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Àïïðîêñèìàöèÿ íåëèíåéíîé îãèáàþùåé ëèíèè ñäâèãîâîé ïðî÷íîñòè ñ
ïîìîùüþ ìóëüòèñåãìåíòíîé ëèíåéíîé ôóíêöèè

Êñ. Ç. Ëåè, Â. Êñ. Ôó, É. Ëÿî

Ñè÷óàíñêèé óíèâåðñèòåò, ×åíãäó, Êèòàé

Ïðè ïîäãîòîâêå èíæåíåðíûõ ïðîåêòîâ áîëüøèíñòâî ãåîòåõíè÷åñêèõ ñïåöèàëèñòîâ èñïîëü-

çóþò ëèíåéíûé êðèòåðèé ïðî÷íîñòè Ìîðà–Êóëîíà âìåñòî òî÷íîãî óïðóãîïëàñòè÷åñêîãî

ðåøåíèÿ Õîåêà–Áðàóíà. Ýòî îáóñëîâëåíî òåì, ÷òî èçìåíåíèå íàêëîíà íåëèíåéíîé îãèáàþùåé

ëèíèè ñäâèãîâîé ïðî÷íîñòè ñîãëàñíî ðåøåíèþ Õîåêà–Áðàóíà íå ìîæåò áûòü îïèñàíî êàêèì-

ëèáî îäíèì ëèíåéíûì óðàâíåíèåì. Äëÿ àïïðîêñèìàöèè ýòîé ëèíèè èñïîëüçóþòñÿ ìóëüòè-

ñåãìåíòíûå ëèíåéíûå óðàâíåíèÿ. Äàííàÿ ìåòîäèêà ïîçâîëÿåò óìåíüøèòü ïîãðåøíîñòè ïðè

ðàñ÷åòå â ñëó÷àå óñëîâíîãî ðàçáèåíèÿ êàæäîãî ìàòåðèàëà íà íåñêîëüêî çîí, ñîîòâåòñòâó-

þùèõ èñòèííîìó èçìåíåíèþ ãðàäèåíòà íàïðÿæåíèé â ìàòåðèàëå. Äëÿ âåðèôèêàöèè ïðåäëî-

æåííîé ìåòîäèêè âûïîëíåíû ðàñ÷åòû ïîãðåøíîñòåé è ñõîäèìîñòè ðåçóëüòàòîâ ðàñ÷åòîâ íà

êîíêðåòíûõ ïðèìåðàõ.

Êëþ÷åâûå ñëîâà: îãèáàþùàÿ ëèíèÿ Õîåêà–Áðàóíà, àïïðîêñèìàöèÿ ôóíêöèè, ïîãðåø-

íîñòü àïïðîêñèìàöèè, ãðàäèåíò íàïðÿæåíèé.

Introduction. Practice of rock engineering projects has revealed that the shear

strength of the in-situ rock mass has a non-linear feature. This feature is very significant

under low stress levels. The Hoek–Brown (HB) criterion proposed by Hoek and Brown [1]

can account for this observation. This criterion has been updated many times – see the

paper by Hoek and Marinos [2]. Its most recent version is named the general HB criterion

[3].

In spite of precise implementation made for the HB elasto-plastic analysis, e.g., Priest

[4], Zhang [5], Fu and Liao [6], most geotechnical engineers and technicians usually

choose the linear Mohr–Coulomb (MC) criterion for designs of engineering projects. In the

HB elasto-plastic calculation, moreover, much iteration time needs being consumed when a

failure stress state returns to the HB yield surface. The generalized HB criterion can

evaluate the equivalent MC parameters [3]. Some researchers, e.g., Priest [7], Yang and Yin

[8], Brown [9], also presented determining the MC parameters from the HB envelope.

However, a particular linear MC equation cannot well match the curvature of a non-linear

HB envelope. Moreover, when directly using the existing methods, there exist some

difficulties in some situations, e.g., where there are two or more HB materials in the

analytical model.
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In order to match the curvature variation of the non-linear HB envelope as closely as

possible, this study employs multi-segment linear functions for its approximation. This

paper gives the expressions for estimating the fitting error and for evaluating the equivalent

MC strength parameters over an arbitrary stress interval. The fitting error analysis for three

cases of equivalent MC fittings of the two materials in the slope example validates the

present approximate description for the non-linear HB envelope. Moreover, the stability

analysis for the slope shows that, when finely dividing the actual HB curve of each

material, the results based on the multi-segment linear MC equations well agree with those

obtained from the HB model.

