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In this paper, we prove the existence of three positive and concave solutions, by means of an elementary
simple approach, to the 2!" order two-point boundary-value problem

x (t) = alt)f(t,z(t),2'(t), 0<t<1,
z(0) = z(1) = 0.

We rely on a combination of the analysis of the corresponding vector field on the phase-space along with
Kneser’s type properties of the solutions funnel and the Schauder’s fixed point theorem. The obtained
results justify the simplicity and efficiency (one could study the problem with more general boundary
conditions) of our new approach compared to the commonly used ones, like the Leggett— Williams Fixed
Point Theorem and its generalizations.

3 00nOMO2010 enemMeHmMapHO20 NIOX00Y 00 080MOUKOBOL 2PAHUYHOL 3a0a1i OPY2020 NOPAOKY
z () = alt)f(t,z(t),2'(t), 0<t<1,
z(0) = z(1) = 0,

008€0eHO ICHYBAHHA MPbOX 000AMHUX Ma 82HYMUX p036’a3Kie. [Ipu ubomy 8UKOPUCAHO AHAAI3 8I0-
HOBIOHO20 BEKIMOPHO20 NOAA HA (PA308OMY NPOCMOPI, KHECCePOBCbKI 8AACNUBOCHE MHOXCUHU PO38’A3-
kie ma meopemy Illlayoepa npo nepyxomy mouky. Ompumani pe3yabmamu nNOACHIOIOMb APOCMOMY
ma egpekmusHicms po3pob.aeH020 HOB020 NIOX00Y (MONHCAUBICIL BuGUamU 3a0aty 3 Oinbll 3a2aAbHU-
MU 2PAHUYHUMU SHAYEHHAMU) 8 NOPIBHAHHI 3 MEMOOAMU, ULO BUKOPUCMOBY8AAUCA PAHIULe, HANPUKAAO
meopenmoio Jlozeemm ma Binvamca npo Hepyxomy mo4xy ma ii y3az2aibHeHHS.

1. Introduction. In the past 20 years, there has been much attention focused on questions of
positive solutions for diverse nonlinear ordinary differential equation, difference equation,
and functional differential equation boundary-value problems without dependence on the first-
order derivative. To identify a few, we refer the reader to [15, 16] and references therein.
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The problem of existence of positive solutions for boundary-value problems generated by
applications in applied mathematics, physics, mechanics, chemistry, biology, etc. was extensively
studied in the literature, for details see the bibliography of this article. The main tools used
are fixed-point theorems, such as the well known Guo—Krasnosel’skii fixed-point theorem in
a cone. For example in [10, 14], this theorem plays an extremely important role. Fixed-point
theorems and their applications to nonlinear problems have a long history some of which is
documented in the recent book by Agarwal, O’Regan and Wong [1] which contains an excellent
summary of the current results and applications.

Concerning the question of multiplicity of solutions, most of the work done is based on the
well known Leggett — Williams Fixed Point Theorem [15]. Especially, an interest in triple soluti-
ons evolved from that theorem. Lately, several triple fixed-point theorems have been establi-
shed. See for example, Avery [2], Ren et al. [19] and Avery and Peterson [5] where such tri-
ple fixed-point theorems were applied in order to obtain triple solutions of certain boundary-
value problems for ordinary differential equations as well as for their discrete analogues. Also
recently, some new fixed-point theorems of cone expansion and compression of functional type,
due to Avery and Anderson (see [3]) have been proved. A different extension was given in [12].
Karakostas in [12], using the Leggett— Williams fixed point theorem in a cone proved the exi-
stence of triple positive solutions for a boundary-value problem governed by the ¢-Laplacian
when the boundary conditions include nonlinear expressions at the end points. Also we refer to
the work in [13], where existence results for a countable set of solutions of a nonlocal boundary-
value problem were obtained.

