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Àíàë³ç ðóéíóâàííÿ òðèâèì³ðíî¿ ôóíêö³îíàëüíî-ãðàä³ºíòíî¿ áàãàòîøàðîâî¿

áàëêè

Â. ². Ð³çîâ

Ôàêóëüòåò òåõí³÷íî¿ ìåõàí³êè, Óí³âåðñèòåò àðõ³òåêòóðè, öèâ³ëüíîãî áóä³âíèöòâà òà ãåîäåç³¿,

Ñîô³ÿ, Áîëãàð³ÿ

Àíàë³òè÷íî âèâ÷åíî ðåæèì ðóéíóâàííÿ ïðè â³äøàðóâàíí³ äëÿ òðèâèì³ðíî¿ ôóíêö³îíàëüíî-

ãðàä³ºíòíî¿ áàãàòîøàðîâî¿ áàëêè ïðè âèçíà÷åíí³ çñóâó íà íàïóñòêó ç òð³ùèíîþ íà îñíîâ³

ðîçðàõóíêó øâèäêîñò³ âèä³ëåííÿ åíåðã³¿ äåôîðìàö³¿ ç âèêîðèñòàííÿì ìåòîä³â ë³í³éíî-ïðóæíî¿

ìåõàí³êè ðóéíóâàííÿ. Áàëêà ìîæå âêëþ÷àòè â ñåáå äîâ³ëüíó ê³ëüê³ñòü øàð³â, êîæåí ç ÿêèõ ìàº

ð³çí³ òîâùèíó ³ âëàñòèâîñò³ êîìïîíåíò³â. Ìàòåð³àë êîæíîãî øàðó ôóíêö³îíàëüíî-ãðàä³ºíò-

íèé ïî øèðèí³, òîâùèí³ ³ äîâæèí³. Òð³ùèíà â³äøàðóâàííÿ ðîçòàøîâàíà äîâ³ëüíî ïî âèñîò³

áàëêè. Øâèäê³ñòü âèä³ëåííÿ åíåðã³¿ äåôîðìàö³¿ îòðèìàíî øëÿõîì àíàë³çó ¿¿ ãóñòèíè ó ïîïåðå÷-

íîìó ïåðåð³ç³ áàëêè ïåðåä ³ çà ôðîíòîì òð³ùèíè. Äëÿ âåðèô³êàö³¿ ¿¿ äîäàòêîâî ïðîàíàë³çîâàíî

çà äîïîìîãîþ åíåðã³¿ äåôîðìàö³¿ áàëêè. Îö³íåíî âïëèâ ãðàä³ºíòà ìàòåð³àëó ³ ðîçòàøóâàííÿ

òð³ùèíè ïî âèñîò³ áàëêè íà ðåæèì ðóéíóâàííÿ ïðè â³äøàðóâàíí³.

Êëþ÷îâ³ ñëîâà: ôóíêö³îíàëüíî-ãðàä³ºíòí³ ìàòåð³àëè, ë³í³éíî-ïðóæíà ìåõàí³êà ðóéíó-

âàííÿ, áàãàòîøàðîâ³ êîíñòðóêö³¿.

Introduction. Since their introduction in the mid 1980s, functionally graded materials

have become a promising alternative to laminated composites [1–8]. This is due to the fact

that by gradual variation of material constituents composition in functionally graded

materials, the interface stress concentrations are avoided, in contrast to laminated

composites [9–11]. In this way, failure performances are improved. At the same time the

variation of material properties in one or more spatial coordinates can be designed so as to

achieve the optimum performance of members and components made of functionally

graded materials to the external loads and influences. An important consideration in safety

design of functionally graded materials is their fracture behavior. That is why fracture

mechanics of these novel materials has received significant attention from the academic

circles [12–17]. In spite of that, there are crack problems which have not been researched

sufficiently. One of these problems is delamination in three-dimensional functionally

graded multilayered beams.

Therefore, the main purpose of present paper was to perform an analytical study of

delamination fracture in the multilayered crack lap shear (CLS) beam configuration

assuming that in each layer the material is functionally graded along the width, thickness

and length of layer. The fracture was studied in terms the strain energy release rate by

analyzing the strain energy densities in the beam cross sections ahead and behind the crack
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front. The solution derived was applied to perform the parametric analysis, in order to

evaluate the influences of material gradient and crack location on the delamination fracture.

