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SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS OF FUCHSIAN
TYPE WITH FOUR SINGULARITIES
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We study a system of linear singularly perturbed functional differential equations by the method
of integral manifolds. We construct a change of variables that decomposes this system into two
subsystems, an ordinary differential equation on the center manifold and integral equations on
the stable manifold.
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Consider a second order linear differential equation,
y" +p(@)y +a(z)y =0, 1

where p(x) and ¢(x) are arbitrary analytic functions. Given the initial conditions x = =y,
y(zo) = yo, ¥ (z0) = yi, suppose we know a particular solution of the equation, y;(z). Let
any other solution, which is linearly independent of y;, be given by the formula

y = &{(z)y1. (2)

By differentiating (2) along the solution y;, we successively find that

26"y + (€ + &My = 0, 3)

(36" =€) + (" + '€ —2¢¢" + ")y = 0. )

Eliminating the variable y; (x) and its derivative from equations (3) and (4), we get the Schwarz
equations for determining the function &(x),

"4 (p?+2p —4q)€” = 0. (5)

26/¢" — 3¢
By setting
¢=mn  n=uwny (6)
in (5), to find the function w(x), we get the Riccati equation

2w’ = w? — (p* +2p' — 4q). (7)

It follows from (6) and (7) that, in order to find a general solution of equation (1), it is suffi-
cient to find a particular solution of equation (7). In the sequel, we consider equation (1) as a
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Fuchsian type equation with four singularities located in the points x = 0, a1, a2, andin z = oo
(a1,a2 # 0,a1 # a9) and written in the form

v TP APz +pr @zttt + it + gz + g
x(z —a1)(z — ag) 22(x — a1)?(x — ag)?

= 0. (8)

The constant coefficients py and g, & = 0,4, must have the following form in this case [1]:
Po = a1 + az + as,
p1 = —(az + aza; + as(a; + az)), )
p2 = agzaraz, o =1—pr —pr2, k=123,

and

g0 = Ba, ¢t =b— (a1 +a2)fs, @2 = 1+ P2+ B3 + arazBs — (a1 + a2)b,

g3 = —praz — Pear — Pa(ar + az) + bajaz, g1 = Pzaras,

(10)
B = puprzai(ar — az), B2 = pa1praz(az — a1),
Bs = ps1ps2ai1az, Ba = po1poz;
where b is the accessor coefficient and the following Fuchsian condition holds:
3
> (1= pr = pr2) =2, (11)

k=0

where pg; and pge are exponents with respect to the point z = oco.
Let us look for a solution of (7) in the form

2
w — VX + V1T + U2 ‘ (12)
z(x —ay)(x — az)

Substituting (12) into (7) we find

2(—v0m4 — 2v2° + (voaras + vi(aj + ag) — 31}2):132

+ 2v9(a1 + a2)z — voaias)
= (voz® + v1z + v2)* — (pox® + P12 + p2)?
+ 4(q0$4 + q1x3 + q2x2 + g3+ qq) — 2(—p0m4 — 2p1x3

+ (poaraz + pi(ar + az) — 3p2)z® + 2pa(ar + a)x — paaras). (13)
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Using (13) we get the following system for finding the unknowns vy, v1, and vs:

(vo+1)* = p§ — 4q0 + 1 — 2py, (vo +2)v1 = (po — 2)p1 — 241,
2(voaraz + vi(ay + az) — 3v2)
= v + 20902 — P — 2pop2 + 4q2 — 2(poaraz + p1(ar + az) — 3p2), (14)
2va(a1 + az) = viva — p1p2 + 3¢3 — 2p2(a1 + az),
v3 + 2u9a1az — p3 + 2peajas + 4q4 = 0.