1. Best-Fitting MC Equation for Non-Linear HB Envelope. The generalized HB

criterion [6] in the � �1 3� plane is expressed in

� � � � �1 3 3� � �ci b ci
am s( / ) , (1)

where

m m eb i
GSI D� � �( )/ ( ) ,100 28 14 s e GSI D� � �( )/ ( ) ,100 9 3

a e eGSI� � �� �1 2 615 20 3/ ( ) / ,/ /

� ci is the uniaxial compressive strength of the intact rock specimen, mi is the material

constant of the intact rock determined by the tri-axial compression testing, GSI is the

abbreviation of the geological strength index, D is the disturbance factor, and �1 and � 3

are the major and minor principal stresses at failure, respectively (compressive stress is

considered to be positive).

The � �1 3� relation of Eq. (1) is plotted in Fig. 1a. In this figure the two

intersection points between the fitting MC line and HB curve are denoted by B and C. The

linear MC equation over the arbitrary stress interval of [� �3 3L U, ] in Fig. 1a is expressed

in

� �� � �b k 3 , (2)

where k e e� � �( sin ) / ( sin ),1 1� � b c ke� 2 1 2/ , and �e and ce are the equivalent

friction angle and cohesive force, respectively.

Using the best-fitting linear relation for approximating the non-linear HB envelope,

i.e., the least-squares method, we derive the equations for estimating the fitting error and

for evaluating the MC strength parameters over [� �3 3L U, ] – see Appendix. The

expressions of �e and ce are
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where u m sb U ci� �� �3 / and l m sb L ci� �� �3 / .
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Fig. 1. Linear fitting for the HB curve over [� �3 3L U, ] (a) and definition of the safety factor on the

arbitrary section of a microunit (b).



2. Multi-Segment Approximation to Non-Linear HB Envelope. It should be noted

that the values of �e and ce under different stress intervals, calculated by Eqs. (3) and

(4), have obvious differences. If the specified stress range is too large, the shear strength

under the low and high stress levels will be overestimated and that under the intermediate

stress level will be underestimated.

In fact, the stress levels at different positions in each material (or even in a particular

material) of the analytical model are different. Therefore, it is necessary to divide each

material into different zones appropriate to the actual stress gradient variation of that

material. Accordingly, the stress intervals chosen for different zones will yield a better

agreement with the curvature variation of the HB envelope.

2.1. Determination of a Potential Failure Stress State. The minor principal stress

employed for calculating �e and ce in Eqs. (3) and (4) must be consistent with the stress

state at failure. However, the stresses first calculated in the numerical analysis are the

elastic solutions. In the elasto-plastic analysis, the stress path of any point in the numerical

simulation model is very complicated and its possible position at the HB curve is unknown.

Accordingly, the minor principal stress interval determined according to the elastic analysis

cannot be directly used in Eqs. (3) and (4). Clearly, the interval of the minor principal stress

at failure needs to be first determined.

As illustrated in Fig. 1b, any point in the numerical analytical model is treated as a

microunit with one unit thickness. The principal stresses of the micro-unit, denoted by � e1

and � e3 , respectively, can be determined by the elastic analysis. The corresponding stress

circle and HB envelope are plotted in Fig. 1b. The principal stresses at failure, i.e., �1 and

� 3 , will be determined in the following – see the massive stress group in Fig. 1b.

In the � �1 3� plane the slope of the tangent equation corresponding to any position

on the HB curve can be easily derived:
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where �i is the instantaneous friction angle as illustrated in Fig. 1b.

Performing a simple transformation for Eq. (5) we can lead to
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Substituting Eq. (6) into Eq. (1) we attain
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According to the relation between the massive stress circle and HB envelope in Fig. 1b,

we can write the expressions of the normal and shear stresses denoted by � n and � s ,

respectively:
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Substituting Eqs. (6) and (7) into Eqs. (8) and (9) we obtain
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Observation for Fig. 1b shows that both of � n and � s are monotonically-decreasing

functions with respect to �i . The radius of the large stress circle in Fig. 1b, i.e., the

maximum shear strength � s max , equals ( ) / .� �1 3 2� Substituting Eqs. (6) and (7) into

� � �s max ( ) /� �1 3 2 we attain

�
� �

�s
ci i

b i

a a

am
max

/ ( )
sin

( sin )
.�

�

�

	



�

�



�

2

2

1

1

(12)

The radius of the small stress circle in Fig. 1b, i.e., the maximum shear stress � max , is

�
� �

max .�
�e e1 3

2
(13)

Here we define the ratio of � s max to � max as the safety factor Fs of the microunit

in Fig. 1b. Substituting Eqs. (12) and (13) into Fs s� � �max max/ we obtain
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Equation (14) is a function with respect to sin �i . When controlling the center

position of the large stress circle in Fig. 1b to be within the interval of [� �e e3 1, ], we can

find the value of sin �i corresponding to the minimum of Fs by numerical iteration

techniques, e.g., the Newton–Raphson method. When determining �i , we can calculate

� n and � s by Eqs. (10) and (11). Then we can determine � 3 by Eq. (15), which is

derived through a simple transformation for Eqs. (8) and (9)
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1
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sin

cos
. (15)

