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Âîçìóùåíèÿ îò òåðìîìåõàíè÷åñêèõ èñòî÷íèêîâ â ïîðèñòîé òåðìîóïðóãîé

ñðåäå

Ð. Êóìàð
à
, È. À. Àááàñ

á,â

à Îòäåëåíèå ìàòåìàòèêè óíèâåðñèòåòà Êóðóêøåòðà, Õàðüÿíà, Èíäèÿ

á Îòäåëåíèå ìàòåìàòèêè óíèâåðñèòåòà Êèíã Àáäóëàçèç, Äæåääà, Ñàóäîâñêàÿ Àðàâèÿ

â Îòäåëåíèå ìàòåìàòèêè óíèâåðñèòåòà ã. Ñîõàã, Åãèïåò

Èññëåäîâàíà äâóõìåðíàÿ çàäà÷à î âîçíèêíîâåíèè âîçìóùåíèé îò ìåõàíè÷åñêèõ è òåðìè÷åñêèõ

èñòî÷íèêîâ â îäíîðîäíîé òåïëîïðîâîäÿùåé ïîðèñòî-óïðóãîé ñðåäå. Äëÿ ðåøåíèÿ ýòîé çàäà÷è

èñïîëüçîâàíû ïðåîáðàçîâàíèÿ Ëàïëàñà è Ôóðüå. Äëÿ äåìîíñòðàöèè ïåðñïåêòèâíîñòè äàííîãî

ïîäõîäà ðàññìîòðåíû ðàçëè÷íûå ñëó÷àè ñ òî÷å÷íûìè è ðàñïðåäåëåííûìè èñòî÷íèêàìè. Ñ

ïîìîùüþ ìåòîäèêè ÷èñëåííîé èíâåðñèè âûïîëíåíû ïðåîáðàçîâàíèÿ êîìïîíåíò ïåðåìåùåíèé,

íàïðÿæåíèé, äàâëåíèÿ â ïîðàõ è òåìïåðàòóðíûõ ôëóêòóàöèé. Âëèÿíèå ïîðèñòîñòè íà óêàçàí-

íûå ïàðàìåòðû ïðåäñòàâëåíî â âèäå ãðàôèêîâ. Ðàññìîòðåíû íåêîòîðûå ñïåöèàëüíûå ñëó÷àè,

èìåþùèå ïðàêòè÷åñêèé èíòåðåñ.

Êëþ÷åâûå ñëîâà: ïîðèñòàÿ òåðìîóïðóãàÿ ñðåäà, ïðåîáðàçîâàíèå Ëàïëàñà, ïðåîáðàçî-

âàíèå Ôóðüå, òî÷å÷íûé èñòî÷íèê, ðàâíîìåðíî ðàñïðåäåëåííûé èñòî÷íèê, ëèíåéíî

ðàñïðåäåëåííûé èñòî÷íèê.

Introduction. Coupled thermal and poro-mechanical processes play an important role

in a number of problems of interest in the geomechanics such as stability of borehole and

permeability enhancement in geothermal reservoirs or high temperature petroleum bearing

formations. A thermoporoelastic approach combine the theory of heat conduction with

poroelastic constitutive equations and coupling the temperature field with the stresses and

pore pressure.

Most of the modern engineering structures are generally made up of multiphase

porous continuum, the classical theory, which represent a fluid saturated porous medium as

a single phase material, is inadequate to represent the mechanical behavior of such material

especially when the pore are filled with liquid. In this context the solid and liquid phases

have different motions. Due to these different motions, the different material properties and

the complicated geometry of pore structures, the mechanical behavior of a fluid saturated

porous medium is very complex and difficult.
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Based on the work of von Terzaghi [1, 2], Biot [3] proposed a general theory of three-

dimensional deformations of liquid saturated porous solid. The Biot theory is based on the

assumption of compressible constituents and till recently, some of his results have taken as

standard references and basis for subsequent analysis in acoustic, geophysics, and other

such fields [4–6].

