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Íåëèíåéíîå ðàçðóøåíèå ôóíêöèîíàëüíî-ãðàäèåíòíûõ áàëîê ïðè íàãðó-

æåíèè ïî ìîäå II

Â. È. Ðèçîâ

Óíèâåðñèòåò àðõèòåêòóðû, ãðàæäàíñêîãî ñòðîèòåëüñòâà è ãåîäåçèè, Ñîôèÿ, Áîëãàðèÿ

Òåîðåòè÷åñêè èçó÷åíî ðàçðóøåíèå ôóíêöèîíàëüíî-ãðàäèåíòíûõ áàëîê ïî ìîäå II. Ïðåäëîæåíà

êîíôèãóðàöèÿ áàëêè ñ äâóìÿ ñèììåòðè÷íûìè ïðîäîëüíûìè òðåùèíàìè äëÿ óñëîâèé íàãðóæå-

íèÿ ïî ìîäå II. Ìåõàíè÷åñêîå ïîâåäåíèå áàëêè îïèñàíî ñ ïîìîùüþ íåëèíåéíîãî ñîîòíîøåíèÿ

ìåæäó íàïðÿæåíèåì è äåôîðìàöèåé. Ïðîöåññ ðàçðóøåíèÿ ïðîàíàëèçèðîâàí íà îñíîâå ïðèìå-

íåíèÿ J-èíòåãðàëà. Ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå íà îñíîâå J-èíòåãðàëà äëÿ äâóõ çàêîíîâ

èçìåíåíèÿ ìîäóëÿ óïðóãîñòè ïî âûñîòå áàëêè. Âûïîëíåí íåëèíåéíûé àíàëèç ñêîðîñòè âûñâî-

áîæäåíèÿ ýíåðãèè äåôîðìàöèè ñ ó÷åòîì áàëàíñà ýíåðãèè äëÿ ïðîâåðêè ðåøåíèé íà îñíîâå

J-èíòåãðàëà. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû äëÿ îïòèìèçàöèè ôóíêöè-

îíàëüíî-ãðàäèåíòíîé ñòðóêòóðû áàëêè ïðè ðàçðóøåíèè ïî ìîäå II. Àíàëèòè÷åñêèå ðåøåíèÿ

óäîáíû òàêæå äëÿ ïàðàìåòðè÷åñêîãî èçó÷åíèÿ íåëèíåéíîãî ðàçðóøåíèÿ ôóíêöèîíàëüíî-ãðàäè-

åíòíûõ áàëîê, ÷òî äàåò âîçìîæíîñòü â äàëüíåéøåì ðàçâèâàòü íåëèíåéíóþ ìåõàíèêó ðàçðó-

øåíèÿ ôóíêöèîíàëüíî-ãðàäèåíòíûõ ìàòåðèàëîâ.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-ãðàäèåíòíàÿ áàëêà, íåëèíåéíîñòü ìàòåðèàëà,

òðåùèíîñòîéêîñòü ïî ìîäå II, àíàëèòè÷åñêîå ðåøåíèå.

Introduction. The basic idea of functionally graded materials is that by continuous

variation of the composition of their constituents along one or more coordinates, optimum

performance of structural members can be achieved to external loading [1–12]. The

advance in functionally graded materials technologies is closely related with investigations

of fracture behavior of these novel materials [13–18].

A longitudinal crack in a strip of a functionally graded material under edge loading

consisting of axial forces and bending moments has been studied by applying linear-elastic

fracture mechanics [15]. Analytical solutions have been derived for stress intensity factors.

Various studies of fracture in functionally graded materials have been reviewed in

[16]. Cracks oriented both parallel and perpendicular to the gradient direction have been

analyzed assuming linear-elastic behavior. Influence has been investigated of material

properties on the stress intensity factors.

Cracks in structures composed by functionally graded materials have been studied by

applying linear-elastic fracture mechanics [17]. A method for predicting the strength of

structural members corresponding to brittle crack propagation has been developed. The

method has been applied to plates loaded in tension and beams under three-point bending.
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Fracture behavior of functionally graded linear-elastic beams in three-point bending

has been analyzed by using the compliance approach [18]. An equivalent beam of variable

height has been suggested. Different laws for variation of the modulus of elasticity along

the beam span have been considered in the fracture analysis. A solution for Mode I stress

intensity factor has been derived by using the compliance approach.

It can be summarized that fracture in functionally graded beams has been studied

intensively for the last two decades. The present paper contributes towards this topic by

conducting a nonlinear fracture analysis of functionally graded beams under Mode II

loading conditions.

