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ýíåðãèþ â ôóíêöèîíàëüíî-ãðàäèåíòíûõ áåéíèòíî-ìàðòåíñèòíûõ ñòàëÿõ

Äæ. Ýñêàíäàðè Äæàì
à
, Ì. Àáîëãàñåìçàäå

á
, Õ. Ñàëàâàòè

á
, È. Àëèçàäå

á,1

à Öåíòð êîìïîçèòíûõ ìàòåðèàëîâ, Òåõíîëîãè÷åñêèé óíèâåðñèòåò èì. Ìàëèê àëü-Àøòàðà,

Òåãåðàí, Èðàí

á Ìåõàíèêî-ìàøèíîñòðîèòåëüíûé ôàêóëüòåò, Òåõíîëîãè÷åñêèé óíèâåðñèòåò èì. Àìèðà Êàáèðà,

Òåãåðàí, Èðàí

Ôóíêöèîíàëüíî-ãðàäèåíòíûå ñòàëè, êîòîðûå îòíîñÿòñÿ ê ãðóïïå ôóíêöèîíàëüíî-ãðàäèåíò-

íûõ ìàòåðèàëîâ, îáëàäàþùèõ óïðóãîïëàñòè÷åñêèìè ñâîéñòâàìè, ïîëó÷àþò èç àóñòåíèòíîé

íåðæàâåþùåé è ìàëîóãëåðîäèñòîé ôåððèòíîé ñòàëåé ïóòåì ýëåêòðîøëàêîâîé ïåðåïëàâêè.

Ïðè èñïîëüçîâàíèè ôóíêöèîíàëüíî-ãðàäèåíòíûõ ñòàëåé ìîæíî óëó÷øèòü ìåõàíè÷åñêèå ñâîé-

ñòâà êîìïîçèòîâ, ñîäåðæàùèõ ìàðòåíñèòíûå è áåéíèòíûå õðóïêèå ôàçû. Ïðåäñòàâëåííàÿ

àíàëèòè÷åñêàÿ ìîäåëü ïîçâîëÿåò îöåíèòü óäàðíóþ ýíåðãèþ ðàçðóøåíèÿ îáðàçöîâ Øàðïè èç

áåéíèòíî-ìàðòåíñèòíûõ ñòàëåé ñ ó÷åòîì çàâèñèìîñòè ìåæäó óäàðíîé ýíåðãèåé è ðàçìåðîì

ïëàñòè÷åñêîé çîíû â âåðøèíå íàäðåçà. Ñðàâíèâàþòñÿ âåëè÷èíû óäàðíîé ýíåðãèè äëÿ îáðàçöîâ

Øàðïè èç ôóíêöèîíàëüíî-ãðàäèåíòíûõ ñòàëåé è îäíîðîäíîãî ìàòåðèàëà, ñîîòâåòñòâóþùåãî

ñëîþ ìàòåðèàëà âáëèçè âåðøèíû íàäðåçà. Ñ èñïîëüçîâàíèåì ïðîãðàììíîãî êîìïëåêñà ABAQUS

âûïîëíåíî òðåõìåðíîå êîíå÷íîýëåìåíòíîå ìîäåëèðîâàíèå äàííîãî ïðîöåññà. Ñîãëàñíî çàêîíó

Õîëëîìàíà äëÿ ïëàñòè÷åñêîé çîíû ïîëó÷åíû õàðàêòåðèñòèêè ìàòåðèàëà â ðàçëè÷íûõ åãî

ñëîÿõ. Ðàññìàòðèâàëîñü ýêñïîíåíöèàëüíîå èçìåíåíèå õàðàêòåðèñòèê ìàòåðèàëà ïî øèðèíå

îáðàçöà. Ïðåäëîæåííàÿ ìîäåëü ïîçâîëÿåò ïîëó÷èòü ðåçóëüòàòû, õîðîøî ñîãëàñóþùèåñÿ ñ

èìåþùèìèñÿ ýêñïåðèìåíòàëüíûìè äàííûìè è ðåçóëüòàòàìè êîíå÷íîýëåìåíòíûõ ðàñ÷åòîâ.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-ãðàäèåíòíàÿ ñòàëü, ýíåðãèÿ ðàçðóøåíèÿ îáðàçöîâ

Øàðïè, ïîëîæåíèå âåðøèíû íàäðåçà, ðàçìåð ïëàñòè÷åñêîé çîíû, ìåòîä êîíå÷íûõ

ýëåìåíòîâ.

Introduction. Failure phenomena in continuum media, either solids or liquids, can be

regarded as a single physical phenomenon, which mathematically can be identified by the

fulfilment of a limit condition usually involving the stressed state of the material [1].

Functionally graded (FG) materials are the advanced materials in the family of engineering

composites made of two or more constituent phases in which the composition, structure

and/or specific properties vary continuously and smoothly in the preferred direction to

produce combinations of properties that could not be achieved through monolithic materials

composed of similar constituents. In this regard, well-known metal-ceramic FG materials

are mostly used to enhance the properties of thermal-barrier systems, because cracking or
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delamination, which are often observed in conventional multi-layer systems, are avoided due

to the smooth transition between the properties of the components [2].

Compositionally graded steels are an interesting development and a new area of

interest among steel researchers. These new materials allow for superior combinations of

strength and ductility when compared to traditional high-strength steels. Chehab et al. [3]

show the potential for developing architectured structures in steels using decarburization

method. They also show a potential for the control of instabilities such as necking or

damage and fracture events.