1. Delamination Analysis in Terms of the Strain Energy Release Rate. The

multilayered functionally graded CLS beam configuration analyzed in the present paper is

shown schematically in Fig. 1. The beam is built up by an arbitrary number of horizontal

layers. A perfect adhesion was assumed between layers. The beam cross section is a

rectangle of width b and height 2h. The beam length is l. A delamination crack of length a

is located arbitrary along the beam height. The lower and upper crack arm thicknesses are

h1 and h2, respectively. The loading consists of a horizontal force F applied at the free

end of lower crack arm (Fig. 1). Thus, the upper crack arm is free of stresses. The beam is

clamped in section B. The material in each layer is functionally graded along the width,

thickness and length of layer.

The delamination fracture analysis was carried-out assuming that in each layer the

modulus of elasticity Ei varies linearly along the width, thickness and length of layer. It

was also assumed that in the ith layer EK i
, EH i

, and EDi
are the values of modulus of

elasticity in points K i , Hi , and Di , respectively, in a cross section located at distance x

from the beam free end (Fig. 2). The distribution of modulus of elasticity in the ith layer

was expressed in a function of y and z through EK i
, EH i

, and EDi
by using the

following equation [18] of a plane that passes via three points of coordinates

( , , ),E y zK K Ki i i
( , , ),E y zH H Hi i i

and ( , , ):E y zD D Di i i

E y z

E y z

E y z

E y z

i
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0� , i n� 1 2, , ... , , (1)
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Fig. 1. Geometry and loading of the multilayered CLS beam.



where (see Fig. 2)

y bK i
�� 2, z zK ii

� , y bH i
� 2, z zH ii

� , y bDi
� 2, z zD ii

�
�1. (2)

In (2), n is the number of layers.

By substituting (2) into (1), the distribution of modulus of elasticity in the ith layer

was obtained as

E q y q z qi i i i� � �1 2 3 , (3)

where

q
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, (6)

i n� 1 2, , ... , . (7)

In each layer, the moduli of elasticity EK i
, EH i

, and EDi
vary continuously along the

beam length, according to the following quadratic equations:

E E
E E
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xK K

K K

i i

i i
� �
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1 0

2

2 , (8)
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1 0

2

2 , (10)

where
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Fig. 2. Notations in the ith layer of CLS beam.



i n� 1 2, , ... , , (11)

0� �x l. (12)

In Eqs. (8), (9), and (10), EK i0
, EH i0

, and ED i0
are the moduli of elasticity in points K i0 ,

H i0 , and D i0 , respectively (Fig. 2). The moduli of elasticity in points K i1 , H i1 , and D i1

are EK i1
, EH i1

, and ED i1
, respectively. It can be summarized that Eqs. (3), (8), (9), and

(10) describe the distribution of modulus of elasticity in the layers of functionally graded

CLS beam configuration shown in Fig. 1.

The delamination was studied in terms of the strain energy release rate assuming

linear-elastic behavior of the material in each layer. The strain energy release rate G can be

expressed through the changes of external work �Wext and strain energy �U as

G
W U

A

ext
�

�� �

�

, (13)

where

� �A b a� . (14)

In (14), �a is a small increase of the crack length. Due to the fact that linear-elastic

material behavior was assumed, the change of external work can be written as

� �W Uext � 2 . (15)

The change of strain energy can be expressed as

�U U Ub a� � , (16)

where Ub and Ua are the strain energies before and after the increase of crack,

respectively. By substitution of (14), (15), and (16) in (13), the formula for strain energy

release rate can be reduced to

G
U U

b a

a b
�

�

�

. (17)

Equation (17) was applied to calculate the strain energy release rate in the

multilayered functionally graded CLS beam configuration (Fig. 1).

The strain energy before the increase of crack was derived by integrating of the strain

energy density in the uncracked beam ahead of the crack front (Fig. 3)

U a u dy dzb ui
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i
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, (18)

where z i2 and z i2 1�
are the coordinates of upper and lower edges of the ith layer. The

strain energy density u ui0 in the ith layer was written as

u Eui i0
21

2
� � , (19)

where Ei was determined by (3). In (19), � is the distribution of strains.
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An analysis of strains was carried out, in order to determine the strain energy density.