Mode II Fracture Analysis. The fracture problem considered in the present paper is

illustrated in Fig. 1. There are two longitudinal cracks of length a located symmetrically

with respect to the beam centroid (it should be mentioned that the present paper was

motivated mainly by the fact that functionally graded materials can be built up layer by

layer [8] which is a premise for appearance of longitudinal cracks between layers). The

material is functionally graded along the beam height symmetrically with respect to the

centroid. The beam has a rectangular cross-section of width b and height h. The internal

crack arm thickness is 2 2h . The beam is clamped in the right-hand end. The loading

consists of a tensile force F applied centrically at the free end of the internal crack arm (in

this way, Mode II crack loading conditions are generated). Obviously, the lower and the

upper crack arms are free of stresses.

The fracture was studied theoretically by applying the J-integral approach. For

functionally graded materials, the J-integral was formulated as [19]
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where � is a contour of integration going from the lower crack face to the upper crack face

in the counter clockwise direction, u0 is the strain energy density, � is the angle between

the outwards normal vector to the contour of integration and the crack direction, px and

p y are the components of the stress vector, u and v are the components of the

displacement vector with respect to the crack tip coordinate system xy (x is directed along

the crack), ds is a differential element along the contour, A is the area enclosed by that

contour, and q is a weight function with a value of unity at the crack tip, zero along the

contour and arbitrary elsewhere. It should be specified that the partial derivative, � �u x0 ,

exists only if the material property is an explicit function of x [19].

The beam configuration considered is symmetric with respect to the centroid (Fig. 1).

Therefore, only the upper half of the beam, � � �h z2 01 , was analyzed. The integration

Fig. 1. Functionally graded beam with two symmetric cracks.
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was performed along the contour, �, that consists of the beam cross-sections ahead and

behind the crack tip (Fig. 1). It was mentioned above that the upper crack arm is stress free.

Therefore, the J-integral value in the upper crack arm is zero. The J-integral solution was

written as

J J JA B� �2
1

( ), (2)

where J A1
and J B are the J-integral values in segments A1 and B, respectively

(segment A1 coincides with the upper half of the cross-section of the internal crack arm,

segment B coincides with the upper half of the beam cross-section ahead of the crack tip).

The expression in the brackets in Eq. (2) is doubled since there are two symmetric cracks in

the beam (Fig. 1).

The modulus of elasticity, E, varies continuously along the beam height according to

the following power-law:

E z E
E E

h
z

k

k( )
( )

,1 0
1 0

2 1
2

2
� �

�
k n�1 2, , ... , , (3)

where E0 and E1 are the values of E in the beam cross-section centre and in the beam

edge, respectively. Here, k is a parameter that dictates the material property variation

profile in the z1-axis direction (along the beam height). By using different values of k , one

can model various distributions of E along the beam height.

The mechanical response of the functionally graded beam (Fig. 1) was described by

the following nonlinear stress–strain relation [20]:
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E

t
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2
, (4)

where � is the stress, � is the strain, E is expressed by the power-law relation (3), and t

is a material property (usually, t is equal to unit [20]). The stress–strain curve is shown

schematically in Fig. 2.

Fig. 2. Nonlinear stress–strain curve.
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It should be noted that the present nonlinear fracture analysis holds for nonlinear

elastic material behavior. However, the analysis is applicable also for elastic-plastic

behavior, if the external load magnitude increases only, i.e., if the functionally graded beam

considered undergoes active deformation [21].

First, the integration was performed in segment A1 of the integration contour (Fig. 1).

The J-integral components were written as

px ��� , p y � 0, ds dz� 1 , cos ,���1 (5)

where the z1-coordinate varies in the interval [ , ].�h2 0 The stress, �, was calculated by

(4).

The following equation for equilibrium was used to derive the longitudinal strain, �c ,

in the internal crack arm behind the crack tip:

F
bdz

h
2

1

0

2

�
�
� � . (6)

From (3), (4), and (6), we obtained
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The strain energy density is equal to the area, OPQ, enclosed by the stress–strain

curve [21] (refer to Fig. 3):

u d0
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. (8)

From Eqs. (4) and (8), we derived
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The following equation from mechanics of materials was applied to determine the

partial derivative, � �u x, in (1):
�

�
�

u

x
c� . (10)

The partial derivative, � �u x0 , in the second integral in (1) was written as

�

�

u

x

0
0� , (11)

since the strain energy density does not depend explicitly on x (the modulus of elasticity is

not a function of x, because the material is functionally graded along to the beam height

only [refer to (3)].
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By combining of (1), (3), (4), (5), (7), (8), (10), and (11), we derived
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The integration in segment B of the integration contour (Fig. 1) was performed in the

following way. The J-integral components were written as

px � � , p y � 0, ds dz�� 1 , cos ,��1 (13)

where z1 varies in the interval [ , ].0 2�h The stress, �, was expressed by Eq. (4).

