�b�x�r�k�p�k
u o rP���¨fAd�f�i�b�xª©Rp#k�i&dha�b�fAk d�dh_�`*a�b&c�i�e#o7v&kne�f�o.`�a p&j
«

= ¬ �¦�q3®7����Re�f�o b�u[chb�bhq¯khp&kªd�_Am2b�f�i&c�e�qGf&m�r _Ap&che�f
i�b�x=q a*i�e ©=o ` k�i�` p&°[d.d ©Rp2_�w _Ap&l#r ~�b&c che�s�e
k�e�x±tho bAknfAche�s�e�t[p&lhp&xVb�i&l pPt�e l#r u[khp�mP�2�²f&d�f�i�b�xyp�z
f�i�e�o[v m&b�o�d k d�q a�i�e u b�o�p&³�i c b&m&e#_�x�e#~´c w�x

`�f�i&p&che*m&o.b&c d b�mUc dhz�u[p�o�v&c b�s�eµthe*l*rnu.k p�t[lhd�o[³=g�w�z
k�e�c b�a c w;z « ��i�b�e l�b�x¶p�·�e#�Achg�b&lhsZp��#��¸´t[dnfAp&c.d�b�~�b
the&r[m&o.bAchd�r cnb�e�u[c�e l�e#u[che�s�e k�e c�u b&c�f&p&i�p f�e
f�i�b&t�b&c[c w�x¹`�g�wRm�p&chd b�xºkne*l lhb�onrh°.d j»��m�i�e#x¹a dhf�ohb
f&m&b&l�z7thl e�m&e�u#rh��d�z�� ��i&p&k c p�_&w�m�p2b�x�e j ©�p�_Aw
¼ b&l�b�_&d chfAk#e�s�ey½ � e�f�i�bAl�o�d °.p�½���p�`�o.b�f�fAp � ¼ � �;���
f�enthl#r ~�bAcne�fPl#r u e�x¾f�o e�~�che�f�i�b&j�xyp�i�b�xyp�i&d�a�b�f&k�e#s�e
z�p&l p&k�i�bAl phq�i�b�x�chb�xVb&chb�b¿dÀmÁ��i�e�xÂc.p&t[lhp&m&o.bAc d.d
f�u b�o.p�c wÄÃ�p2sZd¶��Å´p&t.l d x�bAl¶qGmª�¦Æ.��dh_�`�a�bAcªtnbAl�b�z.e�u
¼ � �¿m�l�b�o�r iAd.m�dnf�i�fAkne*jPthe�o.b&m&e*jÇ�

+
�§i�b�e l dhd�qyp�m

�¦È.�´d�_�`�anp�o.fr�d�k�lhe�f�f�e m2bAlÇt�ePm&b�o[dhandhc b�t�o.e�i&c�e�f�i&d
che�f&d i�b�o.bAj É#Ê e�i f&m&b&l�z�t l�e m&e#u[d x�e�f�i&d k
f&m&b&l�z[i�b&k�`ha�b�f�i&d����yx�b�f�i�b�f�ib�x¡f&t e#f�e�gËt�e�o `�a�b&c[d#r
i�b�xyt�b&l p&i`[l w «�Ì Í�Î t�b&l b�z e�u p ¼ � ��mÏ�¦È[��dhx�b�b�i´l#r u
chb�u�e�f�i&p�i&k�e m7���¿a p�f�iAche�f�i&d�q¶mU`.l p&m�chbAchd[d�u onr «�ÌhÍ¶Î
chb´`�a�i�b&c�eUf�`n��b�f�i�m2e m�p&c.d�b§chb&j�iAlhp&o[v#c�e�sCe�t p#l p�x�b�i&l p
the*l#r u[k p

ρ
q[chbAcn`*o.b&m&e�b�_&c p&a#bAc.d�b�k�e#i�e�l e#s�e´f&m�r _�p#c�e�f
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c[p&l�`.Ã�bAchd b�x¡o7dhÃ´v u[d�f&k l�b�iAcnenj f&d x�x�b�i&l d.d�d i�b�x
fAp2x±w�x c�bÀm&f�i�` t.p�b�iÀm¢t l�e�i&d m&e l�b�a d�bËf i�b�e*lhb�x�e j
·�e��Ac�g�b&l�s�p.�;� lnb�_�`�o7v�i&p�i�bU~�bUb�s�e�`�a*b�i&phq¶k p&k�g�`�u b�i
m�dhu[c�e�q[c p´©�p�_�e*m2enj u[d.p�sZl.p�x�xVb�f&d�f�i�b�xyw�the&r[m&ohr b�i�fr
k�e c�b�a c pAr e�g#o7p�f�iAvµf

ρ ≠ ¬ q¶l.p�_�u*b�ohrh³=�´pr�e�g*w;a ch`n³
c e�l x�p&o[v#c�` ³Â©�p�_�` �&Å � ��d ©Gp�_�` ¼ � ���RÅ�b�f�x�e�i&l#r
c[p��AknfAthe*chbAch°[d p2o[v�cne*b�fAt p2u p�c dhb´k#e l l�b�o r[°.d j�m���i�e j
c e�m&e j �Zchb�fAm2bAl�z�t l�e m2e�u�r[��b&jV� e�g�o[p2f�i�d¥f�e�f�ie�r[c d.j�q
enchp.qºm#t e#o7c�b{m&b&l�e#r i�che�q¡e�g�o[p&u p2b�i cnb�e�g*w�a*c.w;xyd
fAm2enjnf�i&m�p�xyd¶q»the�f&k�e�o�v&k�` m&b�o[dha d c[p

ρ
m2z[e#u[d�i²m

m�wRlhp�~�bAchd�r�u o�rPc[p�g�o[³=u p&b�x±w�z�iAp&khd x�~�b�e�g l p�_�e�x�q
k p&k¡�&c�b&l�s�b�iAd�a�b�fAkhpr ��b�o.v