Kumar and Hundal [7] discussed the wave propagation in a fluid saturated

incompressible porous medium. Bai and Li [8] found a solution for cylindrical cavity in

saturated thermoporoelastic medium by using Laplace transform and numerical Laplace

transform inversion. Bai [9–11] discussed different thermal source problem in a saturated

porous media.

Kaushal et al. [12] studied the response of frequency domain in generalized thermo-

elasticity with two temperature. Jabbari and Dehbani [13, 14] studied axisymmetric and

spherical symmetric problems in porothermoelastic solids. Abbas [15] studied the natural

frequencies of a poroelastic hollow cylinder. The counterparts of our problem in the

contexts of the thermoelasticity theories have been considered by using analytical and

numerical methods [16–29].

In the present paper, we obtain the components of displacement, stress, pore pressure

and temperature change due to concentrated source and distributed source in thermo-

poroelastic medium. Laplace and Fourier transforms are used to investigate the problem.

Numerical inversion technique is applied to obtain the resulting quantities in a physical

domain. The resulting quantities are shown graphically to depict the effect of porosity.

Governing Equations. Following Jabbari and Dehbani [30], the field equations are
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where
�
u is the displacement component, p is the pore pressure, � is the bulk mass

density, �� 
1 C Cs is the Biot coefficient, C Es s s� 
3 1 2( )� is the coefficient of

volumetric compression of solid grain, with Es and � s being the elastic modulus and

Poisson’s ratio of solid grain, C E� 
3 1 2( )� is the coefficient of volumetric compression

of solid skeleton, with E and � being the elastic modulus and Poisson’s ratio of solid

skeleton, T0 is initial reference temperature, � �� 3 s C is the thermal expansion factor,

�s is the coefficient of linear thermal expansion of solid grain, Y n nw s� � 
3( ( ) )� � �
and � �p w s sn C C C� 
 �( ) are coupling parameters, �w and Cw are the coefficients of

linear thermal expansion and volumetric compression of pure water, n is the porosity, k is

the hydraulic conductivity, �w is the unit of pore water, Z
n c n c

T

s s w w
s�


 �



( )1
3

0

� �
��

is coupling parameter, �w and �s are densities of pore water and solid grain, cw and cs

are heat capacities of pore water and solid grain, and K is the coefficient of heat

conductivity.

Formulation of the Problem. We consider homogeneous porothermoelastic half

space x3 0� of a rectangular Cartesian coordinate system (x x x1 2 3, , ) having origin at the

surface x3 0� , x3 is the axis pointing vertically downward in the medium. A mechanical
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or thermal source is assumed to be acting at the origin. We restrict our analysis to the plane

strain parallel to x x1 3
 plane. The complete geometry of the problem is shown in Fig. 1.

For two-dimensional problem we take the displacement vector
�
u as

�
u u x x w x x� ( ( , ), , ( , )).1 3 1 30 (5)

To facilitate the solution, the following dimensionless quantities are introduced as
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The expressions relating the displacement components u x x t1 1 3( , , ) and u x x t3 1 3( , , )

to the scalar potentials � and � in dimensionless form are given by
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We define the Laplace and Fourier transforms as follows:
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Applying Laplace and Fourier transforms defined by (8) and (9) on Eqs. (1)–(3) and

with the aid of (5)–(7) and after some simplifications we obtain
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The solution of Eqs. (10) and (11) satisfying the radiation conditions that
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The displacement components
~
u1 and

~
u3 are obtained with the aid of (7)–(9) and

(12), (13) as
~
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Boundary Conditions and Solution of the Problem. The boundary conditions at

x3 0� are
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where F1 and F2 are the magnitudes of the vertical and horizontal forces, respectively,

F3 is the constant pressure applied on the boundary, F4 is the constant temperature

applied on the boundary, F x( )1 is a known function, and H t( ) is the Heaviside unit step

function.

