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The difference equation
A%u(k) + p(k) [u(o (k)| sign u(o (k) = 0,

is considered, where 0 < A < 1,p: N — Ry,0 : N — N,o(k) > k+ 1 fork € N and the difference
operator is defined by Au(k) = u(k + 1) — u(k), A2 = Ao A. Necessary conditions are obtained for the
above equation to have a positive solution. In addition, oscillation criteria of new type are obtained.

Poszanadaemuca pisnuyese pieHAHHA
A%u(k) + p(k) [u(o (k)| sign u(a (k) = 0,

0)e0 <A< 1l,p:N—=>Ry,0: N — N,o(k) > k+10aak € N, pisnuyesuii onepamop susnaia-
emvca ak Au(k) = u(k + 1) — u(k) ma A®> = A o A. Ompumaro Heob6xiOni ymosu 0as iCHy8aHHA 00-
0ammo20 po36’a3Ky HA8eOeH0?20 PiBHAHHA. TaKoN 8CMAaH0B8.1eHO HO8I Kpumepii KOAUBAHHA PO3B A3KY.

1. Introduction. Consider the difference equation
A2u(k) + p(k)|u(o (k) Psign u(o (k) = 0, (L1)
where
p:N—-Ry, 0:N—=>N (1.2)

are functions defined on the set of natural numbers N = {1,2,...}, Au(k) = u(k+ 1) — u(k)
and A? = A o A. Everywhere below it is assumed that

ok)y>k+1 for ke N, 0< <1, (1.3)
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sup{p(k) : k > i} >0 for i€ N. (1.4)

For eachn € N denote N, = {n,n+1,...}.

Definition 1.1. Let ng € N. We will call a function v : N,, — R a proper solution of the
equation (1.1) if it satisfies (1.1) on Ny, and

sup {|u(i)| : i > k} >0 for any k € Ny,.

Remark 1.1. Let the condition (1.3) be fulfilled, kp € N and u : N, — R be a nontrivial
solution of (1.1). Then w is a proper solution. Indeed, if we assume the contrary, then there exists
k1 > ko such that u(k) = 0 when k& > ky and u(k; — 1) # 0. Since (k1 — 1) > kq, from the
equality

u(k +2) — 2u(k + 1) + u(k) = p(k)|u(o (k)| sign u(o(k)) = 0

we have u(k; — 1) = 0. The obtained contradiction proves that u is a proper solution of (1.1).
Therefore if the condition (1.3) is fulfilled, then the set of nontrivial solutions of (1.1) coinci-
des with the set of proper solutions. On the other hand, we can give examples of difference
equations with a nontrivial solution which is its nonproper solution.

Definition 1.2. We say that a proper solution w : N,, — R of (1.1) is oscillatory if for any
k € Ny, there exist ni,nas € Ny such that u(ni)u(ng) < 0. Otherwise the solution is called
nonoscillatory.

The problem of oscillation of solutions of linear difference equations has been studied by
several authors, see [1—-6] and references therein.

As to investigation of the analogous problem for equations of type (1.1) (0 < A < 1), to
our knowledge for them there have not been obtained results analogous to those known for
ordinary differential equations (see [7 8]). In this paper we will try to fill this gap for second
order difference equations with advanced argument.

Everywhere below it is assumed that the condition

+o0
> kp(k) = +o0 (1.5)
k=1

is fulfilled.

Remark 1.2. The existence of positive proper solutions of rather general functional-differen-
tial equations of higher order is well known (see e.g. Lemma 4.1 from [9]). We can analogously
prove the fact that if condition (1.5) is not fulfilled, then equation (1.1) has proper solution
satisfying the condition limy_, o, u(k) = ¢ # 0.

Analogous results for n-th order Emden — Fowler type differential equations are given in [8].