∆
mÀi�b�e l dhd¡e�g*w;a c.w;z

fAm2bAlhz[t.l�e*m2e*u.c d[k#e m.� �Gl�`�s�d�xyd f�o e m�p�xyd�q
��o.bAkni�l e�c[chw�j fAthb&k�i&l�c�e m2e*j�©=p&_�w f�` ��b�f�i&m&b&c c e
e*i�o[dha�b&c e�i f&t�bAkniAl p x�b�i&p�o o.e*m m dhz|Å � �ËÅ�b
d f&k�o[³=a�b&che�q�a#i�e�f�` ��b�f�i&m&e m�p&c dhbU��i�e*j¶q�m�dn_Am2b�f�iAcne*x
f�xyw;f�o[b i�e�~�b che*l�xyp�o�v&c e�j�q ©Rp2_�w the�_&m&e�o[dhi
t[l�e#r f&c d i�v�c p2g�o�³�u[p�b�x�e�b p�c�e�x±p2o[v�cne*b t�e m&b�u�bAc.d�b
��f�x=�¤q c.p&t[lhd�x�bAl�q ������ c�e l�xyp�o�v&c e#s�e f�e#f�i�e&r[c.d#r
���y�=��q p dhx�bAchc e�� i�b�x¶tnbAl p2i�`[l chw�bÄ_Ap&m#d�f&d x�e�f�i&d
fAt.d che*m&e j m2e�f&t[lhd d x�a�d[m2e�f�iAd¶q ��o bAkniAl dna*b�f&k�e�s�e
f�e t lhe�i&d m&o.b&c d�r�q´ibAtho e�b�xyk#e�f�i&d�q§©=e#i�e#��xydhf�f&d�e c c.w;z
d e�t i&d�a�b�fAk dnz f&t�b&k�i&l�e*m d i�� u¶� ���7q��.�q�u o�r
e*g
	 r f&c b&c dnr k�e�i�e l w;zËm�chp&f�i�e#rh�¯b�bPm#l b�x�rËÃ�d lhe*k�e
d f&t�e�o[v&_�`�b�i�fr t lhb�u*f�i&p&m&o.bAc dhb�e|t f�bAm2u e*�¯b�o�d ��p
iAp&k�~�b�f&t d[cnenm2e*j ��b�o�d��#q¢©Re l�xyd ln`[³R��b&jhf�r t[lhd
c b&k�e�i�e*lhe*j i�b�xyt�b&l.p�i�` l�bhq t lhbAm#w�Ã�p&³���b&j ��m¥lnrnu�b
f�o.`�anp�b&m f�` ��b�f�iAm2bAc che[� «�� ��d[c�e�s�u[p d�fAthe�o�v�_�`n³=i�fr
u[p�~�b unm2b7½Ïi&l d z�p&l p&k�i�bAl c.w;b i�b�xyt�b&l.p�i�` l w�q
©Gd.k#fAd.l�` ³���dhb t�e#r[m&ohbAc.d�b i�b�z dho[d d c.w;z
c[p�g�o[³=u p&b�x±w�z�p&c�e�xyp�o[d[j�#�

 b�o7v�u[p&c.c�e�s�e�f�e�e�g ��b&c d�r�½ tne*oh`*a dhi�v�©�p�_�e m2`n³
u[d[p�s�l.p�x�xV` m¡t b&l�b�x�bAc c.w;z É2Ê�q « �2� x�b�i&p�o[o.p¢f
t[l dhi�r ~�b&c dhb�x{x�b�~�u�`²che�f&d i�b�onrnxyd d l[p�f�f�andniAp�i&v
��k p&k�©=` c.k*°.d.d�É Ê ��i�b�xyt b&l p�i�`nlhw « ÌhÍ¶Î d «

ρ
� «

ρ
½

i�b�xyt�bAl.p�i�`nlhp e�g*l.p&��b&c[d#r
ρ

m c�` o.v �2q�x±b�~�u `
k�e�i�e l w;xyd l p&f&t�e�o e�~�bAc.p e*g#o7p�f�i&v �*p&c�e�xyp�o[v#c�e j
c e�l x�p&o[v#c�e j�� ©=p&_�w ����Å � �&�

�.]|�Go e�i&c�e�f�i�v t.l�e�f�i�b&j.Ã�b�s�e s�p�xyd�o�v�i�e�c[dhp�c phq
enthd f&w�m�p&³���b�s�e�©=bAl�xydhe*c.wÂ�2� mÇe�g�	[b�x�b���qGdhx±b�b�i
m�dhu

�
( � ) = ψσ

+( � ) 


− ∇

í
��� − µ




ψσ(� ) −

− � ψ↑
+(� )ψ↓

+( � )ψ↓(� )ψ↑( � )
q �����

s�u b � ≡ � q τ � ψσ(� )
½ ©=bAlnx¶dh£�the�o.b � � d
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����Æ ��d ���Z�.�#q�����®7��t l�e m&e#u[dho e�fAv�andhf�o bAc.c�e¿d u[p�o.e
f�o[b�u�`[³R��dhb c[p&dng*e#o[b�b d[cni�b&l�b�fAc.w;b l�b�_�`�o7v�i&p�i&w�q
dh_�e�g*l.p�~Gb&c.c w�b�s�l p&©�d�a�b�f&k d��

ph�Àe*g#o7p�f�i&v ��Å � ��f�x=�Pl dhf �Á���¢e*khp�_Aw�m#p�b�i�f�r
f�endn_�x�b&l d�x�e jUf�e�g�o�p�f�i&v&³ ¼ � � �g���t l dÏxyp�o[w�z � � ( ��� �

ε � �) _�p�m#d�fAdhxVe�f�iAv «�ÌhÍ�Î
( � � )o�d c b&j c.phq�a�i�eÂthe�uhiAm2bAl�~�unp2b�if�r dÄp&c[p�o�d�i&d�a�b�f&k d�x

l�b&Ã�b&c dhb�x f&d�f�i�b�xyw ��%[�#q������.�¢d ����Æ[�#q�u[p&³���d�x
« Ì Í�Î

= � � H E � � p�x�b�i&d�x=q¡a�i�e d u onr k�m#p&_�d.£��2�
x�e�u b�o�d � �[�¡m t l�b�u b�o[b x�p&o[w;z|É#Ê�i�b�xyt�b&l p2i�`[l p
©=e*lhx±d.l�e m�p�c d2r e&unc#e�l#e&u c#e&sCe t*p�l�p�x�b�i�l�p t#e�l2r*u k#p
« �

= � � 6 (
�
α)

��s�u b
α ��� ���2� - i�eªt�e k p�_Aw�m#p�b�ihqGa�i�e

�������"© � �Ì�Ö�Ô	Ñ�Ô�ì�Ð�Ñ�Ë�Ô Î �����
( � M ) Ô Î

ρ( � M )
ÆXù�Ð¯ë�Ù�Ì�ì�Ô8Ô�é�Ð�ß¯à�Ì�û�×�ê	Ð

Ï�Ð¯Ö�×ÓØ	×�ê�Ô�×
ρ( �  )

Ï�à	Ô Î
=
Î �!��� Æ#"�Ù�Ì�é�Ì�ê	òUÐ�ß�Õ	Ì�Ñ�Ë�ÔPú�$cã&%�ú�$

Ô~ælÌ�é�òaö�ø�ù�Æ

�������§#� �Ì�Ö�Ô�Ñ�Ô�ì Ð�Ñ�Ë�Í
µ(
'

)
Ï	à�Ô�à�Ì�é�Õ�Ô�ë¯ê�ò�ó � M � 'ε ( ' »�å¢ã å*) > © @,+�å�ã í> § @*+hå	ã -*) > ¬ @.+hå�ãÅÞ > ª @*+ Ü > ¨ @,+�í > / @.+#) > 0 @�Æ L Ë�ê	Ð�Ñ�Ô�Ë�×�Õ�Í�ê�ò�×Ö�×�Õ	Ô�ë�Ô	ê�ò

µ ? å Ô
µ = å Ï	Ð�Õ�Ò¦ë�Ì�Õ�Ô�Ñ�Í�Ñ7Ï�Ð¯ìÐ��lÍ�Û � M Ô 'ε 1 'Ñ�Ð�Ð�Ë�Ö�×�Ë�Ñ�Ë�Ö�×�ê	ê�Ð¢Æ32�Ô	à�ê�ò�ìÔ Õ�Ô	ê�Ô�Î¦ì�Ô à	Ì�é�â«à�Ì�ê�Ô�ë¯×�ê�òýÐ�ß�Õ	Ì�Ñ�Ë�Ô

ælÌ�éäö�ø�ù�ã4%�ú5$LÔ�ú�$cÆ
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f�o�p�g pr i�lhb�zhx±b&l dh_�p�°hd�r x�e�~�b�i f�e*z.l[p&c dhi&v ��t e
k l p�jhc b&j�x�b&l�b�u�o rPxyp�o�w;z É&Ê ��k�p#k�e�g�o[p�f�i&v �=Å � q
iAp&kªd ©Gp�_�` ¼ � ��qGa�i�e�q¯c.p&t.l d�x�bAl±q¯dhx±b�b�i�x±b�f�i�e¿m
l b�o�r iAdhm�dhf�i�fAk#e j khm�p�_&d[£¤��� x�e�u b�o[d ��Z®��q z e�i�r
k�e c ° b&c�i&l p�°hd e�c[c�e�b t e�m&b�u bAchd b m c�b&j c�b
d f�f�ohb�u e m#p�o e�fAvhqªf u[l�`hsCe j f�i�e l�e�c[w�q¿`.m&b�o[d a#bAc.d�b
t[p&l p2xVb�iAlhp i&l�b�z[x�bAl.d�_&p&°[d d x�e�~�b�i d u e�o.~�c e
t[l d.m&e#u[d�i&v k d�f�a�b�_Acnenm2bAchd[³ ©=p&_�w ¼ � ��qÂi �3bh�
��_&p�x�bAchb �Áb�b�e�g w;a c�e jªf&m&b&l�z7thl e�m&e�u#rh��b&jË©�p�_�e�jªf
e*u.c�e l�e�u[c.w;x�t.p&l p�x�b�iAl�e�x�t�e l#r u[k p �mh�Pc[p 1 dhf �´� c p&s�ohrnu cheªu b�x±e�c f�i�l.d l�` b�i�fr�q§t[lhd
k p&k dhz�f�e�e#iAc�e Ã�b&c.d#r z¿x�b�~�uh` � � d �

ε � � m2b�o[dha*d.c p µf�`[�¯b�f�iAm2bAchc eÇe*io7d�a c.p�e�i � � d¶q�unlh`�s�d xyd�f�o e m�p�xyd�q
i�b�e l d#r ©=bAl�xyd £5~´d�u.k�e�f�iAd �Gp�cnu[p�` c�b m�the�o�c�b
t[l dhs�e�unc.p u ohr�e�t[d�f&p�chd�r�t�e�u e�g c w;z x�b�i&p�o o.e*mÄf
c[d�_&k�e�j