The validity of the Bernoulli hypothesis for plane sections was assumed, since the span to

height ratio of the beam considered is large. It should be mentioned that the Bernoulli

hypothesis has been widely applied in fracture studies of functionally graded materials [15,

16]. Concerning the application of Bernoulli hypothesis in the present paper, it can also be

noted that due to the fact that the multilayered functionally graded beam is loaded in

eccentric tension (Fig. 1), the only non-zero strain is the longitudinal strain �. Thus,

according to the small strain compatibility equations, � is distributed linearly in beam cross

section. In the cross section S S S1 3 4 ahead of the crack front (Fig. 3) the strain � was

expressed in a function of y2 and z2 by using the strains �S1
, �S3

, and �S4
in points

S1 , S 3 , and S 4. For this purpose, the following equation of a plane that passes though

points (�S4
, y S2 4

, z S2 4
), (�S3

, y S2 3
, z S2 3

), and (�S1
, y S2 1

, z S2 1
) was applied:

�

�

�

�

y z

y z

y z

y z

S S S

S S S

S S S

2 2

2 2

2 2

2 2

1

1

1

1

0
4 4 4

3 3 3

1 1 1

� , (20)

where (see Fig. 3)

y bS2 4
2�� , z hS2 4

�� , y bS2 3
2� , z hS2 3

�� , y bS2 1
2� , z hS2 1

� . (21)

By substituting (21) into (20), we get

�� � �r y r z r1 2 2 2 3 , (22)
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Fig. 3. The uncracked beam portion (ahead of the crack front).
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where

r
b

S S1

1
3 4

� �( ),� � (23)

r
h

S S2

1

2 1 3
� �( ),� � (24)

r S S3

1

2 1 4
� �( ).� � (25)

The quantities r1 , r2 , and r3 were determined from the following equations for equilibrium

of the beam cross section ahead of the crack tip:
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where N , M y2
, and M z2

are the axial force and the bending moments for the y2- and

z2-axis, respectively (Fig. 3). It is obvious that (Figs. 1 and 3)

N F� , M F h
h

y2

1

2
� �

�

�

	



�

�, and M z2
0� . (29)

The stress distribution � i in the ith layer was calculated by the Hooke law

� �i iE� . (30)

In order to perform the integration in (26), (27), and (28), the modulus of elasticity

(3) was transformed as (Fig. 3)

E q y q z qi i i i� � �1 2 2 2 3 . (31)

By substituting of (30) and (31) in (26), (27), and (28), we derived

N q r
b

z z q r
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( ) ( ) , (32)
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M q r
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Equations (32), (33), and (34) should be solved with respect to r1, r2, and r3 by

using the MatLab computer program. Then the strain distribution in the beam cross section

ahead of the crack front can be obtained by substituting of r1, r2, and r3 in (31).

It should be noted that at E E E EK H Di i i
� � � from (22), (32), (33), and (34), we

get

�� �

�

�

�

	



�

�

F

bhE

F h
h

bh E
z

2

3
2

2

1

3 2 , (35)

which exacted matches the formula for strain distribution [19] in a homogeneous beam of

rectangular cross section b h�2 loaded by the eccentric tension by a force F at

eccentricity h h� 1 2.

The strain energy after the increase of crack Ua was obtained by integration of the

strain energy density in the lower crack arm only (the upper crack arm is free of stresses)

U a u dy dza li

b

b

z

z

i

i n

i

iL
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� 0 1

2

2

1
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, (36)

where z i1 and z i1 1�
are the coordinates of upper and lower edges of the ith layer (Fig. 4),

nL is the number of layers in the lower crack arm, u li0 is the strain energy density in the

ith layer which was written as

u Eli i0
21

2
� � . (37)

In (37), Ei and � are the distributions of modulus of elasticity and strains, respectively.
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Fig. 4. The lower crack arm cross section behind the crack front.
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Equation (3) was used to describe the distribution of modulus of elasticity in the lower

crack arm cross section. For this purpose, (3) was re-written as

E q y q z qi i i i� � �1 1 2 1 3 , (38)

where the axes y1 and z1 are shown in Fig. 4.

In order to express the distribution of strains, Eq. (22) was reduced to

�� � �r y r z rl l l1 1 2 1 3 , (39)

where the quantities r l1 , r l2 , and r l3 were determined from Eqs. (32), (33), and (34). For

this purpose, n, r1 , r2 , r3 , z i2 , and z i2 1�
were replaced with nL , r l1 , r l2 , r l3 , z i1 , and

z i1 1�
, respectively. Besides, M y2

0� was substituted in (29).