The following equilibrium equation was applied to determine the longitudinal strain,

�d , in the uncracked beam portion, x�0:
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From (3), (4), and (14), we found
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By combining of (1), (3), (4), (9), (11), (13), and (16), we derived
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Fig. 3. Strain energy density.
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The J-integral final solution was obtained by combining of (2), (12), and (17)
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The J-integral nonlinear solution (18) was verified by performing an analysis of the

strain energy release rate with taking into account the material nonlinearity. Only the beam

upper half was considered due to the symmetry (Fig. 1). A small increase, �a, was given to

each of the two cracks. The external force magnitude was constant. Thus, the work of the

external force was written as

� �W F uh F� , (19)

where �uF is the increases of the displacement of the force application point due to the

crack increase [here, F Fh � 05. , because only the upper half of the beam was considered in

the analysis due to the symmetry (Fig. 1)]. The increase of the strain energy, �U, was

expressed as

�
�

�
�U

U

a
a� . (20)

The increase of the strain energy release rate was written as

� �G Gb a� . (21)

The energy balance was expressed as

� � �W U G� � . (22)

From Eqs. (19)–(22), we derived

G
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The displacement, uF , was determined by the Castigliano’s theorem for structures

exhibiting material nonlinearity:

u
U

F
F

h

�
�

�

*

, (24)

where U* is the beam complimentary strain energy, which was written as (Fig. 1)

U u badz u b l a dz

hh

* * * ( ) .� � �
��
�� 0 1 0 1

2

00

2

(25)
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The complimentary stain energy density, u0
* , in Eq. (25) is equal to the area that

supplements the area OPQ to a rectangle (Fig. 3). Therefore, u0
* was written as

u u0 0
* .� ��� (26)

By combining of Eqs. (3), (10), and (26), we obtained
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From Eqs. (3), (7), (15), (25), and (27), we found
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The strain energy, U, was written as (Fig. 1)

U u badz u b l a dz
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From Eqs. (3), (7), (9), (15), and (29), we obtained
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After combining of Eqs. (9), (15), (23), (24), (28), and (30) and performing the necessary

mathematical operations, we derived
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Equation (31) is exact match of Eq. (18), which is a verification of the nonlinear fracture

analysis developed in the present paper.

The Mode II fracture behavior of the functionally graded beam in Fig. 1 was

investigated also assuming that the modulus of elasticity varies along the beam height

according to the following exponential law:

E z E e
z

( ) ,1 0
1� �� ��0 at � � �h z2 01 , (32)

where E0 is the modulus of elasticity in the beam cross-section centre and � is a material

property.

The beam mechanical behavior was described by Eq. (3).

The J-integral components in segment A1 of the integration contour (Fig. 1) were

obtained by (5).

The equilibrium equation (6) was used to determine �c . By combining of (4), (6), and

(32), we derived
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The J-integral components in segment B (Fig. 1) were expressed by (13).

Equation (14) was used to obtain �d . By combining of (4), (14), and (32), we

obtained
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Finally, (34) and (36) were substituted in (2):
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In order to verify Eq. (37), a nonlinear analysis was developed of the strain energy

release rate by using Eq. (23). The beam complimentary strain energy was found by Eq. (25).

For this purpose, (4), (9), (25), (26), and (32) were combined:
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The beam strain energy was obtained by combining of (9), (29), and (32):
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From (23), (24), (33), (35), (38), and (39), we derived
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The fact that Eq. (40) is exact match of Eq. (37) verifies the nonlinear fracture

analysis developed when the modulus of elasticity is distributed along the beam height

according to Eq. (32).

The effects were evaluated of material properties and crack location on the nonlinear

Mode II fracture behavior of the functionally graded beam. The crack location was

characterized by 2 2h h ratio. The J-integral was calculated by Eq. (18) at different values

of parameter k [refer to Eq. (3)] and presented in nondimensional form as J J E bN � ( )0 .