( � ��� �ε � � ) tho e�i�che�f�iAv#³ ©�b&lhx±dhe*che*m.��^�_�ohe*x
µ

t.l d «
=
«

ρ
q��&k�f&t b&l d�x�b&c i�w t e c p&g#o7³�u b&c d[³

k�e�i�e l�e�sCe e�g�f�`�~�u[p�o[dhf&v m �A�Z�.� d `*~�b
d[c�i�b&l t[lnb�i&d lhe*m�p�o�d�f&v u o�r k�` t l.p�i&p|�Z�#� ����[�Aq f
l e#f�i�e�x � � f�iAp&che*m#d if�r�q§k p&kÀdÀu�e�o ~´cneËg*w;i&v.q´m2f�b
x±b&chb�b�_&p�x±b�i&c w�x��VÅ�e�m�u.p&c[c�e�x�f�o[`�a p�b�e�g*l.p&��p�b�i�c p
f�b�g#r m#c d x�p�c dhb�i�eVq�a�i�e´d�_�o e�x�c.p�z e�u[d�i�f�r§c.p=s�l p�c d.°�b
Å � "��=Å � q¨i�� bh� u e ©Rp#k#iAdha�b�fAkne*s�e t�e#r[m&ohbAc.d#r
fAm2bAlhz[t.l�e*m2e*u.d�x�e�f�iAd¶� �Ge#��i�e�xV` t.l�e m&b�u�bAc.d�b
u e t�e�o[c[dni�b�o[v�chw�z �AknfAthbAlhd�x�bAchi�e m.q m#wHr[m&ohrh³=��dhz
_Ap&m#d f&d�x�e�f�i�v

µ(
«

)
q e�f�e�g�bAchc e uho�r f&d�o�v&c e

p�c dh_�e�iAlne*t.c w�z¾��k*m#p&_�d.£¤�&���Çdªe�i&c�e�f&d�i�b�o�v&c eÁf�o.p�g*e
u e t d[lne*m�p#c c.w;z k�` t.l p�i�enm7q�c�b�f�e�x±chb&c c eq�t[lnb�u f�i�£
p�m&onrnb�i�g�e�o�v&Ã�e*j�d.c�i�bAl�b�f �s&��d _Uk�l[d m2e j�� c.pUl[d�fh�¶�Ïf�o[b�u�` b�inq¶a#i�e�t�b&l b�z e�u
��d _�x�b&c b&c dhb _Ac p&khp

µ
� e*i o[e�k p�o�v&c[w;z t p&l k

k�` t b&l�e m&f&k�d x�m&e�_�x�e�~Gb&c�c�b�i�e�o[v#k�e�t[lhdU` m&b�o7d�a�b&c d.d
� � q§a�i�eÀg�e�o b�bªd�o7d»x±b&c�b�b¿e�a#bAm#d u[cneVq�c eÀd¥��t[lhd
enthl b�u�b�o.bAchc e#x m#w;g�e l�b�É2Ê��=f´lhe�f�i�e#x « �u�� chp&k�e c�bA°¶qËl[p�f�a�b�i�w t e�k p�_&p�o7d�qËa#i�e�m2f�b�s�u[p
e*i&c�e Ã�b&c dhbÂ�

∆6 «�ÌnÍ¶Î � ®�q ® ��l d�fh�P�7�#qPa#i�e�q�b�f�o�d
d x�b�i�v�mUm�dnu `����y�=��qVf�e�e�i�m&b�i�f�i&m&`�b�i´�&k�f&t�bAl.d�x�b&c�i�` �

t.l d ��i�e�x _&c p�a�bAc.d�b��
∆6 « ρ

��l p&m#c e#b��
∆6 « �� � �

x�bAchv�Ã�b�d�u�e#f�i�d�s�pb�i�q7k�p&k�d f�o�b�u�e�m�po e�e#~¯d#u p�i�vhq[t l�d
� � �����ε � � t l�b�u b�o7p�theUi�b�e l d.d ¼ �J* ql.p&m�cne*s�eU��q Æ��7�
Å�b�x±e c�e�i�e c che�f�i&vÄ~�b�_�p�m�dnfAdhxVe�f�iAd �

∆( � � )6 « ρ( � � )e�g&r _&p&c[pUe#i�xVba�b�c cne&xV`�m&w�ÃRbU��f�x��±m�i�e�l�` ³ f&c�e#f�k#` chp
f�i 1 � �7�P�h��e�i�o7dnand.³Ëm2b�o.d a�d[c w

∆
e#i

ρ
t l.d

µ �Á¬ �È�¹Å´p&jhu b&c c.pr ©�p�_�e*m�pr{u[d p2s�l p&x�x¶phqÀz[e#i�r d
the�o.`*a�b&c p�m�l.p�xyk*p2z�`nthl e���p�³=��d z�t lnb�u[the�o.e�~�bAc d.j
��t�e�f�o b�uhenm#p�i�b�o[v#c�e�qc p#t l dhx�bAl�q�`�a�i�b&c wË©=o ` k�i�` p&°[d.d
o�d Ã�v�©=p&_�w t.p&l p�x�b�i&l p t�e l#r u[k p��#q�the*k p�_&w�m�p�b�ihq
f&k�e�o�v�a�`.m&f�i�m�dhi�b�o[v#c w t p&l.p�x�b�i�l.w b�b�k l d�i&dha�b�fAk dhz
o�d c[dhj�kUm&b�o7d�a d.c�b É&Ê ���±x�b�f�i�b�f�i�b�xPf�o b�u `�b�i�d�x�b�iAv
m�m�dnu `�q�a�i�ePm�e#i�o[dha d�b�e#i��#� t�b&lhb�z e�u p�t[l d

ρ = ¬thbAl�b�z e�u ¼ � ��t 1 e d�f�z.e�u.d i�m�f�e#f�i�e#r[c d[d±q*s�u b ρ ≠ ¬ qnpthe�i�e�x�`º©=o `.k�i�` p�° d.d¥x�e�u `�ohrºt.p&l p&x�b�i&l pÀt e�l#r u[k p
_�u b�f&v¡x�b&c�b�b¡f�`[�¯b�f�iAm2bAchc[w�qPz e�i�r d t.l d.m&e�unrni¡k
` t e#x�rhch`�i�e#x�` m#w�Ã�b�`�x�bAchv�Ã�b&c d.³ «