In addition, a special class of multiphase materials with graded microstructure can be

obtained at cryogenic temperatures as a result of smooth transition from the parent phase to

the secondary phase. The required continuously graded material features are obtained at

low temperatures via the mechanism of controlled strain-induced phase transformation

from the purely austenitic phase with face cubic centred (fcc) lattice to the martensitic

phase with body cubic centred (bcc) lattice by imposing kinematically controlled torsion on

a stainless steel bar until the material starts transforming itself close to the outside radius of

the bar [4].

More recently, other types of functionally graded steels (FGS) have been produced

from austenitic stainless steel and plain carbon steel by controlling the chemical distribution

of chromium, nickel and carbon atoms at the remelting stage through electroslag remelting

(ESR) process [5]. Studies on transformation characteristics of FGSs produced via ESR

have shown that by selecting appropriate arrangement and thickness of original electrodes

made of ferritic and austenitic steels, composites with graded ferritic and austenitic regions

together with emerged bainitic and/or martensitic layers can be obtained:

( ) ( ),� � ���0 0
ESR� ���

( ) ( ),� � � � �0 0 0
ESR

M� ���

( ) ( ),� � � � ��� �0 0 0 0
ESR

M� ���

( ) ( ),� � � � �����0 0 0 0
ESR� ���

where �0 and � 0 are original ferritic and austenitic stainless steels in the primary

electrode, respectively, � and � are ferritic and austenitic graded regions in the final

composite, respectively, and � and M are emerged bainitic and martensitic layers in the

final composite, respectively.

In some previous studies, the tensile behavior of FGSs with different configurations

was experimentally investigated and modeled by modified rule of mixture [6]. In that work,

variation of yield strength in the graded region has been estimated by means of a linear

expression between the yield strength gradient and the Vickers microhardness profile of the

composite. In particular, Vickers microhardness profile of austenitic graded region of the

��� FGSs has been modeled utilizing the mechanism-based strain gradient plasticity

(MSG) theory [7]. Afterwards, the MSG theory was used to model the tensile strength of

FGSs [8]. The main advantage of this modified model with respect to the previous one [6]

is that the microhardness of each layer (i.e., Vickers microhardness profile) is not required

for determining the mechanical properties of the FGSs.

Other important aspects are related to the characterization of FGSs under hot-working

conditions. In [9], the flow stress of FGSs under hot compression loading was assessed by

applying constitutive equations in combination with the rule of mixture. In this paper, a

theoretical model has been proposed to assess the flow stress of bainitic ��� and

martensitic � �M graded steels under hot compression conditions based on the Reuss model

for the overall strains.
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The brittle or quasi-brittle static failure of U-notched plates made of � �M FGS, in

which the properties gradient is parallel to the notch depth, was studied by Barati et al. [10].

As remarked in that work, when the notch tip is placed in the transition region between

austenite and martensite layers, the fracture load in FGS is higher than that of the

homogeneous steel. On the other hand, when the notch is placed in the transition region

between martensite and austenite layers, the fracture load of the homogeneous steel is

greater than that of FGS. In that study, the Young modulus and Poisson’s ratio have been

assumed to be constant, while the ultimate tensile strength and the fracture toughness K cI

vary exponentially through the specimen width. The effect of the notch depth on the critical

fracture load has also been also investigated therein.

In [11–13], the Charpy impact energy of crack divider specimens was measured

experimentally and modelled by two methods. The obtained results showed that the Charpy

impact energy of the specimens depended on the type and the volume fraction of the

present phases. In both theoretical methods, Charpy impact energy of the FGS was

considered to be the sum of the Charpy impact energy of constituent layers by means of the

rule of mixtures. One mehod correlates the Charpy impact energy of FGSs to the Charpy

impact energy of the individual layers through Vickers microhardness of the layers [11]. In

the other work, the Charpy impact energy for all layers was related to the area under the

stress–strain curve measured in plain tensile test [12, 13].

In addition, the Charpy impact energy [14–16] of both ferritic and austenitic graded

regions of ��� FGS in the form of crack divider configuration has been assessed by a

same methodology proposed in previous works [11–13] and using the MSG theory. In these

works, the flow stress (yield strength and/or ultimate tensile strength) of each layer has

been related to the density of the dislocations of that layer and by assuming the Holloman

relation for the corresponding stress–strain curve, the whole stress–strain curve of that layer

were determined.

Following parallel tracks, the Charpy impact energy of FGSs produced by ESR

process in the form of crack arrester configuration has also been investigated in [17]. The

results obtained in that study for ��� and � �M composites indicate that the notch tip

position with respect to the bainite or martensite layer significantly affects the Charpy

impact energy of FGSs. The closer the notch tip to the tougher layer (median bainitic or

martensitic layers), the higher is the Charpy impact energy of the composite due to

increment of energy absorbed by the plastic deformed zone ahead of the notch and vice

versa [17].

As stated in [17] for arrester configuration, no precise mathematical modelling was

presented to correlate the Charpy impact energy of FGSs to the morphology of each layer.