The J-integral value was plotted against E E1 0 ratio as shown in Fig. 4. The curves in

Fig. 4 indicate that the J-integral value decreases with increasing of E E1 0. This finding

was attributed to increase of the beam stiffness. It can be observed also that the J-integral

value decreases with increasing of k at E E1 0 1" . Increase of k leads to increase of the

J-integral value at E E1 0 1� (Fig. 4). The influence of crack location along the beam

height and the value of parameter � [refer to Eq. (32)] on the Mode II fracture behavior

was investigated too. For this purpose, the J-integral value was plotted in nondimensional

form against 2 2h h ratio at different values of � as illustrated in Fig. 5. One can observe

that the J-integral value decreases with increasing of 2 2h h ratio (this was explained with

increase of the internal crack arm stiffness). The curves in Fig. 5 indicate also that the

J-integral value decreases with increasing of � [this is due to increase of the exponent in

Eq. (32), since z1 varies in the interval � � �h z2 01 ].
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Conclusions. Mode II longitudinal fracture in functionally graded beams was studied

theoretically. For this purpose, a beam configuration containing two longitudinal cracks

located symmetrically with respect to the centroid was suggested. In order to generate

Mode II crack loading conditions, the internal crack arm was loaded centrically by a tensile

force. The beam mechanical behavior was described by a nonlinear stress–strain relation.

The fracture behavior was analyzed by the J-integral approach. The nonlinear solution

derived was verified by developing an analysis of the strain energy release rate with

considering the material nonlinearity. Two laws for variation of modulus of elasticity along

the beam height were used. The influence of material properties and crack location on the

nonlinear Mode II fracture was investigated. The results obtained can be applied for

optimization of the functionally graded beam structure with respect to the Mode II fracture

performance. The closed form analytical solutions derived are very useful for parametric

investigations of nonlinear fracture. The present study contributes towards the understanding

of fracture in functionally graded beams with nonlinear material behavior.

Fig. 4. The J-integral value in nondimensional form plotted against E E1 0 ratio at different k.

Fig. 5. The J-integral value in nondimensional form plotted against 2 2h h ratio at different �.
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Ð å ç þ ì å

Òåîðåòè÷íî âèâ÷åíî ðóéíóâàííÿ ôóíêö³îíàëüíî-ãðàä³ºíòíèõ áàëîê ïî ìîä³ ²². Çàïðîïî-

íîâàíî êîíô³ãóðàö³þ áàëêè ç äâîìà ñèìåòðè÷íèìè ïîçäîâæí³ìè òð³ùèíàìè äëÿ óìîâ

íàâàíòàæåííÿ ïî ìîä³ ²². Ìåõàí³÷íó ïîâåä³íêó áàëêè îïèñàíî çà äîïîìîãîþ íåë³í³é-

íîãî ñï³ââ³äíîøåííÿ ì³æ íàïðóæåííÿì ³ äåôîðìàö³ºþ. Ïðîöåñ ðóéíóâàííÿ ïðîàíàë³-

çîâàíî íà îñíîâ³ âèêîðèñòàííÿ J-³íòåãðàëà. Îòðèìàíî àíàë³òè÷íèé ðîçâ’ÿçîê íà îñíîâ³

J-³íòåãðàëà äëÿ äâîõ çàêîí³â çì³íè ìîäóëÿ ïðóæíîñò³ ïî âèñîò³ áàëêè. Âèêîíàíî íåë³-

í³éíèé àíàë³ç øâèäêîñò³ çâ³ëüíåííÿ åíåðã³¿ äåôîðìàö³¿ ç óðàõóâàííÿì áàëàíñó åíåðã³¿

äëÿ ïåðåâ³ðêè ðîçâ’ÿçê³â íà îñíîâ³ J-³íòåãðàëà. Îòðèìàí³ ðåçóëüòàòè ìîæóòü áóòè

âèêîðèñòàí³ äëÿ îïòèì³çàö³¿ ôóíêö³îíàëüíî-ãðàä³ºíòíî¿ ñòðóêòóðè áàëêè ïðè ðóéíó-

âàíí³ ïî ìîä³ ²². Àíàë³òè÷í³ ðîçâ’ÿçêè çðó÷í³ äëÿ ïàðàìåòðè÷íîãî âèâ÷åííÿ íåë³í³é-

íîãî ðóéíóâàííÿ ôóíêö³îíàëüíî-ãðàä³ºíòíèõ áàëîê, ùî äàº ï³äñòàâè äëÿ ïîäàëüøîãî

ðîçâèòêó íåë³í³éíî¿ ìåõàí³êè ðóéíóâàííÿ ôóíêö³îíàëüíî-ãðàä³ºíòíèõ ìàòåð³àë³â.
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