ρ
e�i&c�e�fAd�i�b�o7v&che

«��� � ��^�z�` a�b�i�m�l#r u�o�dUe�i�l.p�_Ad�i�frÏchp�k�p&a#b�f�iAm2bAc.c�e j
k p&l�i&d.c�b q¿che�q¿chb�f�e�xyc�b&c[cneVq�g�w�o e g�w d[cni�b&l�b�fAche
e °�b&c[d�i&v lhe�o�v k p�~�u e�s�e dh_ f�e�e�i&m&b�i�f�iAm2`n³���dhz
m�kno[p&u�e m¢©�o.` k�i�`np&°.d j

ρ
d

θ
���Gl d¥��i�e*x f�o b�u `�b�i

`�a�b�f�iAvhq a#i�e d�f&t e#o7v�_�e m�p&c c.pr t.p&l p2xVb�iAl dh_&p&°[d#r
`�u e�g*c.p�d�©�dh_�dha*b�f&k*dÏe t l.p&m&u[p&c c.p�o.d[Ã�v m�e�g�o�p�f�i�r z
f

ρ ≠ ¬ �� e*~�che f `nm2bAlnbAc.c�e�f�i&v&³ `�iAm2bAln~�u p&i�v7q a�i�e
f&k�e*l.l�b�o[d[lnenm#p&c c.w;b dÀchb�f&k#e l l�b�o7d lhe*m#p&c[chw�b�t p�lhw�q
f�`n��b�f�i�m2e m�p&c.d�b k�e�i�e l w;z m ���H�R� Ã´dhl�e k�e
e�g�f�`�~�u[p�b�i�fr �Cf�x=��e�g�_�e�l w � �q � ���2q�f�e�e#iAm2b�i�f�i&m&` ³�i
e�g�o�p�f�ir x l.p�f�f�a d�iAp&c.c�e j ©�p�_�e�m&e j¨u[d.p�s�l[p�x�x±w ��m
Å � � « � «

ρ
�¢t[lhd�f�`hi�f�i&m&` ³=i¥o7d Ã�vÂ©=o ` k�i�` p&°[d.d

t.p&l p�x�b�i&l p t�e l#r u[khphq k�e�i�e l w;b m � � f�o.`�a p�b
c.p�f�i�e�o�v&k�e m2b�o[d.k d�q�a�i�e `�~�bÂd m ��i�e*j ©�p�_�bÂm
the*m&b�u b&c d.d�f&d�f�i�b�x¶w x�e�s`*iUt[lne&r[m&ohr iAv�fr�p#c�e�x±p2o[d[d±q
f&m�r _Ap&c.c w;b�f�c p&o[dha*dhb�xPm�fAd�f�i�b�x�b�m�d.l�i�`np�o�v&c.w;zµt.p&l
���Æ[�� ) f�o�d|f&c e�m�p�t lnenm2b�f�i&d{p&c[p�o.e�s�dh³ f ! "�£
x�e�u b�o�v&³�qVm�k#e�i�e*l�e j�q�e�u[c p&k�e�q[x�e�u�` o[v�f&t[d c.p�i&p&k�~�b
r[m&ohr b�i�fr d�f&k�e�xVe j m2b�o.d a�d[c�e j �Ca�b�x e�g*w;a che
t.l�bAcnb�g l�b�s�p&³�i��#qRi�e¿cnenlnx¶p�o.v�c pAr ©�p�_&pP�2�²x�b�iAp�oho7p
f�e*e#iAm2b�i�f�i�m&` b�i�t p&l.p�x¶p�s�c.d�i&c e�j�©=p&_�bU��i�e j�x±e#u b�o7d�f
e�i�f�` i�f�iAm2`n³���dhx ��mªf&l�b�u[c�b�x��Pf&t d.c�e�xÂc[p `�_�o.b ���
e�g�o�p�f�i&d��=Å � � «�ÌhÍHÎ � �

≤
«

ρ
� xVe�u `�o[v�t.p&l p�x�b�i&l

the*l#r u[k p f�iAp&cnenm#d�i�f�r k#encnb�a c.w;xRq a�i�e
f&m�dhu*b�i�b�o�v�f�i&m&`�b�i�e�f�`[�¯b�f�iAm2e*m#p&c[d dUk�e�c b�a c�e�s�e�a*d�f�o.p
f�i�p�g�d#o[v&c wHz thp�l�q�e#unchp�k#e¡e*chd�m�fb�b&�=b rhm�onrn³�if�r
chbAk#e�s�bAlhbAcniAc w�x±d¶� � i&p&k�e*j !�" £(x�e#u b�o�d
f�e*e#iAm2b�i�f�i�m&`[³=��p�r¥i�b�xyt�bAl.p�i�`nlhc[pr¡e�g�o[p�f�iAvÄ½ ��i�e
e�g�o�p�f�i&v f�` ��b�f�iAm2e*m�p#c dnr `�_�b�o[v�chw�z
u[m2`*z�k#e�x¶tnencnbAchi�c.w;z fAt.d che*m7q�x�e�uh`*o�d k#e�i�e 1 w�z¶q_&p&m�dhf�r[��d�b|e�i « q¡e�u[d.c p&k�e m#w�q p{c p#t l p#m&o b&c[dnb
f�o[`�a p&j che�d¥c�b�f&k�e�l[l�b�o[d.l�e m�p&c che��UÅ´p&k�e c�b&°�q�c dh~�b
« Ì Í�Î ��d���d�o�d « � mÁk m#p�_Ad £¤�2� f�o `�a p�b*�Çm&e�_�c.d k p�b�i
k�e#s�bAlnbAchi�che�f�iAv x±b�~�u ` t p&l.p�xyd�qÂp m{f&t.d c e�m&e j
x�e�u b�o�d ½ khp&k�e�b&£(o�d�g�e ��cnb�e�u[c�e l�e#u[che�b{d��´d�o�d