This is an actual gap in the literature. The main aim of the present work is to fill this gap

and provide a new analytical model for the assessment of the Charpy impact energy of

FGSs in the form of crack arrester configuration. Moreover, three-dimensional finite

element (FE) analysis by ABAQUS software was performed to simulate the Chapry impact

energy process of FGS specimens in the form of crack arrester configuration. Since the

most plastic deformation has been concentrated on the notch tip zone, the notch tip area has

been partitioned with a fine mesh. The stress–strain curve of layers in functionally graded

composite corresponding to partitions in FE model, was obtained from MSG theory and

was fed into the model as constitutive behavior. The outputs of the proposed model for

different notch tip positions of ��� and � �M FGS are compared with the experimental

results taken from the recent literature and those obtained from the simulation.

1. Analytical Model. In investigation of Charpy impact response of FGS, there are

two common configurations consisting of crack divider and crack arrester forms as

illustrated in Fig. 1a and 1b, respectively. Crack divider configuration is the case where the

plane which contains the notch tip is perpendicular to the layers, and crack arrester

configuration is the case where the plane which contains the notch tip is parallel to the layers.
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In [17], the effect of the distance between the notch tip and the position of the median

phase on the Charpy impact energy is investigated. The results show that in the transition

region between original ferrite and bainite layer of ��� composite, when the notch apex is

close to the median layer, the impact energy reaches its maximum value due to the

increment of the absorbed energy by plastic deformation ahead of the notch tip (i.e.,

positive toughness slope; see Fig. 2a). On the other hand, when the notch apex is far from

the median layer, the impact energy strongly decreases. While, in the transition region

between original austenite and bainite layer of ��� composite as well as in the transition

region between original austenite to martensite layer of � �M composite, when the notch

apex is close to the median layer, the impact energy reaches its minimum value due to

decrease of the absorbed energy by plastic deformation ahead of the notch tip (i.e., negative

toughness slope; see Fig. 2b).

a b

c

Fig. 1. The schematic representation of configuration of composite Charpy test specimens in the form

of crack divider (a) and crack arrester (b); the geometry of Charpy specimens (c).

a b

Fig. 2. Comparision between notch tip plastic zone of homogeneous medium and graded one

positive (a) and negative (b) toughness slope.
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Due to the lack of explicit equations to determine absorbed energy in the Charpy

impact test, we attempt to propose a model regarding empirical relationships that have been

determined to correlate the Charpy impact energy of monotonic materials to the other

characteristic properties. To this end, the relationships between Vickers microhardness and

the Charpy impact energy, as well as expression between the fracture toughness, yield

strength and Charpy impact energy are considered as follows [18–20]:

CV C
CV

VH
C� �1 2 , (1)

C
CV

C K
Y

c Y3 4
2

	
� 	� � 
( ) ,I (2)

where CV denotes Charpy impact energy and VH stands for Vickers microhardness, K cI

and 	Y are the fracture toughness and yield strength, respectively, and 
� , C1 , C2 , C3,

and C4 are material constants.

By attention to the linear relationship between the Vickers hardness and the yield

strength [6, 21], it can be seen that the right-hand side of Eq. (1) can be explicitly expressed

as a function of the term ( )K c YI 	 2 according to Eq. (2). Now, the combination of Eqs. (1)

and (2) allow us to suppose that the Charpy impact energy is proportional to ( )K c YI 	 2

term. On the other hand, the radius of plastic region in the vicinity of crack tip [see Eq. (3)],

ry , is proportional to ( )K c YI 	 2 (see [20])

r
K

y
c

Y

� 

�

�




�

�
��

�

�



�

�
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�

�



�
�

	

�
�

�I
2

2 2 2

2
1 2 3

2
cos ( ) sin

�
�

�

��
�

��
, (3)

where � is Poisson’s ratio and 
� is a constant. Note that Eq. (3) is valid for the plastic

radius of a homogeneous material under plane strain conditions and mode I loading

considering the von Mises yield criterion.

Consequently, the simple relationship between the Charpy impact energy and the size

of the plastic region can be written in the following form:

CV N r Ny� �1 2 , (4)

where N1 and N 2 are constants, which depend only on the material. Equation (4) is the

basis of the proposed model because it shows the proportionality between the Charpy

impact energy and the size of the plastic region in the vicinity of crack tip.

For the purpose of modeling the Charpy impact of a functionally graded composite,

the graded layers has been divided into thin elements with the homogeneous properties. As

explained earlier, the Charpy impact energy of a homognous material is related to the radius

of the plastic zone with Eq. (4). This relation could be developed for graded materials.

Therefore, we suppose that the Eq. (4) is acceptable for a graded region as follows:

CV x N r x NFGS
y

FGS( ) ( ) .� �1 2 (5)

The constants N FGS
1 and N FGS

2 will be determined according to the boundary

condition:

x x CV CV� � �1 1( ) , r ry y� ( ) ,1

x x CV CV� � �2 2( ) , r ry y� ( ) .2

(6)
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Equation (3) shows that the plastic region size varies as a function of the angle �. In

order to eliminate the effect of the angle on the size of the plastic region, the following

equation is proposed here to assess the Charpy impact energy of the graded region:

CV N CV NFG
FGS FG

H
H

FGS� �
�

�




�

�
�� �2 2

�

�
( .

)
(7)

According to Eq. (7), the Charpy impact energy of a FGS, CVFG , depends on the

distance of the notch tip from the middle phase, d, and on the type of the considered

composite. The term CVH is the Charpy impact energy of the element containing the

notch tip, �H is the area of the plastic region for a homogeneous specimen composed

exclusively of the material forming the element containing the notch tip, �FG is the area

of the plastic region for a FGS specimen, in which the mechanical properties vary along the

direction of the notch bisector line, and N FGS
2 is a constant that was determined by

imposing the appropriate boundary conditions.