Applying Laplace and Fourier transforms defined by (8) and (9) on (18) and with the
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Case 1: For normal force F F F2 3 4 0� � � .

Case 2: For tangential force F F F1 3 4 0� � � .

Case 3: For pressure source F F F1 2 4 0� � � .

Case 4: For thermal source F F F1 2 3 0� � � .

Substituting the values of
~

,u1

~
,u3

~
,p and

~
T from (16), (17), and (12) in the boundary

condition (19) and with help of (20) and (21), after some simplifications, we obtain
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Applications.

Case 1. Concentrated Source. The values for displacement, stress, pore pressure and

temperature change presented in Eqs. (22)–(25) will used to yield the response over the half

space subjected to a concentrated source as

F x x( ) ( ),1 1� � (26)

where �( )' is the Dirac delta function.

Applying the Laplace and Fourier transforms defined by (8) and (9) on (26), yield

~
( ) .F � �1 (27)

The component of displacement, stress, pore pressure, and temperature change are

obtained by using (27) in (22)–(25).

Case 2. Influence Function. Here
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where �1 1( )x is a known function, which can have two types of values:
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where 2a is non-dimensional width of the strip.

Applying the Laplace and Fourier transforms defined by (8) and (9) on (28) and (29),

we obtain
~

( ) ( sin ) .F a� � �� 2 (30)

2. Linearly distributed source,
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Applying the Laplace and Fourier transforms defined by (8) and (9) on (28) and (31),

we obtain
~

( , )
[ cos( )]

.F s
a

a
�

�

�
�


2 1

2 (32)

The expression for stresses, pore pressure and temperature field are obtained for

concentrated, uniformly and linearly distributed sources by replacing
~

( )F � from (27),

(30), and (32) in (22)–(25).

Special Case. In the absence of porosity effect, the boundary conditions reduce to
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and we obtain the corresponding expressions for stress components and temperature field in

thermoelastic half space are obtained as
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F F F T
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Taking F F2 4 0� � , F F1 4 0� � , and F F1 2 0� � in Eqs. (34), (35), and (36),

respectively, we obtain the stress components and temperature change for normal force,

tangential forces, and thermal source, respectively.

Inversion of the Transform. The transformed displacements, stresses, pore pressure

and temperature field are functions of the parameters of the Laplace and Fourier transforms

s and �, respectively, and hence are of the form
~

( , , ).f x s� 3 To obtain the solution of the

problem in the physical domain, we invert the Laplace and Fourier transforms by using the

method described by Kumar and Rani [31].

Numerical Results and Discussion. Following Jabbari and Dehbani [30], for numerical

computation, we take the value of the various physical parameters as E� '6 105 MPa,

�� 03. , T0 293� K, K s � '2 1010 , K w � '5 109 , K � 05. , �s � ' 
15 10 5. , �W � ' 
2 10 4,

cs � 08. , cw � 4 2. , �s � '26 106. , �w � '1 106 , ��1, F F F F1 2 3 4 1� � � � .

The values of normal stress  33, tangential stress  31, pore pressure p, and

temperature change T for incompressible fluid saturated thermoporoelastic medium (FSPM)

and empty porous thermoelastic medium (EPM) are shown due to concentrated source

(CS), uniformly distributed source (UDS), and linearly distributed source (LDS). The
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computation are carried out for two values of dimensionless time t� 0.01 and 0.05 at

x3 1� for the range 0 101( (x , and a�1.

The solid lines either with or with central symbols represents the variations for

t� 0.01, whereas the dashed lines with or without central symbols represents the variations

for t� 0.05. Curves without central symbols correspond to the case of FSPM whereas

those with central symbols corresponds to the case of EPM.

Figure 2a shows the variation of normal stress component  33 w.r.t distance x1 for

both FSPM and EPM due to concentrated normal force. The value of  33 start with initial

decrease and remain close to the boundary surface for FSPM as x1 increases and in case of

EPM, its value decrease in the range 0 3( (x and then oscillates as x1 increases for both

values of time.