When determining �i , � n , and � s , we can also calculate the instantaneous cohesive

force ci by the � �n s� relation of the MC criterion, i.e., the equation as follows:

ci n i s� �� � �tan . (16)

2.2. Brief Description of the Application to the Analytical Model. A brief description

for the application of the present method is given here. It is assumed that necessary material

parameters, e.g., the Young modulus E, Poisson’s ratio �, and bulk weight �, have been

input into the numerical analytical model and that all the boundary conditions have been

correctly set. The initial estimate for the elastic stresses of each element can be first solved.
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The minor principal stress of each element at the potential failure state can be calculated by

the above method. The interval of the minor principal stress at failure can be found by

searching all elements of each material.

To agree with the curvature variation of each HB envelope under different stress

levels as closely as possible, each material in the analytical model is divided into several

zones. These zones can well match the actual stress variations at different positions of that

material. When determining the interval of the minor principal stress at failure for each

zone, one can calculate the corresponding MC parameters by Eqs. (3) and (4) and employ

these parameters in the elasto-plastic analysis.

3. Validity of the Approximate Description.

3.1. Comparison of Fitting Error. To validate the present approximate description for

the non-linear HB envelope, we first compare the fitting error for a simple slope with two

materials. Figure 2a illustrates the sandstone and mudstone distributions and the slope

geometrical dimensions. The basic material parameters are � ci � 30 MPa, mi � 4, GSI � 5,

D� 0, E� 410 MPa, �� 0.3, and �� 25 kN/m3 for the sandstone, and � ci �15 MPa,

mi � 2, GSI � 5, D� 0, E� 290 MPa, �� 0.35, and �� 23 kN/m3 for the mudstone.

The elastic stress analysis was first performed for the slope model. Only the

gravitational stress field was considered. The horizontal displacements with zero values

were made for all nodes at the left- and right-hand side boundaries. The horizontal and
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Fig. 2. Slope geometrical dimensions (a) and multi-segment approximations to the HB envelopes (b).



vertical displacements were fixed to be zero values for all nodes at the bottom boundary.

The actual � �n s� curves of the sandstone and mudstone are plotted in Fig. 2b.

Three cases of equivalent MC fittings were analyzed, referred to below as the cases I,

II, and III. For the case I, the equivalent MC equations of each material were evaluated over

the actual stress interval of that material; for the case II, each HB envelope was divided

into two segments; and for the case III, each HB envelope was divided into four

segments.

Here we only give the case III for example. As illustrated in Fig. 2b, the increment of

the minor principal stress is unequal, while the absolute difference between the two

instantaneous friction angles at the two end points of each segment is equal. Figure 2b

shows that the curvature variation of the HB curve can be well matched by use of an

increasing step length for the increment of the minor principal stress.

The fitting error, i.e., the absolute error � total , over the actual stress interval of each

material was also calculated for the three cases I, II, and III. The actual interval of the

minor principal stress is [3.70, 199.09] in kPa for the sandstone and [5.03, 232.85] in kPa

for the mudstone. For the case I, � total equal 0.027691 for the sandstone and 0.009875 for

the mudstone; for the case II, � total equal 0.023599 for the sandstone and 0.008562 for the

mudstone; and for the case III, � total equal 0.021029 for the sandstone and 0.007600 for

the mudstone. The results clearly indicate that the present method can reduce the fitting

error when finely dividing each HB envelope. Comparatively, since the curvature of the

mudstone envelope varies more obviously, the corresponding error decreases more

significantly.

3.2. Further Discussion. To further validate the present method in the application to

the stability calculation of slope, we implemented the elasto-plastic finite element method

(FEM) analysis for the slope example by the shear strength reduction technique proposed

by Zienkiewicz et al. [10], and the rigid body limit equilibrium analysis by the simplified

Bishop method [11] as well. We also performed the HB elasto-plastic analysis referred to

below as the case of iv for comparison.

In the HB elasto-plastic analysis, the HB envelope was described as a series of

instantaneous equations and each element in the slope was assigned an MC equation [5]. In

the MC elasto-plastic analysis, the corresponding parameters were evaluated by Eqs. (3)

and (4). The shear strength was reduced by letting tan tan /� �trial e trialF� and ctrial �
� c Fe trial/ , where Ftrial is a reduction factor. The failure analysis was repeatedly

performed by the bracketing approach, e.g., Dawson et al. [12], until the elasto-plastic

solutions no longer converged.

In the limit equilibrium analysis by the simplified Bishop method, the HB model was

applied to the slope as well. Accordingly, the instantaneous friction angle �i at the base of

a slice were determined by Eq. (10) in terms of the normal stress � n acting on the base of

each slice. Due to difficulties to write the explicit expression of �i , the Newton–Raphson

method was employed for determining �i . Then the shear stress � s acting on the base of

each slice was calculated by Eq. (11). In the limit equilibrium analysis by the simplified

Bishop method, the MC model was also applied to the slope for comparison. Accordingly,

the shear strength at the base of the slice was calculated by the � �n s� relation of the MC

criterion.