In order to determine the profile of the notch tip plastic region, a specimen shown in

Fig. 3 with the notch depth a� 2 mm and the notch opening angle 2 45�� � with

accordance to the Charpy standard test specimen has been considered.

The yield strength 	Y and fracture toughness K cI have been supposed to vary

exponentialy along the notch bisector line (i.e., x-direction in Fig. 3)

K x K
x

d a

K

K
c c

c

c
I I

I

I

( ) ( ) exp ln
( )

( )

�
�

�

�





�

�
�
�

�

�
�
�

�

�
�
�

0

2

1

, (8)

	 	
	

	Y Y

Y

Y

x
x

d a
( ) ( ) exp ln .

( )

( )

�
�

�

�





�

�
�
�

�

�
�
�

�

�
�
�

0

2

1
(9)

In Eqs. (8) and (9), x is the distance of the element from the specimen edge and

indices 1 and 2 are related to the mechanical properties of the specimen edge and the

middle bainitic phase, respectively (see Fig. 3). It is clear that yield strength and the

Fig. 3. The schematic representation profile of the notch tip plastic region for the crack arrester

configurtaion of FGS.
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fracture toughness of the elements ahead of the notch tip could be obtained using a� 2 mm

in the Eqs. (8) and (9). Therefore, considering the Eqs. (3), (8), and (9), the area

surrounding the plastic region ahead of the notch tip for the homogeneous material could be

obtained as follows:

�H Hr d�
�

�
�

�

�
��

�

�

�2
1

2

2

0

( ( ))� �
�

� �

� 

�

�




�

�
�� � 


�

�




�

�
���

	
� � �2

4

2 2 1

3

4

4
K

f d
D

D
a D

c

Y

I
( ) exp[ ( 2 4 1

0

�
�
� D I)] ,

�

�

(10)

in which

D K c1 1� I ( ) , D
d a

K

K

c

c
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2
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1
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�
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�
�
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( )

( )

I

I

D Y3 1� 	 ( ) , D
d a

Y

Y
4

2

1

1
�

�

�

�





�

�
�
�ln ,

( )

( )

	

	

I d1
2 2 2

2

0
2

1 2 3
2

� � �
�
��

�
��

�
 
!

"
#
$

� cos ( ) sin .
�

�
�

�
�

The value of angular integral I1 is independent of the composite type, as well as the

distance d, and it is equal to 2.2594 for all cases.

Since ( )K c YI 	 2 varies for different elements, the effect of angle and position must

be considered to determine the area surrounding the plastic region ahead of the notch for

the graded specimen �FG . For example, an element with the distance x i( ) from the

specimen edge called the ith element with the radius rFG i( ) and the angle of the plastic

region boundary [� ( )i ] is shown in Fig. 3. Considering Eq. (3), rFG i( ) is calculated as

follows:

r H x fFG i i i( ) ( ) ( )( ) ( ),� 
� � (11)

where

H x
K x

x

D

D
i

c i

Y i

( )
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(
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2

�
�

�
�, (13)

where K xc iI ( )( ) and 	Y ix( )( ) are the fracture toughness and the yield strength of the ith

element, respectively.

Moreover, with reference to the Fig. 3, Eq. (14) correlates the radius, the angle of the

plastic region and the position of the ith element as follows:

x a ri FG i i( ) ( ) ( )cos( ).� � � (14)

By combination of Eqs. (11) and (14), one obtains

x a

H x
f

i

i
i i

( )

( )
( ) ( )

( )
( )cos( ).

�
� 
� � � (15)
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In order to simplify the calculation, we consider exp( ) ( )x x O x� � �1 2 for the

function H in Eq. (12) utilizing Taylor series and neglecting the higher-order terms.

Therefore, x i( ) is calculated from Eq. (15) in terms of � ( )i as follows:

x
a A

B
i( ) ,�

�

�1 2
(16)

where

A
D

D
f i i� 


�

�




�

�
��� � �1

3

2

( )cos( ),( ) ( ) (17)

B
D

D
D D f i i� 


�

�




�

�
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3

2

2 4( ) ( )cos( ).( ) ( ) (18)

Now, substituting x i( ) from Eq. (16) into Eq. (11), rFG i( ) in terms of � ( )i is

obtained as follows:

r
D

D
f

a A

B
D DFG i i( ) ( )
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�� �

�

�
�1

3

2

2 41
2

1 2
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By integration from Eq. (19), �FG is determined as follows:

�FG FGr d
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The angular integrals I 2 and I 3 in Eq. (20) are as follows:
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�

�
� � �

�
��

�
��

�

�



�
cos ( ) sin

�
�

�

�
�

�
 
%

!%

"
#
%

$%
�

2

0

�

�d . (22)

Note that I 2 and I 3 contain the parameters A and B, which are related to the

boundary condition of composites [see Eqs. (17) and (18)]. Therefore, the values of I 2

and I 3 must be calculated for different types of graded regions. Moreover, the values of

these integrals are independent of the notch tip position. Meanwhile, the constant N FGS
2

is calculated as follows:

N
r CV r CV

r r

FGS y H y H

y y
2

1 2 2 1

1 2

�
�

�
( ) ( ) ( ) ( )

( ) ( )

. (23)

Finally, substituting Eqs. (10), (20), and (23) into Eq. (7), the impact energy of FGS is

obtained as follows:
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. (24)

According to Eq. (24), the Charpy impact energy of FGS is obtained as a function of

the notch depth, the notch tip position and the boundary condition of the region that

conclude the notch tip. In this paper, Eq. (24) has been used to determine the Charpy

impact energy of two kinds of FGS with different notch tip positions, while the notch depth

is kept constant.