Using notations (9), (10) and identity (11) we find from the first equation of system (14) that
vo = €1(po1 — poz) — 1, el = 1. (15)
Similarly, from the fifth equation of system (14) we get
vy = (e2(ps1 — p32) — 1)ayae, e2 = 1. (16)
The second and the fourth equations of system (14), with the use of (15) and (16), become

(e1(po1 — po2) + L)v1 +2b = 1101 + Y1202,

(17)
(e2(p31 — p32) — L)1 +2b = 2101 + Y202,
where
11 = ap(ae + as) + 284, Y12 = ag(ar + az) + 284,
o1 = 2(e2(p31 — p32) — 1) + ag(ao + 1) + 2(ps1ps2 + p11piz — p21p22), (18)
Y22 = 2(e2(ps31 — p32) — 1) + az(ao + az2) + 2(p31p32 — pr1p12 + p21p22)-
Using system (17) we find that
[e1(po1 — po2) — €2(p31 — p32) +2Jv1 = (y11 — Y21)a1 + (Y12 — Y22)as
and if
6 = e1(po1 — poz) — €2(p31 — p32) +2 # 0, (19)
then
1
v = g[(’m —21)a1 + (12 — y22)az2l, (20)
b = %[(81@01 = po2) + 1)y21 — (e2(ps1 — ps2) — Dylan
+i[(61(P01 = p02) + 1)y22 — (e2(p31 — p32) — ) mzlas. (21)

20
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The third equation of (14) becomes
(v1 — a1 — a2)? — (p1 + a1 + a2)* = 2(araz — va)vg — 6V + 2po(p2 + araz) — 6pa — 4go,
or using notations (9), (10) and identities (11), (20), and (21) we get
koa? + 2kiaias + kea3 = 0, (22)
where

ko = (711 — 21 — 6)% — (a9 + a3 — 1)26% + 4py1p120°

— 20[(e1(po1 — poz) + 1)y21 — (€2(p31 — p32) — 1)1l
k1= (11— 2 — 0) (2 — 22 — 0) — (a2 + a3 — 1) (o1 + a3 — 1)6°

+2(p31p32 + porpoz — priprz — p21p22)0” — S[(e1(por — poz) + 1) (721 + Y22)

— (e2(p31 — p32) — 1)(m1 + 72)]

— [26 — e1£2(po1 — po2)(ps1 — ps2) — ez — ag — ag — 1]6%, (23)
ko = (12 — 22 — 0)° — (1 + a3 — 1)%6°

+ 4219220 — 26[(e1(po1 — po2) + 1)y22 — (€2(p31 — p32) — 1)712).

Equation (22) is a condition imposed on the coefficients of equation (8) so that the function
given by (12) is a partial solution of equation (7). Considering (22) as a quadratic equation for
the unknowns ag, £ = 1,2, we should keep in mind that its roots, \;, k£ = 1,2, as follows from
the sense of the problem, must be distinct and nonzero. Suppose we found from (22) that

ay = )\kag, k= 1,2, )\k 75 1. (24)

Represent the particular solution (12) of the Riccati equation (7) as

2 .
VoT” + V1T + U _nmr2 " (25)
z(x —ay)(x — ag) xr T—ay T—a
To evaluate the unknowns r, k = 1,2, 3, (25) gives the system
r1+ 712+ 713 = e1(po1 — po1) — 1,
1
(r1+r3)ar + (r1 +r2)ag = 5[(721 —mi)ar + (22 — m12)az), (26)

r1 = e2(p31 — p32) — 1.
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Using (24) we find from system (26) that
ro = 0—2— r3,
where

1 1

1
— (o1 — 1) A + = (2 — 2_5
r3 N1 5(721 Y11) Ak + 5(’)’22 Y12) +

— (14 M) (e2(ps1 — p32) — 1) |-

Let us set, in equation (7),

r1 T2 3
W=+

+
X r — al r — ag

+V.

To find the function V', we have the following equation:

v =V (D2 By,
x r — al r — ag

from which we find that

22" (x — a1)"(x — ag)"™

V pu—
Cy— [am(x —a1)2(x — ag)™ dz’

and, consequently,

r T r 20" (x — a1)"2(x — ag)™
W:i_‘_ 2 3 ( 1) ( 2)

T x—a1+x—a2 Cl_fle(x_al)Tg(x_ag)ngx'

By substituting (29) into formulas (6), we find

2" (x —a1)"?(x — ag)"™

[Cl — [am(z —a1)2(x — az)™ dx]2 7

n(z) = Cs

1
—Cy+ [a"(x —a1)2(x — ag)"3 dx

f(l‘) = C3+ 0y

Now, using equation (3) find y; (z). Namely,

yl(.%‘) = Qx—%(h-‘roq)(w — al)_%(m"'o‘?)(x _ aQ)—%(T:s-‘roB)

(27)

(28)

(29)

(30)

(1)
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Substituting (30) and (31) into formula (2) we finally find that

y(r) = &(z)yi(e)

- %(r1+a1)(m _ al)f%(rfraz)(x _ a2)f%(r37a3)
X [C +Cy /x”(x —a1)?(x —ag)dz|, (32)

where C' and (] are new arbitrary constants.
The preceding gives the following theorem.