Figure 2b shows the variation of normal stress component  33 w.r.t distance x1 for

both FSPM and EPM due to concentrated tangential force. The value of  33 first decrease
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a b

c d

Fig. 2. Variation of normal stress 33 with distance x1 due to concentrated normal force (a),

concentrated tangential force (b), concentrated pressure source (c), and thermal source (d).



in the range 0 41( (x and then starts oscillating for FSPM as x1 increases for both

values of time whereas in case of EPM, the value of  33 remain close to the boundary

surface for different values of time as x1 increases.

Figure 2c shows the variation of normal stress component  33 w.r.t distance x1 for

FSPM due to concentrated pressure source. The value of  33 decrease in the range

0 751( (x . and then starts increasing for different values of time.

Figure 2d shows the variation of normal stress component  33 w.r.t distance x1 for

FSPM and EPM due to thermal source. The value of  33 oscillates for different value of

time for FSPM as x1 increases whereas in case of EPM, the value of  33 first increases in

the range 0 221( (x . and then starts oscillating for both values of time.

Figure 3a shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

concentrated normal force. Near the application of the source the value of p is more for

the time t� 0.05 as compared to time t� 0.01 and away from the source reverse behavior

is noticed.
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Fig. 3. Variation of pore pressure p with distance x1 due to concentrated normal force (a),

concentrated tangential force (b), concentrated pressure source (c), and thermal source (d).



Figure 3b shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

concentrated tangential force. The value of p first decreases in the range 0 4 21( (x . and

then starts increasing for different values of time.

Figure 3c shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

concentrated pressure source. The value of p starts decreasing as x1 increases for

different values of time.

Figure 3d shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

thermal source. For the time t� 0.05 the value of p is higher in the range 0 61( (x

whereas for the time t� 0.01 the value of p is higher in the range 6 101( (x .

Figure 4a shows the variation of temperature T w.r.t distance x1 for FSPM and EPM

due to concentrated normal force. The value of T first decreases and then oscillates for

FSPM as x1 increases for both value of time whereas for EPM it first increases in the

range 0 351( (x . and then oscillates for both values of time.
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Fig. 4. Variation of temperature T with distance x1 due to concentrated normal force (a),

concentrated tangential force (b), concentrated pressure source (c), and thermal source (d).



Figure 4b shows the variation of temperature T w.r.t distance x1 for FSPM and EPM

due to tangential force. The value of T first decreases and then oscillates for FSPM and for

EPM shows a small increase as x1 increases for different values of time.

Figure 4c shows the variation of temperature T w.r.t distance x1 for FSPM due to

pressure source. The value of T starts oscillates for the time t� 0.01 and 0.05.

Figure 4d shows the variation of temperature T w.r.t distance x1 for FSPM and EPM

due to thermal source. The value of T first increases and remains close to zero for FSPM

as x1 increases for both value time whereas for EPM the value of T decreases in the range

0 251( (x . and then starts oscillates for both value of time as x1 increases.

Figure 5a shows the variation of normal stress component  33 w.r.t distance x1 for

FSPM and EPM due to normal force over uniformly distributed source. The value of  33

for FSPM first decreases in the range 0 4 51( (x . and then oscillates for both value of

time whereas for EPM its value shows a small decrease for both values of time as x1

increases.
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Fig. 5. Variation of normal stress 33 with distance x1 due to concentrated normal force (a),

concentrated tangential force (b), concentrated pressure source (c), and thermal source (d).



Figure 5b shows the variation of normal stress component  33 w.r.t distance x1 for

FSPM and EPM due to tangential force over uniformly distributed source. The value of

 33 first decreases in the range 0 41( (x and then oscillates for FSPM as x1 increases

for both value of time where as for EPM its value shows a small increase as x1 increases

for different values of time.

Figure 5c shows the variation of normal stress component  33 w.r.t distance x1 for

FSPM due to pressure source over uniformly distributed source. The value of  33 shows a

sharp decrease in the range 0 761( (x . for FSPM as x1 increases for both values of time.