�������ä¬#� �Ì�Ö�Ô�Ñ�Ô	ìÐ�Ñ�Ë�Ô í
∆ � Î ����� Ô í

∆ � Î ρ
Ð¯Ë � M Ælè�à�ÔPà	Ì�Ñ�ë�×�Ë�×

Ò	ë�Ô	Ë�ò�Ö�Ì�Õ�Ð¯Ñ�Í	ã¢ë�Ë�Ð
∆ = (µ A + ρ A ) 	 
 A Ï	à�Ô µ = å Ô

∆ = ρ
Ï	à�Ô

µ ? å Æ
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e*u.c�e l�e�u[che�b��¥` t e�l#r u e�a�b&c[d�b fAt.d che*m m l�bAp2o[v�cne*x
t[l�e�f�i�l.p&c�f�i&m&bh�) f�o�dÁe¿t e#o[`�a�b&c c e�jªm�w=Ã�b�©=p&_�e m&e�jÁu[d.p�sZl.p�x�xVb
x±e�~�che´s�e�m&e l d�i&v�fGg#e�o[v�Ã�b&j�dho[d x±b&c.v&Ã�bAj f�i�b&t b&c v�³
u e�f�i�e m2bAl che�f�i&d�q i�e m2enthl�e�f ��cnb s�o7p&m#c wRj u o�r
c[p�f�i�e2r[��b&j¹lhp&g�e�i�w���e¹©Rp2_�e m&e#x t�b&l b�z e�u�bªx±b�~�u `
Å � d ��Å � q¹k�e�s�u[p|t l e�d f�z e�u d i _&p&l e#~�u�bAc.d�b
c b&j�i&l p&o[v#c�e�s�e t[p&lhp�x±b�i&l p t�e l#r u[k�p.q i&l�b�g#` b�i
e*i�u�b�o�v&che�s�eÇe�g�f�`�~�u�b&c[d*r±���¢e�u.c e�j�f�i�e*lhe*c.w�q�b�f�o�d�q
k p&k¥��ie¢u b�o7p�b�i�fr�q c[p&thl[d�x�b&l�qµm¥�¦Æ.�qµ©=e*l�xyp�o�v&c e
f�o.b�uhe*m�p�i&v u `�z[` i�b�e*l d.d ©�p�_�e�m�w;z t b&l�b�z[e#u e*m
�¯p&chu[p�`�q±ie�iAp&knenj�thbAl�b�z.e�u�qVg�b�_�` f�o e m�c�e�qVe�i&che�f&d i�fr
k²©=p&_�e m#w;x �¿m#w�Ã�b chbAk#e�i�e�l�e j i�b�xythbAlhp�i�` l w «

ρenthl b�u�b�o.bAchc[pr ©�d�_Adha�b�f&k pr z�p&l p&k�i�b&l d f�i�d.k p �Zm
u[p&c[cne*x f�o[`�a p�b x±e#u `�o7v t p�l p�x�b�iAlhp t�e l#r u[k�p �
e*i�f�`*i�f�i�m&` b�i�q�p�c.d�~�b�½�e#i�o�d�a c pUe�iUc `�o�r���¸�u c[p&k�e
c b�iAln`*u.c�e{` g�b�u[d�i&v&fr�q¢a*i�e{f&p�x±e{_�c*p�a#b�c d�b

ρ
m

i�bAl#x�e�u d c�p�x±d�a#b�f�k�d�b m�b�o d�a*d chw cnb m2z[e#u[d�ihq d
m�w�a�d f�o b&c[dnb´k p&k�e�j[£¤c dhg�`�u[v�c[p�g#o7³�u[p�b�x�e j�m2b�o�d�a d.c w
o7d�g�e khp&k�e�s�e�£(i�e k#e l l�b�o r i�e*l p m2f�b�s�u[p
f�e t lhe*m2e*~�u[p�b�i�f�r t e2rhm2o[b&c dhb�x f�e#xyc e#~´d�i�b�o�r�q
_Ap&m#d fr[��b�seÂe�i¥k�e l l�b�o r[° dhe*c�che*j ©=` c.k*°.d.d�©�p�_&w
t[p&l p2xVb�iAlhp t e�l#r u[k ph�Á� c.d�_&k�e*l.p�_�xVb&l[c�e�x|f�oh`*a p�b
©Ro.` k�i�`[p&°.d d l p2_�m�dhi&w e�f�e#g�bAc che fAdho[v#c�e d c�b
d f&k�o[³=a�b&che�q a�i�e e*c.d c p2f�ie*o.v�k�e l p�_�x¶w�m#p&³=i
f�e�e�i&m&b�i�f�i&m&` ³R��d j ©�p�_�e�m�w=j tnbAl�b�z.e�u�q a�i�e
i�b�xyt�bAl.p�i�`nlhc[w;zÁe�f�e�g�b&c[c�e�f�i�b&j�i�bAlnx±e�u d.c p&x�d a�b�fAk�dhz
m&b�o7d�a d.cªm�b�s�e¿e�k l�b�f�i&che�f�iAdÁ` ~�b�c bÇg�`�u b�i � � uhb�f&v
` xVb�f�i&che c p&the�xyc.d�iAvhq�a�i�e m ���H�=�Ëf�e#b�u.d c b&c dnr z�k�p�k
1 p�_Ëd¡c p�g�o[³=u[p�b�i�f�r¹g#o7dn_Ak�e#bËk¹t 1 b�u[t�e�o[p�s�p�b�x�e�x�`t e�m&b�u bAc.d�bhq7zhe*iZrµg�w;o[e g*wªt�eUk l p&j.c�b&jUx�bAl�b�c[p&d m#c e
g*` k m#p�o7v&che�f&l p�m#c d[m#p�iAv�dh_�` a�b&c.c�`[³ªt lhe�f�i�` ³Áx�e�u�b�o�v
f�eÄf�i�e#o7v¥f�o[e#~´c w;xyd e�g�	[b&k#iAp�xyd¶q k p&k�e m#w;x¶d e*c.d
rhm2o r[³�i�fr��

� u l `�s�e j f�i�e l�e c w�q s�e�m&e l#r dhxVb&c[c�e e
fAm2bAlhz[t.l�e*m2e*unrh��d�z fAdhf�i�b�x±p2z�q c b�e�g�z e�u[dnx±e
t e#u a�bAl khc�` i�v7qPa*i�e m c dhz�q�k p&k¨t�e k p�_&p&c�e m�w�Ã¯b q
t 1 e d�f�z.e�u�r i�d�_�x�b&c�b&c[d#r � iAp&k±q ��o b&k�iAlnenchc[w�j�f&thbAk#i&l
c[p�a d c.p�b�iªt.l d e#g l�b�i&p�i&vËt l dh_&c p&k d¾g*`�u ` ��b&j¥��b�o�d�q
t e#fAk�e�o[v#k#` m �=Å � qªe�k�e�i�e*lhe*j|d�dhu*b�i l�b�a vhq
t o e�i&c�e�f�i�vÂf�e�f�ie�r[c d.j m&g#o7dn_Ad � � ��k�e�s�u[p

µ � ¬ �u e�f�i�p2i�e�a c�e�g�w;f�i&l�e���m�x�bAlh` lne*f�i�p
ρ
�=`*x�b&c[v&Ã�p&b�i�f�r�q

c[d�su b q e�u[c p&kneVq[chb�f�i�p�c�e mArnf&v�l p&m�che*jUch`*o.³���^´c.w;xyd
f�o.e*m#p&x±d¶q «

ρ
qËg�`�u `�and|ib�xythbAl p�i�` l�e j|e�i&k l w;i&d#r

t f�bAm2u e*�¯b�o�d�q r[m&ohr b�if�r c[p�g#o7³�u[p�b�xyw;x d
d _�xVb&l�r b�x±w�x t p&l.p�x±b�i�lhe�x �2� o[dhg�e f&d�o�v&c e
p�c dh_�e�iAlne*t.c w�z��2��fAm2bAlhz[t.l�e*m2e�u[c d.k�e m7�R�»khp�a*b�f�i�m&b
e*u.c�e j�dn_�e�a�b&m�d�u[chw�z¢t l dha d c e*if�` ifAm#d�r�mªc dhz�m
enthl b�u�b�o.bAchc e#x d c i�b&l m�p�o.b�i�b�xyt�b&l.p�i�` l dnf�i&d c.c�e j
��b�o[d{x�e�~Gb�i�f�o ` ~�dhi�v�l p�f�f�b�r[c.d�b²c�b&jhiAl p�o�v&c.w;z
��c b�_�p�l*rn~�b&c[chw�zV� ©�bAlhx±dhe*che*m ��d�x e�iAm2b�a�p&b�i
s�l d.c�e m&f&k*pAr ©�`.c k °.d#r G (ρ)

mÏ�C���&��c p�©=o `[k#i�` p�° dnr z
©Gp�_&w��

� °hb�o e�x|~�bÂf�e*e#iAm2b�i�f�i�m&`[³=��dhb�d�f�f�o.b�u*e m#p&c[d#r
��c p#t l dhx±b&l�qGc.p�z e�~�u bAc.d�b�e�u[c�e�a�p&f�i�d a c�e jÁ©=`nc.k�°[d.d
@*l.d c.pÂd�f�z[e#u[c.w;z�qP_Ap&l*rn~�bAc c.w;zHq�©=b&l�xyd e�c e�m �¹cnb
t.l�e*m2b�u b&c.wÂu.p�~�bPu ohrËl p�f�f�x�e�i�l b&c che*j t l e#f�i�b&j Ã�b&j
x�e�u b�o�d�� ¼ e�o b�b�i�e�s�e�q�x�e�~¯cheP`�i&m&b&l�~�u[p�i&v.q�a�i�ePe*c.d
r[m&ohr[³�i�f�rPu e#f�i&p�i�e�a c e�p&k�i�` p�o7v&c.w;xyd�q�d g#ePm&e*t.l�e�fUe
l�e�u bÀd¡f&m&e*jhf�i�m�p2zÂt b&l�b�z e�u[p f �#`nthe*l*rnuhe*a#bAc.d�b�x �
o�d Ã�vÀx�e�u�` o�r�k#e�x¶tno[b&k#fAche�s�e¡t p&l.p�x�b�i�l.pÀt e�l#r u[k p
the*k p�e#f�i&p�b�i�fr e�iAk�l.w;iAw;x=�

�.] ��p�k�dhx e�g*l.p�_�e#xRq m�w�t�e�o[chbAchc[w;b lhp�f�a�b�iAw
e�g*c.p&l�`�~´d�o�d u[m&`�z.��i&p&t che�b ©Re l�xyd lnenm#p&c[dnb
f&m&b&l�z7thl e�m&e�u#rh��b�sCe f�e#f�i�e#r[c d�r m � � x�b�iAp�o.o bhq
t.l�e*dhf�zhe*unrh�¯b�b�a�bAl�b�_ �=Å � q±k�e#i�e�l[pr�m�kno7d c.d m#p�b�i�f�r
x�b�~�u ` Å � d¡©�p�_�e j ¼ � ������l d¥��i�e�x u e*khp�_Ap&che
f�`n��b�f�i�m2e m�p&c.d�b d l p�f�f�andhi�p#c w o�d Ã�v s�l p&c[dh°[w
��Å � � b�b ~�b�©�d _�d a�b�fAk�dhbÂf&m&e*jhf�iAm#phq m t�b&l m2`[³
e�a�b&l b�u vÀf&t b&k#iAl�q�c `�~�u p#³�i�f�r�qµkhp&k¥e�i�x±b�a*p2o e�fAvhq�m
u e�t e#o7c dhi�b�o[v#c�e�x�d�_�`�a�bAc.d d¶�

� _�p#k�o�³�a�b&c[dnb²k�l[p�i&k#e k�e�f&c�b�x�fr m&e t lhe�f&p e
t 1 d�a d[chp�z c.p&d g#e*ohb�b e�i�a�b�io7d m2e�sCe t 1 e#rhm2o b&c[d#rp&che�xyp�o7dhj�m�t e�m&b�u b&c d[dU©�dh_�d a�b�fAk�dhzUfAm2enjnf�i&m ���H�R�
dhxVb&c[c�e m f�o�p�g*e u e�t[dhl e�m�p&c.c w�z ��� ;�� . 7���� 1�. � �e�g*l p2_�°.p�zy�ÀÅ´p k p�a�b�f�i�m2bAc.c�e�x `[lne*m�chb¨u*b�o.e�qËt e�£
m�dhu d x�e#x±`�q�mÀi�e�x=q�a�i�eºm¥k�m�p2_�d[£¤�2� fAdhf�i�b�x±p&z¶qµk
k�e#i�e l w;x f�e�g�f�i&m&b&c che d e�i&c�e�f�r i�fr ���H�R�
f�e*b�u d[cnbAc.d#r�q l e#f�i k�e�c[°�b&chiAl p&°.d d c�e�f&d�i�b�o.bAj f
chb�e#g*zhe*u dhx�e�f�iAv&³ e#g�`*f�o.e*m&o�d m#p�b�i `�x�bAchv�Ã�b&c[dnb
m&o�d#r[c.d#r ©�o.`nkni�` p&°.d j�� � e#o7v|f&k#e l�e t�e�f�o b�u[c[dnb
c.p�andhc[p&³�iµdhs�l p&i�v�x�b&c v�Ã�` ³¡l�e#o7vhq «��

→
« �� � ���È.� �d.c p�a�b q[m�l�bAp2o[v�chw;z f&d�f�i�b�xyp�z�e�g�o�p�f�iAv ��Å � q fAk#e l�b�b

m&f�b�s�e�q u�e*oh~´c p f�`*~�p�iAv�fr t�e x�b&l�b lhe�f�iAp
k�e�c[°hbAcniAl p&°.d.d�u[w�l�e k�	�Rie§k�p&f&p�b�i�fr§l.p�f�f�x�e�i&l�bAc.c�e j
m�w�Ã�b��2� x�e�u�b�o�d�q´i�e�q´zhe*irËe c pÁd�tne*_&m&e#o r b�i�u e
chbAk#e�i�e�l�e j f�i�bAtnbAc.d�the*cnr iAv�t.l�e d�f�z[e#~�u�bAc.d�b �=Å � d
l�e�o[v k lhd i&d�a�b�f&k�e�j i�b�x±thb&l p�i�` l.w _&p&l�e�~�u b&c[d#r
x�e�u `�ohr t.p&l p&x�b�i&l p{the*l#r u[khphqºt e#o[`�a d�i&v{m{c b&j
f�g*o.d ~�b&c[d�b f�e�e�i�m2b�i�f�iAm2`n³���dnz i�b�xyt�b&l.p�i�` l «

ρ
d

«�Ì ÍyÎ ��d�o7d «8� m�k m#p�_Ad £¤�2�Âf�oh` a*p2b*��c�b´m2e*_�xVe�~�che��V�
f&m�r _Ad f ��iAdhx t.l�b�u f�i�p�m2o�r b�i�f�r c�b�e�g�z.e�u[dnx¶w;x
dh_�` a�b&c.d�b¿k�m�p2_�d[£¤�2� x�e�u b�o�d�q�`*~�b thl[d c.° d.t d.p�o7v&che
u e�t `�f&k p&³���bAj m&e#_�x�e#~´c�e�f�i&v f�`[��b�f�i&m&e�m�p&c.d#r d
e�u c e�l e#u[c�e�s�e t.p&l p&x�b�i&l p�the*l#r u[k ph�

¸�u[d.c�dh_§chp&f �&�R� � � ���(��g�o[p�s�e�u.p&l[d�i ��� � � @ p&c�i&£
xyp�z[b&l phqª�=� ��� @*p�f&t[p&l�e m#phq¿Å�� � �Á�Ro7p&khd�u `�d
^U� 
�� � ` s�e*o.v _Ap k*l.d�i&d�a c e#b e�g�f�`�~�u b&c[dnb
t.l�e�g�o b�xyw fAm2bAlnz7t lhe*m2e�u�r[��b�s�e t b&l�b�z e�u[p m �2�
f&d f�i�b�x¶p�zHq±m�a p�f�iAcne*f�i&d�m2e�_�x±e#~´c�e�f�i�d�t.l�e#r[m&o b&c.d#r d
�&k�fAtnbAl.d�x�bAcniAp�o�v&c e#s�e c.p�g�o�³�uhbAc.d#r m c dhz
l p2_�o7dnanc.w;zË©�p�_ � � w¡i&p&k�~�b�z e�i�b�o.dÁg*wÄm�w�l p2_�dhiAv
g�o[p�s�e#u[p&l[cne*f�i�vÄl�b&° b&ch_�bAchi�` l p&g#e�i�w�q�t�e�u cnrhm#Ã�b�x±`
m�p�~�c wRj|m&e t lhe�f e ©=d _&d�a�b�fAk�e#x f�e�u b&l�~´p&c.d d{d
c.p�g�o�³�u[p�b�x�e*f�i�dUi�b�x¶tnbAl.p�i�` l w «

ρ
�
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Ω
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gnw;o.p¢e�t[l�b�u b�o b&c[p¢m ���[�#����d u che�q�a�i�e¡t�e�o ` a#bAc.c�e�b¢m�w�l p�~�bAc dhb¢c�b¢d�_�x±b&c#r b�i
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