Theorem. For equation (8) to have a general solution of the form (32), it is sufficient that 1)
the accessor coefficient b have the form (21) and 2) its coefficients satisfy the condition (22).

Together with equation (8), consider the related Heun equation

p, @+ B+’ —fa(v+d)+a+B-d+1z+ay ,
y + Yy
z(z —1)(z —a)

(afx —q)

x(z—1)(x — a)y =0 (33)

the coefficients of which, as opposed to the coefficients of (9) and (10), have the form

Po :CY+B+1, b1 = _[a(’7+5)+a+ﬁ_5+1}7p2 =avy, a1 = 17 a2 = a, (34)

g =af, ¢ = —(a+1)aB —q, ¢2 = aaf + (a+1)q, g3 = —aq, ¢ = 0. (35)

Using the structure of the general solution of equation (8) in the form (32), a particular solution
of (33) is sought in the form

y1 = 2% (x — 1)%2(z — a)®, (36)

where the constants s1, so, s3 are to be found. From (36) we get
S S s
y = <1 + ) Y,
T r—1 x—a

2
S1 S9 S3 S1 S2 53
(m+m—1+x—a> ($2+($—1)2+($—G)2>]y.

(37)

"o
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Substituting (37) into (33) we get the system

(s14 82+ 53)° + (po — 1)(s1 + 52+ 83) + 90 = 0,
2s1(s1 —1)(a+1) + 2asa(s2 — 1) +2s3(s3 — 1) + 2s152(2a + 1)
+2s9s3(a+ 1) + 2s183(a + 2) + pol(a + 1)s1 + ass + s3]
—p1(s1 +s2+s3) —q1 =0,
s1(s1 — 1)(a® + 4a + 1) + sa(so — 1)a® + s3(s3 — 1) + 2s152(a® + 2a)
+2s983a + 25183(1 + 2a) + ppasy — p1[(a + 1)s1 + asa + s3]

+p2(s1 + 82+ 83) + g2 = 0, (38)

251(s1 — 1)(a2 + 2a) + 2515902 + 281530 — pras;

+p2((a +1)s1 + asg + s3] — g3 = 0,

s1(s1 — 1)a? + poas; = 0.
It follows from the first and the fifth equations of system (38) that
1) either s; + s9 + 53 = —q,
2) orsi;+ss+s3=—0and (39)
3) eithers; =0, 4)ors; =1—1.
The fourth equation of system (38) defines the accessor coefficient g,
q = —[2s1(s1 — 1)(a +2) + 2s152a + 25153 — s1p1 + Y((a + 1)s1 + asa + s3)]. (40)
Substituting (40) into the second equation of (38) and setting
SS9 = h — S1 — 83, (41)

where h equals either —a or — 3 we find that

(251 —2h+ 5 —a— B+ 1)(a— 1)y = [2(s1 — h)(h — 1) + hly — po)la

+3s7 — (2h+ 1)s1 + (v — po)s1 + p1(h — 51). (42)
Assume that, for any choice of s; and h, the quantity

251 —2h+v—a—B+1#0. (43)
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Note that, if @ # 1, then assuming that the condition (43) holds, the quantities s, s9, and s3
can be uniquely expressed in terms of the parameters «, 3, v, §, and a using formulas (39),
(41), and (42). Substituting their values into the third equation of system (38), the condition
implies that equation (33) has a particular solution of the form (36). Then the general solution
of equation (33) will be

y = o (@ — 1)%(z —a)

« [Cl LGy / 272 (3 — 1)722 (g — )2 exp (- / () d:v) d:z:] | (44)

The cases where the condition (19) or (43) is violated and the comparison of general solutions
of the forms (32) and (44) are not considered in this paper.
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