Figure 5d shows the variation of normal stress component  33 w.r.t distance x1 for

FSPM and EPM due to thermal source over uniformly distributed source. The value of  33

remain close to zero for FSPM as x1 increases for both value of time whereas the value of

 33 first increases in the range 0 221( (x . and then oscillates for EPM as x1 increases

for the time t� 0.01 and 0.05.

Figure 6a shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

normal force over uniformly distributed source. The value of p shows a sharp increase for

FSPM for different values of time as x1 increases.
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Fig. 6. Variation of pore pressure p with distance x1 due to concentrated normal force (a),

concentrated tangential force (b), concentrated pressure source (c), and thermal source (d).



Figure 6b shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

tangential force over uniformly distributed source. The value of p first decreases in the

range 0 4 21( (x . and then increases as x1 increases for FSPM for the time t� 0.01 and

0.05.

Figure 6c shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

pressure source over uniformly distributed source. The value of p shows a sharp decrease

for FSPM as x1 increases for different values of time.

Figure 6d shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

thermal source over uniformly distributed source. For the time t� 0.05 the value of p is

more in the range 0 61( (x whereas for the time t� 0.01 the value of p is more in the

range 6 101( (x .

Figure 7a shows the variation of temperature T w.r.t distance x1 for FSPM and EPM

due to normal force over uniformly distributed source. The value of T first decreases and

then oscillates for FSPM whereas for EPM the value of T first increases and then oscillates

as x1 increases for different values of time.
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Fig. 7. Variation of temperature T with distance x1 due to concentrated normal force (a),

concentrated tangential force (b), concentrated pressure source (c), and thermal source (d).



Figure 7b shows the variation of temperature T w.r.t distance x1 for FSPM and EPM

due to tangential force over uniformly distributed source. The value of T first decreases

and then start oscillates for FSPM and remain close to zero for EPM as x1 increases for

both values time.

Figure 7c shows the variation of temperature T w.r.t distance x1 for FSPM due to

pressure source over uniformly distributed source. The value of T first increases and then

starts decreasing in oscillatory manner for FSPM as x1 increases for the time t� 0.01 and

0.05.

Figure 7d shows the variation of temperature T w.r.t distance x1 for FSPM and EPM

due to thermal source over uniformly distributed source. The value of T first increases and

remains close to zero for FSPM as x1 increases for both value time whereas for EPM the

value of T decreases in the range 0 251( (x . and then oscillates for both value of time as

x1 increases.

Figure 8a shows the variation of normal stress component  33 w.r.t distance x1 for

FSPM and EPM due to normal force over linearly distributed source. The value of  33

remain close to zero for FSPM whereas for EPM it decreases in the range 0 41( (x and

then becomes linear for both values of time as x1 increases.
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Fig. 8. Variation of normal stress 33 with distance x1 due to concentrated normal force (a),

concentrated tangential force (b), concentrated pressure source (c), and thermal source (d).



Figure 8b shows the variation of normal stress component  33 w.r.t distance x1 for

FSPM and EPM due to tangential force over linearly distributed source. The value of  33

for FSPM first decreases in the range 0 41( (x , increases in the range 4 81( (x whereas

for EPM it remains close to zero for different values of time as x1 increases.

Figure 8c shows the variation of normal stress component  33 w.r.t distance x1 for

FSPM due to pressure source over linearly distributed source. The value of  33 shows a

sharp decrease in the range 0 781( (x . and then increases for FSPM as x1 increases for

different values of time.

Figure 8d shows the variation of normal stress component  33 w.r.t distance x1 for

FSPM and EPM due to thermal source over linearly distributed source. The value of  33

oscillates for FSPM whereas the value of  33 first increases in the range 0 21( (x and

then oscillates for EPM as x1 increases for both values of time.