2. Finite Element Analysis. The commercial finite element analysis software

ABAQUS 6.11 is employed to simulate the Charpy impact process. The geometry and

dimension of the studied notched specimen is in accordance with the Charpy standard

impact test as illustrated in Fig. 1c.

In the studied FGS, the elastic properties, as well as mass density, are considered to be

constant in the whole composie, while the gradient will appear in the plastic part of the

stress–strain curve. Therefore, the whole specimen except the notch tip zone in which

considerable plastic deformation occurs, has been considered to be homogeneous with

elastic properties. The notch tip region, which contains the most plastic deformation, has

been partitioned in the properties’ gradient direction (Fig. 4a). The stress–strain curve of

each layer in the partition has been obtained by the procedure explained in [16]. In this

method, Hooke’s law and the Holloman model are used to describe the elastic and plastic

parts of stress–strain curve, respectively. Moreover, the yield strength, the ultimate strength

and the strain hardening exponent were considred to vary exponentially in the graded

region.

The values of the Young modulus, Poisson’s ratio, and mass density were considered

to be constant for all partitions as 207 GPa, 0.33, and 7800 kg/m3, respectively. The

C3D8R cubic elements were joined together to build the standard Charpy impact specimen,

and a tiny mesh in the notch tip region was considered to have the maximum accuracy

(Fig. 4b).

The distance between the supports were considered to be 40 mm in accordance with

Charpy standard test. Also, a hammer was modeld with a rigid body of 20 kg weight.

Figure 5 shows the simulated model of the process. Moreover, the dynamical loading was

selected with the 5.42 m/s velocity of the hammer such that the initial energy of the

hammer was 300 J in accordance with the Charpy standard test.
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The energy transferred to the Charpy specimen during impact is dissipated and stored

in different forms. In general, the total absorbed energy in the Charpy test can be

considered as summation of the dissipated energy due to the plastic deformation and the

necessary enegy to propagate the crack until fracture. This condition could be observed in

the tests performed on the notched and cracked specimens (like the Charpy standard test).

In the Chapry impact test, the main part of the plastic deformation is supposed to occur

around the notch tip before the crack initiation, while with the crack propagation until

fracture may be considered to be elastic. Therefore, the Charpy impact energy can be

presented as follows [22]:

CV E Eplastic fracture� � , (25)

where E plastic is the dissipated energy due to the plastic deformation, and E fracture is the

absorbed energy from the crack initiation in the notch tip until the fracture.

2.1. Determining the Crack Initiation Energy. Different criteria have been presented to

predict the critical load for the notched specimens. Most of these criteria are usefull for

brittle and quasi-brittle materials to predict the critical fracture load. These criteria can be

used to determine the critical load (i.e., the load related to the crack initiation) for ductile

materials. In the present work, the point stress (PS) criterion is used to determine the crack

initiation point.

Fig. 5. Three dimentional FE model of the Charpy impact process.

a b

Fig. 4. The simulated model in the ABAQUS software: (a) the partition around the notch; (b) mesh

around the notch.
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The PS criterion implies that fracture takes place when the circumferential stress 	 ��
at a specific critical distance rc from the notch tip reaches to its critical value ( )	 �� c . The

critical value ( )	 �� c can be taken to be equal to the ultimate tensile strength of the

materilas, and the critical distance is calculated as follows [23]:

r
K

c
c

UTS

�
�

�




�

�
��

1

2

2

� 	
I

, (26)

where the fracture toughness K cI and the ultimate strength 	UTS are the material

properties. Therefore, the critical distance rc is independent of the notch geometry. Since

the mechanical properties of the FGS vary in the width direction, the critical distance rc
[Eq. (26)] is derived from the following expression:

r x a
K x

x
c

c

UTS

� � �
�

�




�

�
��0

0

0

2
1

2� 	
I ( )

( )
, (27)

in which a� 2 mm is notch depth and x0 is a distance between the critical point and the

specimen edge. Solving Eq. (27), the values of x0 and thereby rc would be obtained. In

the simulated model, the loading of the specimen was increased gradually until the

circumferential stress (i.e., stress component in direction perpendicular to notch bisector)

for an element at distance rc from the notch tip equals to the critical stress related to the

material including notch tip in the FG specimen.

2.2. Determining the Crack Propagation Energy. In order to obtain the necessary

energy related to the fracture of the specimen under mode I loading, a crack must propagate

to create a crack surface A f in Fig. 6. Mathematically, the area A f would be obtained

from the integration of the element dA Bdx� from x a� to x w� , in which dx is the

thickness of the element dA, while a, B, and w are the notch depth, specimen thickness

and specimen width, respectively, as illustrated by Fig. 6.