The Fs-values under different cases are given in Table 1. Observation for Table 1

shows that the Fs-value of each case obtained from the elasto-plastic FEM analysis is

slightly less than that calculated by the simplified Bishop method. Also, when more finely

dividing each HB envelope – as in the case III for example – the corresponding Fs-value

more closely agrees with that determined in terms of the HB elasto-plastic analysis. Table 1

shows the same variations for the limit equilibrium analysis results by the simplified Bishop

method. Moreover for the case of iii, the failure trend and slip zone based on the equivalent

MC model closely agree with those obtained from the HB model – see Fig. 3.
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Conclusions. In this paper we propose the multi-segment linear equations for

approximately describing the non-linear HB envelope. When dividing each material of the

analytical mode into several zones appropriate to the actual stress gradient variation of that

material, the present method can significantly reduce the error. Moreover, the comparison

and analysis for the slope example have validated that, when more finely dividing the

actual HB strength curve of each material, the safety factor and slip surface determined

from the equivalent MC model more closely agree with those obtained from the HB model.
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Appendix.

Derivations for Eqs. (3) and (4). The HB curve is divided into three segments over

[ , ]� �3 3L U as illustrated in Fig. 1a. The three parts of areas between the MC line and HB

curve, i.e., A1, A2, and A3 in Fig. 1a, can be found by integration.

Using the state to equalize the areas above and below the MC line, i.e., A A A1 3 2� � ,

we can write the expression as follows:
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T a b l e 1

Safety Factor and Relative Error

Case FEM | |/ , %F F FmL hL hL� Bishop method | |/ , %F F FmB hB hB�

I FmL �1173. 8.210 FmB �1228. 7.155

II FmL �1103. 1.753 FmB �1166. 1.745

III FmL �1098. 1.292 FmB �1162. 1.396

IV FhL �1084. – FhB �1146. –

a

b

Fig. 3 Results for the cases III (a) and IV (b).
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and the definitions of u and l in Eq. (A3) have been given in Eqs. (3) and (4).

We can decompose Eq. (A3) as
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For any � 3 within the interval of [� �3 3L U, ], the squared error between the MC line

and HB curve is defined by
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The explicit expression of � total is
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When considering Eq. (A8) as a function with respect to k , we can write the

first-order derivative of � total with respect to k:
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According to the condition of minimizing � total , i.e., " �� total 0, we lead to
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Substituting Eq. (A10) into k e e� � �( sin ) / ( sin )1 1� � we obtain Eq. (3), and

substituting b of Eq. (A2) and k of Eq. (A10) into b c ke� 2 1 2/ we obtain Eq. (4).

Ð å ç þ ì å

Ïðè ï³äãîòîâö³ ³íæåíåðíèõ ïðîåêò³â á³ëüø³ñòü ãåîòåõí³÷íèõ ôàõ³âö³â âèêîðèñòîâó-

þòü ë³í³éíèé êðèòåð³é ì³öíîñò³ Ìîðà–Êóëîíà çàì³ñòü ïðóæíî-ïëàñòè÷íîãî ðîçâ’ÿçêó

Õîåêà–Áðàóíà. Öå çóìîâëåíî òèì, ùî çì³íà íàõèëó íåë³í³éíî¿ îáâ³äíî¿ ë³í³¿ çñóâíî¿

ì³öíîñò³ çã³äíî ç ðîçâ’ÿçêîì Õîåêà–Áðàóíà íå ìîæå áóòè îïèñàíà áóäü-ÿêèì îäíèì

ë³í³éíèì ð³âíÿííÿì. Äëÿ àïðîêñèìàö³¿ ö³º¿ ë³í³¿ âèêîðèñòîâóþòüñÿ ìóëüòèñåãìåíòí³

ë³í³éí³ ð³âíÿííÿ. Äàíà ìåòîäèêà äîçâîëÿº çìåíøèòè ïîõèáêè ïðè ðîçðàõóíêàõ ó

âèïàäêó óìîâíîãî ðîçáèòòÿ êîæíîãî ìàòåð³àëó íà äåê³ëüêà çîí, ùî â³äïîâ³äàþòü

³ñòèíí³é çì³í³ ãðàä³ºíòà íàïðóæåíü ó ìàòåð³àë³. Äëÿ âåðèô³êàö³¿ çàïðîïîíîâàíî¿ ìåòî-

äèêè îö³íåíî ïîõèáêè ³ çá³æí³ñòü ðåçóëüòàò³â ðîçðàõóíê³â íà êîíêðåòíèõ ïðèêëàäàõ.
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