Figure 9a shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

normal force over linearly distributed source. The value of p shows a sharp increase for

FSPM as x1 increases for time t� 0.01 and 0.05.
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Fig. 9. Variation of pore pressure p with distance x1 due to concentrated normal force (a),

concentrated tangential force (b), concentrated pressure source (c), and thermal source (d).



Figure 9b shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

tangential force over linearly distributed source. The value of p first decreases in the range

0 4 21( (x . and then starts increasing for different values of time.

Figure 9c shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

pressure source over linearly distributed source. The value of p starts decreasing as x1

increases for different values of time.

Figure 9d shows the variation of pore pressure p w.r.t distance x1 for FSPM due to

thermal source over linearly distributed source. The value of p starts increasing as x1

increases for both values of time.

Figure 10a shows the variation of temperature T w.r.t distance x1 for FSPM and

EPM due to normal force over linearly distributed source. The value of T first decreases

and then oscillates for FSPM as x1 increases for both value of time whereas for EPM it

remain close to zero for both values of time.
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Fig. 10. Variation of temperature T with distance x1 due to concentrated normal force (a),

concentrated tangential force (b), concentrated pressure source (c), and thermal source (d).



Figure 10b shows the variation of temperature T w.r.t distance x1 for FSPM and

EPM due to tangential force over linearly distributed source. The value of T oscillates for

FSPM and for EPM it remains close to zero in oscillatory manner as x1 increases for

different values of time.

Figure 10c shows the variation of temperature T w.r.t distance x1 for FSPM due to

pressure source over linearly distributed source. The value of T first increases and then

starts decreasing for FSPM as x1 increases for the time t� 0.01 and 0.05.

Figure 10d shows the variation of temperature T w.r.t distance x1 for FSPM and

EPM due to thermal source over linearly distributed source. The value of T first shows a

small increase and then oscillates for FSPM whereas for EPM value of T first decreases in

the range 0 281( (x . and then becomes linear as x1 increases for different values of

time.

Conclusions. The components of displacement, stress, pore pressure and temperature

change are obtained due to the various sources by using the Laplace and Fourier

techniques. The values of the components of displacement, stress, pore pressure and

temperature are close to each other due to CS, UDS and LDS. Near the application of the

source, the porosity effect decreases the values of  33 for normal force, pressure source

and thermal source where as it decreases the values of p for normal force and tangential

force but increases the values for thermal source.

Ð å ç þ ì å

Äîñë³äæåíî äâîâèì³ðíó çàäà÷ó ùîäî âèíèêíåííÿ çáóðåíü â³ä ìåõàí³÷íèõ ³ òåðì³÷íèõ

äæåðåë â îäíîð³äíîìó òåïëîïðîâ³äíîìó ïîðèñòî-ïðóæíîìó ñåðåäîâèù³. Ïðè ðîçâ’ÿ-

çàíí³ ö³º¿ çàäà÷³ âèêîðèñòîâóâàëè ïåðåòâîðåííÿ Ëàïëàñà ³ Ôóð’º. Äëÿ ³ëþñòðàö³¿

ïåðñïåêòèâíîñò³ äàíîãî ï³äõîäó ðîçãëÿíóòî ð³çí³ âèïàäêè ç òî÷êîâèìè ³ ðîçïîä³ëå-

íèìè äæåðåëàìè. Çà äîïîìîãîþ ìåòîäèêè ÷èñëîâî¿ ³íâåðñ³¿ âèêîíàíî ïåðåòâîðåííÿ

êîìïîíåíò ïåðåì³ùåíü, íàïðóæåíü, òèñêó â ïîðàõ ³ òåìïåðàòóðíèõ ôëóêòóàö³é. Âïëèâ

ïîðèñòîñò³ íà âêàçàí³ ïàðàìåòðè ïðåäñòàâëåíî ó âèãëÿä³ ãðàô³ê³â. Ðîçãëÿíóòî äåÿê³

ñïåö³àëüí³ âèïàäêè, ùî ìàþòü ïðàêòè÷íèé ³íòåðåñ.
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