With this assumption, the absorbed energy from the crack inititation time until the

fracture time could be obtained utilizing the critical value of strain energy density as

follows:

Fig. 6. The fracture area of the notched specimen.
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E
dW

dV
BdAfracture

cAf

�
�

�



�

�
�� ( ), (28)

where ( )dW dV c is the critical value of strain energy density to create the fracture area

dA. The critical value of strain energy density depends on the materilas properties and can be

expressed as follows [24]:

dW

dV Ec

UTS�

�



�

�
� �

1

2

2	
. (29)

Now, substituating Eq. (29) into Eq. (28) and considering the constant Young modulus

in the composite, and exponential variation of the ultimate strength along the specimen

width, Eq. (28) is transformed to the following equation:

E
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d a
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. (30)

3. Results.

3.1. The Comparision between the Charpy Impact Energy of FG and Homogeneous

Steels. In order to investigate the properties’ gradient on the Charpy impact energy of

composite, the variation of the Charpy impact energy for the FG steel CVFG versus the

notch tip position obtained by Eq. (24) has been compared with those for the homogeneous

steel with the same mechanical properties of the notch tip, CVH . The mechanical

properties of the boundary layers of the studied FGSs are shown in Table 1.

The variations of the Charpy impact energy vesus the notch tip position in different

graded regions for both FG and homogeneous steels are given in Tables 2–4.

As Tables 2–4 show, in the austenitic region of both ��� and � �M composites, the

impact energy of FG steel is less than that of a homogeneous steel with the same

mechanical properties of the notch tip. This is due to the fact that the surrounding area for

the notch tip plastic zone of the homogeneous steel is larger than that of the FG steel.

Whereas, for ferritic region of ��� composite, the impact energy of FG steel is larger than

that of homogeneous steel because the surrounding area of the notch tip plastic zone of the

FG steel is larger than the homogeneous steel. The maximum difference between the impact

energy of the homogeneous and the FG steel was found about 26 J for the austenitic region

of � �M composite.

T a b l e 1

The Mechanical Properties of the Single Phase Steels in the FGSs [6, 11, 25]

Mechanical property Fracture

toughness

(MPa m' 0 5. )

Yield

strength

(MPa)

Ultimate

tensile strength

(MPa)

Charpy

impact energy

(J)

Original ferrite

Original austenite

Single-phase bainite

Single-phase martensite

45.72

107.77

82.08

6.09

245

200

1025

1440

200

480

1125

1480

64

140

108

11
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T a b l e 2

The Variation of the Impact Energy of the ��� FG and Homogeneous Steels

with the Same Mechanical Properties of the Notch Tip of FG Specimen

Versus the Notch Tip Position when the Notch is in the Ferritic Region

The distance

from notch tip

to median layer

of FG specimen (mm)

Charpy impact energy

of FG steel

CVFG , J

Charpy impact energy

of homogeneous steel

CVH , J

CV CV

CV

FG H

H

�
'100, %

1 2 3 4

0

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

0.0008

0.0009

0.0010

0.0011

0.0012

0.0013

0.0014

0.0015

0.0016

0.0017

0.0018

0.0019

0.0020

0.0021

0.0022

0.0023

0.0024

0.0025

0.0026

0.0027

0.0028

0.0029

0.0030

0.0031

0.0032

0.0033

0.0034

0.0035

0.0036

0.0037

0.0038

110.7294

110.0447

109.3001

108.4990

107.6452

106.7420

105.7930

104.8016

103.7714

102.7060

101.6087

100.4832

99.3329

98.1615

96.9724

95.7692

94.5555

93.3347

92.1104

90.8863

89.6658

88.4525

87.2499

86.0616

84.8913

83.7424

82.6185

81.5233

80.4601

79.4327

78.4445

77.4992

76.6003

75.7514

74.9560

74.2176

73.5399

72.9264

72.3806

108.0000

107.2787

106.4935

105.6476

104.7448

103.7885

102.7823

101.7295

100.6336

99.4985

88.3275

97.1243

95.8925

94.6357

93.3575

92.0618

90.7520

89.4320

88.1055

86.7762

85.4478

84.1243

82.8093

81.5068

80.2204

78.9542

77.7120

76.4977

75.3152

74.1684

73.0614

71.9981

70.9824

70.0186

69.1104

68.2621

67.4777

66.7613

66.1171

�2.52722

�2.57826

�2.63547

�2.69896

�2.76895

�2.84563

�2.92922

�3.01994

�3.11800

�3.22362

�3.33699

�3.45833

�3.58783

�3.72569

�3.87208

�4.02716

�4.19105

�4.36385

�4.54565

�4.73645

�4.93624

�5.14496

�5.36238

�5.58834

�5.82252

�6.06449

�6.31372

�6.56958

�6.83119

�7.09769

�7.36795

�7.64069

�7.91446

�8.18760

�8.45828

�8.72449

�8.98402

�9.23451

�9.47343
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Continued Table 2

1 2 3 4

0.0039

0.0040

0.0041

0.0042

0.0043

0.0044

71.9062

71.5065

71.1853

70.9461

70.7923

70.7279

65.5491

65.0616

64.6587

64.3446

64.1236

64.0000

�9.69815

�9.90593

�10.09400

�10.25960

�10.39991

�10.51241

T a b l e 3

The Variation of the Impact Energy of the � �M FG and Homogeneous Steels

with the Same Mechanical Properties of the Notch tip of FG Specimen

Versus the Notch Tip Position when the Notch is in the Austenitic Region

The distance

from notch tip

to median layer

of FG specimen (mm)