All of them can be regarded as extensions of the Leggett — Williams fixed-point theorem and
Guo—Krasnosel’skii fixed-point theorem. We notice however that, the most of the works on
positive solutions was done under the assumption that the first order derivative is not involved
explicitly in the nonlinear term. On the other hand the multiplicity of positive solutions with
dependence on derivatives is considered in very few cases, see [11]. For other literature regar-
ding the existence of triple solutions, that are not necessary positive, we refer reader to [5].

In [6] Bai, Wang and Ge using a fixed-point theorem of Avery and Peterson [5], obtained
sufficient conditions for the existence of at least three positive solutions for the equation

2”(t) + q(t) f(t,2(t),2'(t)) = 0
subject to some boundary conditions. In [7] Bai and Ge generalized the Leggett—Williams
fixed-point theorem and proved the existence of triple positive solutions for the second-order
two point boundary-value problem

2'(t) + f(t,z(t),2'(t)) =0, 0<t<1l, =(0)==z(1)=0. (E)

Bai and Ge assumed except the positivity of the nonlinearity, that there exist constants ro >
>4b > b > ry > 0and Ly > Ly > 0such that 8 < min{rs, L2}, and

f(t,u,v) < min{8r1,2L1}, (t,u,v) € [0,1] x [0,r1] x [—L1, Lq],
Fltu,v) > 166, (Hu,0) € Bﬂ « [b, 48] x [~ Ly, L), (Ao)
f(t,u,v) < min{8ry,2Ls}, (t,u,v) € [0,1] x [0,72] X [—La, La].
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Motivated, by the above work and especially by the last two papers, we obtain sufficient
conditions for the existence of triple positive solutions of the simple boundary-value problem
(E). Although the conditions are very similar (actually a little bit more strict) than those in [7],
the proposed approach is quite different and very simple as it is of geometrical nature. Actually,
we use the flow generated by (E) (see Remark 1) and reduces boundary-value problem to the
algebraic problem of determining the initial values of solutions from the boundary conditions.
It turns out that such an approach, applied to a broad class of boundary-value problem, consi-
derably simplifies the proofs. We use a combination of the Schauder’s fixed point theorem, the
associating Green function and the Kneser’s property (the cross-section of the solutions funnel
is a continuum) under the light of the associated vector field.

We assume that the nonlinear function f is continuous and

f(t,u,v) > 0, for almost all ¢ € [0,1], and any >0 and v € R. (A1)

As we mentioned above, the presence of v in f(t,u,v) causes some difficulties. We overcome
this predicament, by modifying below suitably the assumption (Ay).

Remark 1. We notice here that the differential equation (E) defines a vector field, the
properties of which will be crucial for our study. More specifically, let’s look at the (z, 2’) face
semi-plane (z > 0). By the sign condition on f, we immediately see that 2” < 0. Thus any
trajectory (x(t),2'(t)), t > 0, emanating from the semi-line

Ey = {(z,2') : 2’ > 0,2 = 0}

"evolves"in a natural way (when 2/(t) > 0), toward the positive z-semi-axis and then trends
toward the negative z’-semi-axis. Lastly, by setting a certain growth rate on f (say superlineari-
ty) we can control the vector field, so that some trajectory satisfies the given boundary condition

z(1) =0

at the time ¢ = 1. These properties will be referred as "The nature of the vector field” throu-
ghout the rest of paper.

So, the technique presented here is different to that given in the above mentioned papers,
but very close to the one given in [18]. Actually, we rely on the above "nature of the vector
field"and on the simple shooting method. Finally, we refer for completeness the well-known
Kneser’s theorem (see for example the Copel’s text-book [8]) as well as the Schauder’s fixed
point theorem.

Theorem 1. Consider a system
¥ = fte, ), (La,a) € Q= [a,f] x R, (L1)

where the function f is continuous. Let Eo be a continuum (compact and connected) set in )y :=
= {(t,z,2") € Q : t = a} and let X(FEy) be the family of all solutions of (1.1) emanating from
Ey. If any solution x € X (Ey) is defined on the interval [, 7|, then the set (cross-section at the
point T)

X(r; Ey) = {(I(T),x/(T)) Lz e X(EO)}

is a continuum in R?".
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Theorem 2 (Schauder’s FPT). If X is a Banach space, C C X is nonempty, bounded, closed
and convex and T : C' — C'is completely continuous, then I' has a fixed point.