2. Some anxiliary statement.

Lemma 2.1. Let (1.2) - (1.4) be fulfilled and v : N,, — R be a nonoscillatory proper solution
of (1.1). Then there exists ky € Ny, such that

u(k) Au(k) > 0 for k € Ny, (2.1)
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Lemma 2.2. Let (1.2), (1.5) hold and v : N,, — R be a nonoscillatory solution of (1.1). Then

k
lim |u(k)| = +o0, limsup ’“(k” < +oo. (2.2)

k=00 k—+o0

We refer the reader to [3] for the proof of Lemmas 2.1 and 2.2.

Lemma 2.3. Let (1.2), (1.3), (1.5) be fulfilled and v : Ny, — (0,+00) be a positive proper
solution of (1.1). Then for any s € N there exists kg € Ny, such that

u(k) > psko(k) for k>ky, s=1,2,..., (2.3)

where

1

k +4oo 1-x
Lk (K) = ((1 =0 Zp(j)) ; (24)

i=ko j=i

k +oo

Ps ko (k) = Z Zp(]) (psfl,ko (U(Z)))A , s =23,.... (25)

i=ko j=i

Proof. Let u : N,,, — (0,+00) be a positive solution of (1.1). Then according to Lemma 2.1
there exists kg € N, such that (2.1) holds. Therefore, from (1.1) we have

+oo
Au(k) > p(i)ur(o(i)) for k € Ny, (2.6)
i=k
Consequently, by (1.3) and Lemma 2.1,
+oo
Au(k) > uMk+1)) p(i) for k€ Ny,
i=k

Thus, we have

b Auli) Bl
DGt 2 (Zp(j)) - @.7)
i=ko i=ko \ j=i

Taking into account that

u(i+1)
Au(i) = / ds and uwi+1) < s for u(i) <s < u(i+1),
(i)
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from (2.7) we have

k u(i+1)

k +o0
Z / s s > Z Zp(j) for ke N,.
i=ko Y. i=ko \ j=i
u(4)
Therefore
u(k+1) i Yoo
/ s Nds > Z Zp(j) for k€ Ng,.
u(ko) i=ko \ j=i

Hence it is clear that

ME+1) —u ko) > (1 Z(Zp ) for k € Ny,.

Thus, since A € (0,1), from the last equality we have

k 400
wk+1) = [ @=0)> | D op0) for k € Ny,. (2.8)

On the other hand from (2.6) we find

uk+1) > Z(Zp )

i=kog \ j=1%

Therefore, (2.8) and (1.3) obviously imply (2.5) forany & > kpand s = 2,3,....

The lemma is proved.

Let kp € N. Denote by Uy, the set of all proper solutions of (1.1) satisfying the condition
u(k) > 0for k € Ny,.

Lemma 2.4. Let ky € N and Uy, # &. Then forany A € [0,\] and s € N,

+00
SR (oo (k)2 plk) < +oo, (2.9)
where
+00 ﬁ
pr(k) = | (=2 [ D p() : (2.10)
i=1 \ j=i

k 400
ps<k> = Z Zp(]>p;\—1(g(.7)) ;s =23,.... (211)

i=1 \ j=i
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Proof. Let ng € N and U,, # @. Then (1.1) has a proper positive solution u :

Ny, —

— (0, +00). According to Lemma 2.3, there exist ky € N, such that the condition (2.3) is
fulfilled, where ps i, s = 1,2,..., is defined by (2.4) and (2.5). Therefore, by (2.1) and (2.6) we

have

k  +oo k +oo

u(k+1) > Y p()) > > p(i) i (0() w2 (o (5).

i=ko j=i i=ko j=t
Hence, by (1.3) we get

k  4oo

u(k+1) = > " p(j) p5k () w2 +1) = (k — ko) Zp 7) P5e (0 () w2 + 1),

i=ko j=1

k=ko+1,ky+2,....

If A = A\, by (2.2) and (2.12) we have
u(k+1)
E <= .