Charpy impact energy

of FG steel

CVFG , J

Charpy impact energy

of homogeneous steel

CVH , J

CV CV

CV

FG H

H

�
'100, %

1 2 3 4

0

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

0.0008

0.0009

0.0010

0.0011

0.0012

0.0013

0.0014

0.0015

0.0016

0.0017

0.0018

0.0019

0.0020

0.0021

0.0022

0.0023

0.0024

0.0025

0.0026

0.0027

0.0028

10.9266

12.8112

14.7872

16.8498

18.9944

21.2161

23.5102

25.8717

28.2958

30.7776

33.3122

35.8946

38.5200

41.1835

43.8799

46.6046

49.3524

52.1184

54.8977

57.6853

60.4762

63.2657

66.0484

68.8196

71.5743

74.3075

77.0141

79.6893

82.3280

11.0000

13.0115

15.1374

17.3745

19.7156

22.1594

24.7006

27.3348

30.0574

32.8638

35.7494

38.7095

41.7392

44.8337

47.9878

51.1967

54.4552

57.7579

61.0997

64.4751

67.8787

71.3049

74.7480

78.2023

81.6621

85.1212

88.5739

92.0139

95.4351

�0.66768

�1.53913

�2.31323

�3.01396

�3.65788

�4.25685

�4.81956

�5.35254

�5.86076

�6.34811

�6.81764

�7.27181

�7.71261

�8.14166

�8.56030

�8.96964

�9.37064

�9.76405

�10.15060

�10.53100

�10.90550

�11.27440

�11.63860

�11.99800

�12.35310

�12.70400

�13.05110

�13.39430

�13.73410
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Continued Table 3

1 2 3 4

0.0029

0.0030

0.0031

0.0032

0.0033

0.0034

0.0035

0.0036

0.0037

0.0038

0.0039

0.0040

0.0041

0.0042

0.0043

84.9253

87.4761

89.9755

92.4184

94.7999

97.1149

99.3586

101.5257

103.6113

105.6104

107.5182

109.3293

111.0388

112.6419

114.1342

98.8313

102.1960

105.5227

108.8049

112.0360

115.2092

118.3177

121.3544

124.3124

127.1845

129.9634

132.6418

135.2121

137.6671

140.0000

�14.0704

�14.4036

�14.7335

�15.0605

�15.3844

�15.7056

�16.0239

�16.3395

�16.6525

�16.9628

�17.2704

�17.5755

�17.8781

�18.1781

�18.4756

T a b l e 4

The Variation of the Impact Energy of the ��� FG and Homogeneous Steels

with the Same Mechanical Properties of the Notch Tip of FG Specimen

Versus the Notch Tip Position when the Notch is in the Austenitic Region

The distance

from notch tip

to median layer

of FG specimen (mm)

Charpy impact energy

of FG steel

CVFG , J

Charpy impact energy

of homogeneous steel

CVH , J

CV CV

CV

FG H

H

�
'100, %

1 2 3 4

0

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

0.0008

0.0009

0.0010

0.0011

0.0012

0.0013

0.0014

0.0015

0.0016

0.0017

0.0018

0.0019

105.9612

106.3290

106.7901

107.3330

107.9467

108.6208

109.3457

110.1121

110.9115

111.7358

112.5777

113.4305

114.2878

115.1443

115.9948

116.8350

117.6611

118.4699

119.2589

120.0261

108.0000

108.3908

108.8828

109.4640

110.1232

110.8495

11.6327

112.4633

113.3322

114.2308

115.1513

116.0866

117.0298

117.9750

118.9166

119.8499

120.7707

121.6754

122.5612

123.4258

�1.88775

�1.90219

�1.92195

�1.94679

�1.97641

�2.01051

�2.04872

�2.09066

�2.13594

�2.18419

�2.23501

�2.28805

�2.34294

�2.39936

�2.45698

�2.51555

�2.57478

�2.63447

�2.69441

�2.75443
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3.2. Validation of the Analytical Model for FG Composite. In this paper, the FE

analysis has been carried out to evaluate the accuracy of the analytical model. For example,

when the notch tip is located in ferritic region of ��� composite with 2 mm distance from

the bainitic layer, the circumferential stress (i.e., S11 in simulated model) in the deformed

specimen is shown in Fig. 7. Due to symmetry, only a half of the model is shown.

Continued Table 4

1 2 3 4

0.0020

0.0021

0.0022

0.0023

0.0024

0.0025

0.0026

0.0027

0.0028

0.0029

0.0030

0.0031

0.0032

0.0033

0.0034

0.0035

0.0036

0.0037

0.0038

0.0039

0.0040

120.7702

121.4903

122.1864

122.8592

123.5094

124.1391

124.7504

125.3465

125.9308

126.5075

127.0817

127.6587

128.2446

128.8463

129.4709

130.1267

130.8222

131.5667

132.3702

133.2432

134.1972

124.2676

125.0856

125.8796

126.6502

127.3982

128.1257

128.8351

129.5296

130.2131

130.8902

131.5665

132.2480

132.9415

133.6548

134.3960

135.1745

136.0002

136.8836

137.8364

138.8707

140.0000

�2.81441

�2.87426

�2.93389

�2.99330

�3.05248

�3.11150

�3.17044

�3.22944

�3.28867

�3.34836

�3.40877

�3.47021

�3.53305

�3.59770

�3.66462

�3.73432

�3.80733

�3.88425

�3.96570

�4.05234

�4.14483

Fig. 7. The FE model after loading.
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Notice that for this case, by solving Eq. (27), x0 is obtained 0.003052 mm and then
the crtical distance would be rc � 1.051805 mm. This means that the specimen deformation
continues till the � �� at the distance of 1.051805 mm from the notch tip reaches to the
ultimate strength of the notch tip in the FG specimen. If this time is considered as the crack
initiation point, the total energy of the specimen up to this time may be considred as the
plastic dissipated energy E plastic . Moreover, the fracture energy E fracture would be
4.46223 J by solving the Eq. (30). Therefore, the Charpy impact energy CVFG would be
89.6675 J according to the Eq. (25).