2. Main results. We are concerned with the existence of triple positive solutions for the
second-order two point boundary-value problem (E), where f : [0, 1] x [0,00) x R — [0,00) is
a continuous function.

Let X = C*{0,1] be endowed with the ordering = < y if 2(t) < y(t), forallt € [0,1],
and the maximum norm, ||z|| = max{maxo<;<1 |z(t)|, maxo<¢<1 |2/ (¢)|}. From the fact 2" (t) =
= —f(t,z,2") < 0, we know that z is concave on [0, 1]. So, we define the cone P C X as

P ={z € X|z(t) >0, z is concave on [0,1]} C X.
Denote by G(t, s) the Green’s function for the boundary-value problem

2'(t) =0, 0<t<l,

[ tl-9), 0< s <1,
Glt.s) = { s(1—t), 0<s<t<1
Let
3/4 3/4
. 1 3 1
0 = min /G<4,s> ds,/G<4,s> ds 16
1/4 1/4
We set now
O, u < O, _L27 v < _L27
w=<¢ u 0O0<u<ry, and v* =< v, —Ly < v < Lo,
ro, T2 < U, LQ, Ly < v,
and consider the modified boundary-value problem
2"(t) + g(t,z(t),2'(t)) =0, 0<t<1, =x0)=uz(1)=0, (2.1)

where
g(t,u,v) = f(t,u*,v%), (t,u,v) € [0,1] x R

Remark 2. 1t is obvious that the map g is nonnegative and satisfies the conditions (A;) —(As)
below, on the entire region [0, 1] x R2.

Theorem 3. Suppose that there exist constants L1, Ly and ro > b > r1 > Ly > 0, such that

2 2
% b> Ly > ?—5 b, 8b > 1, and the following assumptions hold:
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(Al) f(t,u,v) < min{8T172Ll}a (t’u7v) € [07 1] X [0,7"1] X [—Ll,Ll];
3L 13
(Ag) f(t,u,v) > 24b+ —= 2 , (tyu,v) € [4,4
(As) f(t,u,v) < min{8ry, Lo}, (t,u,v) € [0,1] x [0,72] X [—La, La].
Then, the boundary-value problem (F) has at least three positive and concave solutions x1,
xo and x3 satisfying

:| X [b, 4b] X [*LQ,LQ];

< < Ly;
g <o g ) < by

b< min x9(t) < max z2(t) < r2, max |z5(t)| < Lo;
1/4<t<3/4 0<t<1 0<t<1

< < Lo.
g2, 7o) < 4. gua, Ik (0] < Lo

Proof. 1t is well known that the Problem (E) has a solution x = z(¢) if and only if x solves
the operator equation

1
(1) = Ta(t) = / Gt 5) (s, 2(s), 2/(s)) ds
0

and that 7' : P — X is completely continuous.
Consider the set

Q= {xeP: max z(t) <7 and 0 < max\x()\ SL1}~
0<t<1 0<i<

By the positivity of the functions G(t, s) and f(¢,u,v), we immediately get that 7" : P — P.
Furthermore we will show that 7'(2) C Q. Indeed, for any z € 2, by the assumption (A;), we
get

max T'z(t) maX/Gts s, x(s), x ())dsSSrlmaX/G(t,s)ds:
0<t<1

In view of Remark 1 and the inequality
(Tz)"(t) = —f(t,z(t),2'(t)) <0, 0<¢<1,

the map (7'z)’(t) is decreasing and thus maxo<;<1(7z)’'(t) = max{|(Tx)(0)],[(Tx)'(1)|}. Con-
sequently,
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t 1
max |(Tz) (t)| = max —/sf(s,x(s),x'(s)) ds+/(1—s)f(s,x(s),x’(s))ds =
0 t

0<t<1 0<t<1

1 1
= max {/sf(s,:v(s),x'(s)) ds,/(l - s)f(s,m(s),w’(s))ds} <
0

0

1 1
1
2L1max{/sds,/(ls)ds} < 2L1§ = L.
0 0

Thus 7(Q2) C Q. In addition, the set 2 is nonempty, bounded, closed and convex. Thus by
the Schauder’s fixed point Theorem 2, we conclude the existence of a solution x; €  of the
boundary-value problem (E).