Finally, by substituting of (18), (19), (22), (30), (31), (36), (37), (38), and (39) in (17),

we derived
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Equation (40) calculates the strain energy release rate in the multilayered functionally

graded CLS beam configuration.

At E E E EK H Di i i
� � � and h h1 � , Eq. (40) transforms in

G
F

Eb h
�

2

216
, (41)
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which coincides with the expression for strain energy release rate in homogeneous CLS

when the crack is in the beam mid-plane [20].

In order to verify (40), an additional analysis of the strain energy release rate was

developed by using the fact that for linear-elastic materials the strain energy release rate can

be written as

G
dU

dA
� , (42)

where U is the beam strain energy. In view of the fact that

dA bda� , (43)

Eq. (42) was re-written as

G
dU

bda
� . (44)

Since the upper crack arm is stress-free, the beam strain energy was calculated by

integrating the strain energy density in the lower crack arm and in the uncracked beam

portion

U u dx dy dz u dxli

a
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i n
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i
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1
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1

�
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�

i

i nL

. (45)

By substituting of (19), (30), (31), (37), (38), (39), and (45) in (44), we obtained

expression for the strain energy release rate that matches exactly (40). This fact verifies the

fracture analysis developed in the present paper.

The effects of material gradient and crack location along the beam height on the

delamination fracture behavior were evaluated. For this purpose, calculations of the strain

energy release rate were performed by using Eq. (40). The results obtained were presented

in nondimensional form by using the formula G G E bN D� ( ).
01

Two three-layered CLS

beam configurations were considered (Fig. 5).

In the first configuration, the delamination crack is located between layers 2 and 3

(Fig. 5a). In the configuration in Fig. 5b the delamination is between layers 1 and 2. It was

assumed that t l � 0.0025 m, b� 0.025 m, and F � 70 N.
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Fig. 5. Two three-layered CLS beam configurations.
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The material gradient along the vertical edge H D03 03 of layer 3 was characterized by

E EH D03 03
ratio. It should be mentioned that ED03

was kept constant in the calculations.

Thus, EH 03
was varied in order to generate various E EH D03 03

ratios. The strain energy

release rate in nondimensional form was plotted against E EH D03 03
ratio for the two

three-layered CLS beam configurations at a l� 0.5, E ED D03 01
� 1.5, E EK D03 03

� 0.5,

E ED D13 03
� 2, E EH H13 03

� 2, E EK K13 03
� 2, E EH D01 01

� 1, E EK D01 01
� 2,

E ED D11 01
� 0.5, E EH H11 01

� 0.5, E EK K11 01
� 0.5, E ED D02 01

� 1, E EH D02 02
�

� 0.5, E EK D02 02
� 1, E ED D12 02

� 1, E EH H12 02
� 1, and E EK K12 02

� 1 in Fig. 6.

The curves in Fig. 6 indicate that the strain energy release rate decreases with increasing of

E EH D03 03
ratio. This finding was attributed to the increase of beam stiffness. One can

observe in Fig. 6 that the strain energy release rate is higher when the crack is located

between layers 2 and 3 in comparison with the case when the crack is between layers 1 and

2. This is due to the increase of lower crack arm stiffness (the upper crack arm is free of

stresses) and to the decrease of eccentricity of force F in the uncracked beam portion

ahead of the crack front when the crack is between layers 1 and 2.

The effect of crack length was analyzed too. The crack length was characterized by

a l ratio. Calculations of the strain energy release rate were performed for the crack in

Fig. 5a. The strain energy release rate in nondimensional form was presented as function of

E EK H01 01
ratio for three a l ratios at E EH D01 01

� 1, E ED D11 01
� 2, E EH H11 01

�

� 2, E EK K11 01
� 2, E ED D02 01

� 1, E EH D02 02
� 0.5, E EK D02 02

� 2, E ED D12 02
� 2,

E EH H12 02
� 2, E EK K12 02

� 2, E EH D03 03
� 0.5, E ED D03 01

� 1.5, E EK D03 03
�

� 0.5, E ED D13 03
� 2, E EH H13 03

� 2, and E EK K13 03
� 2 in Fig. 7. It can be observed

in Fig. 7 that the strain energy release rate decreases with increasing of a l ratio (this can

be explained with the increase of modulus of elasticity in the beam cross section, in which
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Fig. 6. The strain energy release rate in nondimensional form plotted against E EH D03 03
ratio: (1),

(2) for the beam configuration in Fig. 5a and Fig. 5b, respectively.