Let A < A Then by (2.12) we have

A=A
Ak+1) > (k- kokﬂ(zp 7) Pk (0 )”(aﬂ)) :

Hence
k DA 1) 0 (ol : k
| (7 + )psko( (7)) p(4) > Z(j_ko))\ ApsAko( (7)) p(4).
” (Z uA A (i 4+ 1) piy, (0 ('))W’)) =
Denote
+o0
= > WA+ 1) pi, (0(0) p(i).
i=j
Then from (2.14) we have
Eoa— s k
> KT 2 3G ko) A00) g (0(0)
Jj=ko J Jj=ko

(2.12)

(2.13)

(2.14)

(2.15)
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On the other hand,

. . k aj k aj
ZaJAaiH:ZajA/\/ dsgz /SA—AdS:

Jj=ko J Jj=ko a1 j=koaj+1

ako

1
A—X 1-A+A 1-A+A
_/s ds—il 3 (ako —a,] )—>
ap+1

1
— m a’];:o_)\-'_A for k; — +00.

Therefore, from (2.15) we have

400
> G = ko) 2p()) Py (0(j)) < oo for any A € [0, ). (2.16)
J=ko

According to (2.13) and (2.16), for any A € [0,\] and s € N (2.16) holds. Therefore, since

PS(k)
k——+o0 Ps,ko (k)

=1 for any kg€ N and s € N,

by (2.16) it is obvious that for any A € [0,\] and s € N (2.9) holds, which proves the validity
of the lemma.

3. Sufficient conditions for oscillation.
Theorem 3.1. Let the conditions (1.2) - (1.5) be fulfilled and for some A € [0, \] and s € N,

+oo
D 2030 (k) p(k) = 400, (3.1)
k=1

Then all solutions of (1.1) are oscillatory, where ps is defined by (2.10) and (2.11).

Proof. Assume the contrary. Then there exists ky € N such that (1.1) has a proper solution
u @ Ng, — (0,400) (the case u(k) < 0 is similar). Since the conditions of the Lemma 2.4
are fulfilled, for any A € [0,A] and s € N (2.9) holds, which condradicts (3.1). The obtained
condradiction proves the validity of the theorem.

Corollary 3.1. Let the conditions (1.2) — (1.4) be fulfilled and
+oo
> kP plk) = +oo. (3.2)
k=1

Then all solutions of (1.1) are oscillatory.

Proof. To prove the corollary, it suffices to note that according to (3.2) the condition (3.1)
holds for A = 0.
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Corollary 3.2. Let the conditions (1.2) — (1.5) be fulfilled and for some sy € N,

Zp pso = +00. (3.3)

Then all solutions of (1.1) are oscillatory.
Proof. 1t is obvious that by (3.3) for A = X and s = s the condition (3.1) holds.
Corollary 3.3. Let the conditions (1.2) and (1.3) be fulfilled and for some v € (0, 1)

ey .
lim inf & E_ p(j) >0 (3:4)
and
(1)
g p(k All*; = +4o0. (3.9)

Then all solutions of (1.1) are oscillatory.

Proof. 1t suffices to show that for sg = 1 (3.3) is satisfied. Indeed, according (3.4), there
exist kg € N and ¢ > 0 such that

Zp > ck™ for k€ Ny,.

Therefore, by (2.10) we have

k = % i+l T—x
(k) > <c(1—>\)Zi_”’> _ (mme/ ds) >
=1 3 i

i+1 = k+1 =
( (1—\ Z/s “’ds) = (c(lx)/sws) =

) <c<11_—$> ((k+1)17—1)>11A (k +21>1—1 (c(ll_—y)l* for k> .

v

where k; > ko is a sufficiently large natural number. Thus, according to (3.5) it is obvious that
for sp = 1 (3.3) holds, which proves the corollary.

Corollary 3.4. Let the conditions (1.2) and (1.3) be fulfilled and

n—-+0o0o

liminf &> " p(j) > 0, (3.6)
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(Ino (k)73 = +oc. 37
Zp

Then all solutions of (1.1) are oscillatory.

Proof. To prove the corollary, it is sufficient to note that according to (3.6), (3.7) implies
(3.3) for sg = 1.