Consider now the boundary-value problem (2.1), as well as the initial value problem

IN

2" (t) +g(t,z(t),2'(#)) =0, 0<t<1, x(0)=0, 2'(0)=¢>0. (2.2)

For ¢ = Lo, via the Taylor’s theorem, the assumption (A3) and the definition of the modification
g, we getar € [0,1] such that

2(1) = 2/(0) — ég (r(r), 2! (7)) = I = 22 > 0, 2.3)

L
Similarly for £ = 4b + §2 and any x € X([{, Lo]) we have

(N = (Hro-(3) (1) staenae) =

1 Lo 1
> () (4b+2) = —— Ly, =b. :
—<4)<b+ 8) s16 2 =" 24
Letz € X(§). Then we obtain an o € [O, 1) such that z(a) = b. We assert that
3

3
Indeed, supposing on the contrary that z <4> > b, we get via the assumption (Aj), the
contradiction

3 Ly\ 1 [/1)? 3Ly\
<b+4<4b+8>—2<2> <24b+4>—
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On the other hand, we have for any z € X'(Ls),

. (i) _ Zx’(O) _ % <j)29 (r,2(r), (1)) > zLQ —% <Z>22L2 > b,

2
given that Ly > ?—5 b.

L
Thus, by the Kneser’s property and (2.4), we obtain a point §; € (46 + 32, Lg) and x €

€ X (&) such that
13 3

> == —] =0

z(t) > b, te <4, 4) and =z <4) b
Moreover, by the monotonicity of 2’(t), we conclude that
3 1 1 1 3Ly 1
/ / /
x <4> x <4> 59 (r,2(7),2'(1)) < Lo 5 <24b—|— 5 > 1 Ly —12b

2
Consequently, since Ly < % b, the above solution z € X'(§) satisfies in addition

(1) = o (i) Y (i) -3 <i>2g (r.2(r),2'()) <
b+ % (iLg - 12b> - % <i>2 <24b + 3?) <0. (2.6)

Applying now the Kneser’s Theorem 1, in view of (2.3) and (2.6), we obtain another soluti-

onzy € X((§o,L2)) C X <[4b + %, Lg]) of the boundary-value problem (2.1). Following

IN

similar resonance, as for the previous solution x; (t), we may easily prove that
0<uaz9(t) <ry and — Lo <ah(t) < Ly, 0<t< 1.

Thus x2(t),0 < t < 1, is actually a solution of the initial boundary-value problem (E).
Furthermore, we assert that

i t) > b. 2.7
1/421;13/4%2()_ (2.7)

L 1
Indeed, since (2.4) is true for any z € X ([M) + %, L2:|) , we obviously have x5 <4> > b

13
and assuming on the contrary that there exists § € (4, 4) such that z5(/3) = b and of course
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3
To (4) < b, we get

1 B
/G (s,22(8),25(s))ds == /G (s,22(8), 75(s)) ds+
0

0

+/1G (s, x2(s5), 25(s)) ds > i G(B,5)f(s,z2(s), ¥5(s5)) ds >
B 1/4
>ia< > (s, 2a(s), @ ())ds>116<24b+3£:2)>b,

1/4

a contradiction.
We seek now for the third solution z3(¢). The existence of z3(t¢) follows directly by (2.6) and
since, by Remark 2, for any x € X (Ly),

2(1) = 2/(0) — %g (r,a(r),2'(r)) > dr, — %Sn —0.