Fig. 7. The strain energy release rate in nondimensional form presented as a function of E EK H01 01

ratio at three a l ratios.
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the crack front is located, since the modulus of elasticity in the clamped end of beam is

higher than in the free end of beam). Besides, the strain energy release rate decreases with

E EK H01 01
ratio (Fig. 7).

Conclusions. An analytical study of the delamination fracture in the functionally

graded multilayered CLS beam configuration was carried out. A perfect adhesion was

assumed between layers. The beam can have any number of layers. Besides, each layer can

have different thickness and material properties. Also, in each layer the material is

functionally graded along the width, thickness and length of layer. The delamination crack

can be located arbitrary along the beam height. It was assumed that in each layer the

modulus of elasticity varies linearly along the width and thickness of layer. Along the layer

length, the modulus of elasticity varies in a quadratic law. The fracture was studied in terms

of the strain energy release rate assuming linear-elastic material behavior. A closed form

analytical solution for the strain energy release rate was derived by analysing the strain

energy densities in the beam cross sections ahead and behind the crack front. In order to

verify the solution, an additional analysis of the strain energy release rate was performed by

using the beam strain energy. The influence of material gradient and crack location along

the beam height on the delamination fracture behavior was analyzed. It was found that the

strain energy release rate decreases with E EH D
03 03

and E EK H
01 01

ratios. The analysis

revealed also that the strain energy release rate decreases with crack length when the

modulus of elasticity in the clamped end of beam is higher than in the free one. The

analytical solution derived in the present paper is useful for parametric studies since the

simple formulas obtained capture the essentials of delamination fracture behavior of the

three-dimensional functionally graded multilayered SCL beam.
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Ð å ç þ ì å

Àíàëèòè÷åñêè èçó÷åí ðåæèì ðàçðóøåíèÿ ïðè îòñëîåíèè äëÿ òðåõìåðíîé ôóíêöè-

îíàëüíî-ãðàäèåíòíîé ìíîãîñëîéíîé áàëêè äëÿ îïðåäåëåíèÿ ñäâèãà íà íàõëåñòêå ñ

òðåùèíîé íà îñíîâå ðàñ÷åòà ñêîðîñòè âûäåëåíèÿ ýíåðãèè äåôîðìàöèè ñ èñïîëü-

çîâàíèåì ìåòîäîâ ëèíåéíî-óïðóãîé ìåõàíèêè ðàçðóøåíèÿ. Ðàññìàòðèâàåìàÿ êîí-

ôèãóðàöèÿ áàëêè ìîæåò ñîñòîÿòü èç ïðîèçâîëüíîãî êîëè÷åñòâà ñëîåâ, èìåþùèõ

ðàçëè÷íûå òîëùèíó è ñâîéñòâà êîìïîíåíòîâ. Ìàòåðèàë êàæäîãî ñëîÿ ôóíêöèîíàëüíî

ãðàäèåíòåí ïî øèðèíå, òîëùèíå è äëèíå. Òðåùèíà îòñëîåíèÿ ðàñïîëîæåíà ïðî-

èçâîëüíî ïî âûñîòå áàëêè. Ñêîðîñòü âûäåëåíèÿ ýíåðãèè äåôîðìàöèè ïîëó÷åíà ïóòåì

àíàëèçà åå ïëîòíîñòè â ïîïåðå÷íîì ñå÷åíèè áàëêè ïåðåä è çà ôðîíòîì òðåùèíû. Äëÿ

âåðèôèêàöèè îíà äîïîëíèòåëüíî ïðîàíàëèçèðîâàíà ñ ïîìîùüþ ýíåðãèè äåôîðìàöèè

áàëêè. Âûïîëíåíà îöåíêà âëèÿíèÿ ãðàäèåíòà ìàòåðèàëà è ðàñïîëîæåíèÿ òðåùèíû ïî

âûñîòå áàëêè íà ðåæèì ðàçðóøåíèÿ ïðè îòñëîåíèè.
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