a

b

c

Fig. 8. The comparison between the Charpy impact energy obtained by the analytical model with
FEM outputs and experimental ones when the notch tip is located at: (a) the ferritic region of the ���;
(b) the austenitic region of the ���; (c) the austnitic region of the � �M .
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The results of the analytical model for ��� and � �M FGSs versus the different

position of the notch tip, as well as the finite element method (FEM) outputs, have been

compared in Fig. 8. Moreover, the experimental values of the impact energy for four

different notch tip positions have been cited from [17] and depicted by circular symbols in

Fig. 8.

As this figure shows, there is a good agreement between the analytical model results

with FEM outputs and experimental ones.

Conclusions. In this research, the Charpy impact energy of bainitic and martensitic

FGSs produced via ESR process has been investigated both analyticaly, and by three-

dimentional FEM simulation. The main findings of the paper are listed below:

1. An analytical model has been obtained to predict the Charpy impact energy of the

FGS versus the notch tip position by correlating the Charpy impact energy of composite to

the size of the notch tip plastic region.

2. The results show that in the transition region from original ferrite to median bainite

layer of the ��� FGS, the impact energy of the FG steel is higher than that of

homogeneous steel with the same mechanical properties of the notch tip and for other

regions the opposite situation is observed.

3. The results of the model were compared with the FEM results and the experimental

ones taken from the literature. The sound agreement was found that demonstrated the

proposed model potentials as a powerfull tool to predict impact behavior of FG steels.

Ð å ç þ ì å

Ôóíêö³îíàëüíî-ãðàä³ºíòí³ ñòàë³, ùî â³äíîñÿòüñÿ äî ãðóïè ôóíêö³îíàëüíî-ãðàä³ºíòíèõ

ìàòåð³àë³â ³ç ïðóæíî-ïëàñòè÷íèìè âëàñòèâîñòÿìè, îòðèìóþòü ³ç íåðæàâ³þ÷î¿ ñòàë³

øëÿõîì åëåêòðîøëàêîâî¿ ïåðåïëàâêè. Ïðè âèêîðèñòàíí³ ôóíêö³îíàëüíî-ãðàä³ºíòíèõ

ñòàëåé ìîæíî ïîë³ïøèòè ìåõàí³÷í³ âëàñòèâîñò³ êîìïîçèò³â ³ç ìàðòåíñèòíèìè ³ áåé-

í³òíèìè êðèõêèìè ôàçàìè. Çàïðîïîíîâàíà àíàë³òè÷íà ìîäåëü äîçâîëÿº îö³íèòè óäàð-

íó åíåðã³þ ðóéíóâàííÿ çðàçê³â Øàðï³ ç áåéí³òíî-ìàðòåíñèòíèõ ñòàëåé ç óðàõóâàííÿì

çàëåæíîñò³ ì³æ óäàðíîþ åíåðã³ºþ ³ ðîçì³ðîì ïëàñòè÷íî¿ çîíè ó âåðøèí³ íàäð³çó.

Ïîð³âíþþòüñÿ âåëè÷èíè óäàðíî¿ åíåðã³¿ äëÿ çðàçê³â Øàðï³ ç ôóíêö³îíàëüíî-ãðàä³ºíò-

íèõ ñïëàâ³â òà ç îäíîð³äíîãî ìàòåð³àëó, ùî â³äïîâ³äàº øàðó ìàòåð³àëó á³ëÿ âåðøèíè

íàäð³çó. ²ç âèêîðèñòàííÿì ïðîãðàìíîãî êîìïëåêñó ABAQUS âèêîíàíî òðèâèì³ðíå

ñê³í÷åííîåëåìåíòíå ìîäåëþâàííÿ äàíîãî ïðîöåñó. Çã³äíî ³ç çàêîíîì Õîëëîìàíà, äëÿ

ïëàñòè÷íî¿ çîíè îòðèìàíî õàðàêòåðèñòèêè ìàòåð³àëó â ð³çíèõ éîãî øàðàõ. Ðîçãëÿ-

äàëàñü åêñïîíåíö³àëüíà çì³íà õàðàêòåðèñòèê ìàòåð³àëó ïî øèðèí³ çðàçêà. Çàïðîïî-

íîâàíà ìîäåëü äîçâîëÿº îòðèìàòè ðåçóëüòàòè, ÿê³ äîáðå óçãîäæóþòüñÿ ç â³äîìèìè

åêñïåðèìåíòàëüíèìè äàíèìè ³ ðåçóëüòàòàìè ñê³í÷åííîåëåìåíòíèõ ðîçðàõóíê³â.
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