The application of the condition (A1) is possible, since for any x € X'(L;),
(z(t),2'(t)) € [0,71] x [=Ly,L1].
In fact, let’s assume that there exists a 7 € [0, 1] such that
0<z(t) <z(r)=mr, 0<t<T,

and then, in view of the vector field, we know that
0<a'(t) <Ly, 0<t<T

Consequently, we get the contradiction
1 2 /
r1 =x(1) = 7L — 379 (1,2(7),2'(1)) < 7Ly < Ly.

Then the Kneser’s theorem may be applied once again to get a solution x3 € X ((L1,&o)).

L
We notice that since L1 < 4b+ §2, clearly z3 is different than the other two obtained solutions

I and 9.
We replace now the set €2 by the next one:

O = {x € P: max z(t) <rg and — Ly < max /() < Lg}.
0<t<1 0<t<1
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Then obviously 7'(2*) C Q*, and by the formula

£(t) = / G(t,5)f (s, 2(s),2'(s)) ds,
0

we conclude that z3 is actually a solution of the original boundary-value problem (E).
Theorem 3 is proved.

Remark 3. In view of (2.5), we may choose the initial value &, as a minimal one, in the sense

that any solution x5 € X ((L1,&p)) of the boundary-value problem (E) satisfies the inequalities

tIél[g:}li] x3(t) < Lo and a:en[llinﬂ x3(t) < b.

i
Because of the additional relation
CEE (t
min x — max I
me[l 3} 3 ~ 4 tefo,1) 3

we immediately conclude that max;cg 1) ¥3(t) < 4b.
Finally we present an example to illustrate our results.

Example 1. Consider the boundary-value problem (E), where

u3 v o\2 1
i f < - <70
T (3200) ! or u= gy ol = 70,
5114.6u — 159.81 + (o )2 for ~ <u< -4 |o| <70
o ' 3200/ 32 = U =op W=

f(t,u,v) =
53.338 + (o )2 for — <u< - Jo <70
' 3200/ 94 = U=y W=
53.29 + 0.06 +( C )2 for - < <120, |o| <70
. . u 3200 y (0) 24 S U S y V| = .
1 1 352 L
Choose L1 = —,r = 32’ b= TR r9 = 120 and Ly = 70 < & Then the nonlinearity

satisfies the assumptions (A1) —(As), namely

1/1\%1 640 \ 2
¢ <o (=) L (2 in{8rq. 20} <
Fltuwv) < 5 (32) 32 " (3200> < min{8ry, 201} <

L
4’
1 1 1
1 - - | .
(o) € 010 oo < |- i

3L
F(t,u,v) > 53.338 > 24b + TQ — 53.25,
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13 1 1

(t,u,v) € [474} X [24’6] x [=70,70];

f(t,u,v) < 53.338 < min{8ry, Lo} = 70,
(t,u,v) € [0,1] x [0,120] x [—70,70].

An application of Theorem 3, guarantees the existence of three positive solutions z1, x2, x3
such that

0< (t)<1 1<’(t)<1 0<t<1
=MW =5y e =MW = Gy ’
1
— < min 5(t) < max mo(t) < 120, —-70 < z)(t) <70, 0<t <1,
24 7 1<l 0<t<1
4 /
0<ay(t) < 5p —T0<a(t) <70, 0<t<l

Remark 4. The proposed method except its simplicity, has several advantages. For example
the well-known upper-lower solutions method requires a Nagumo type growth rate in the thi-
rd variable of the nonlinearity [21]. In order to avoid such a restriction, in several previous
papers [1-5, 17,20] the nonlinearity does not depends on it. Mainly, we may study more general
boundary value problems, as we indicate in the next remark (see also [9]).

Remark 5. By the above analysis, it is obvious that we are able to replace the boundary
conditions in (E), for example, by the next ones

az(0) — B2'(0) = 0, ~x(1)+d2'(1) = 0,

under the assumption
ab— Ly > 0> ~b— L.
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