Theorem 3.2. Let the conditions (1.2) - (1.5) and (3.4) be fulfilled and there exist « € (1,+0c0)
such that

lim inf Ulif) > 0. (3.8)

n—-+o0o

If, moreover, at least one the conditions

al>1 (3.9)
or
ad <1
and for some & > 0
X way
Sk e Ep(k) = 400 (3.10)
k=1

is fulfilled, then all solutions of (1.1) are oscillatory.

Proof. 1t suffices to show that the condition (3.3) is satisfied for some sy € N. Indeed,
according to (3.4) and (3.8) there exist « > 1,y € (0,1), ¢ > 0 and kg € N such that

Zp ) >ck™ for k€ N, (3.11)

and
o(k) > ck® for k € Ny,. (3.12)

According to (3.11) and (2.10), it is obvious that limy_, 1 o, p1(k) = +oc. Therefore, without loss
of generality we can assume that p; (k) > 1for k& € Ny,. Thus, by (2.10), (2.11) and (3.11) we
have

k k J+1 PR
p2(k) > 023_7—02j_7/d5 > CZ /s_'yds:
Jj=ko Jj=ko j J=ko
k+1
=c / s 7ds = —— ((k:-l—l)lf'y — kg 7)
ko -7
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Choose k1 > kg such that

pa(k) > K17 for k> k.

Therefore, by (2.11), (3.11) and (3.12) for s = 2,if A (1 —v) — v < 0 we have

cia(l—w)A +oo

k
p3(k) = Z (2(1_7) Zp(j) >
j=i

i=ko
e Ek: oA (1)~
AT
2O 2
1=ko
e - A(1=y)—v i
= T ds >
P 2 /
1=RKk0 i
JRED) koL A=)
> Sa v 'Yds .
=P /
1=R0 i
k+1
14X
= e K /5(1—’7)04>\—7d5 _
(2(1=7))
ko
Cl+>\ B
= (1=y)(1+ar) _ . A=y 1+ar)) _
i ran (Y o )

A=Y (1+aX)

— BT ) for k > ko, (3.13)

where k2 > kj is a sufficiently large natural number.
If \a(1 —~v) —~ > 0, then we have

SCEDS <2<1c—w>)kimw7/i ds =2

i=ko iz1

k

A
¢ Aa(l=y)—y g _
>c s ds =
B (2(1—7)> k/

0—

A
C e
= k(l—’)’)(l—i-a)\) — (ko — 1 1-7)(1+aN)) >
(57=) Tran ( (ko =1) )=

I Rl 3.14
> > .
- <2(1—7)> Ttarn rh=h (3.14)
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where k), > k; is sufficiently large.
Thus by (3.13) and (3.14) we have

1+ (1—y)(14aX)
€ ) E ™ ot k> ks,

Ky > [ —
pa )—(2(1—7) 1+ ax
where k3 = max{ks, k,}. Therefore, for any sy € N there exists ks, € N such that

c

. (1—y) (14+ar+...4+(ar)%0~2)
oro(k) 2 (2(1—7)(1+o¢/\+---+(04)\)50_2 '

>1+/\+...+/\So2

(3.15)
for k > ks,.

Assume that (3.4) holds. Choose sy € N such that (1 —«)(sop — 1) > 1. Then, according to
(1.5) and (3.15) it is obvious that (3.3) holds. In the case where (3.9) holds, the validity of the
theorem is proved. Assume now that oA < 1 and for some ¢ > 0 (3.10) is fulfilled. Choose

sp € N such that
1 €

l—aX a(l—7)

L+aX+...+ (aN)*o 2 >
Then from (3.15) we have
1=y _ e
pso(k) > cokT=ax"a  for k > ks,

where ¢y > 0. Therefore by (3.12)

ad(1—y)

P (0(k) > ek T

€

for k > ks,

where ¢; > 0. Consequently, according to (3.10), it is obvious that (3.3) holds.
The theorem is proved.
In a similar manner we can prove the following theorem.

Theorem 3.3. Let the conditions (1.2) - (1.5) and (3.6) be fulfilled and for some o > 0

liminf £~ *Ino(k) > 0.

k—+4o0

Then all solutions of (1.1) are oscillatory.
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