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This paper devoted to the nonperiodic locally generalized radical groups, whose subgroups of infinite special rank are
transitively normal. We proved that if such a group G includes an ascendant locally nilpotent subgroup of infinite
special rank, then G is Abelian.
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The groups with certain prescribed properties of subgroups form one of the central subjects of
research in group theory. Their investigation introduced many important concepts such as the
finiteness conditions, local nilpotence, local solubility, subnormality, permutability, some impor-
tant numerical invariants on groups, in particular, distinct group ranks, etc. Choosing specific
prescribed properties and particular families of subgroups which possess these properties, we come
to distinct classes of groups. There is an enormous array of papers devoted to this theme. In the
present paper, we will consider the influence of the following two families of subgroups on the
structure of a group. These are the family of subgroups of finite special rank and the family of
transitively normal subgroups.

We say that a subgroup H of a group G is transitively normal, it H is normal in every subgroup
K > H, in which H is subnormal [1].

It is well known that the relation “to be a normal subgroup” is not transitive.

A group G is said to be a T-group, if this relation is transitive in G.

A group G is said to be a T -group, if every subgroup of G is a T-group.

It is not hard to see that every subgroup of G is transitively normal, if and only if G is a
T -group.
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A group G is said to be a group of a finite special rank , if every finitely generated subgroup
of G can be generated by at most r elements, and there exists a finitely generated subgroup H,
which has exactly » generators [2]. The theory of groups of finite special rank is one of the best
developed parts of group theory (see, e.g., surveys [3-5] and book [6]). In [7], M.R. Dixon,
M.J. Evans, and H. Smith initiated the investigation of the groups, whose subgroups of infinite
special rank have some fixed property P. This research has been prolonged by many authors for
distinct natural properties P (see, e.g., survey [5]). In [8], the study of the groups, whose sub-
groups of infinite special rank are transitively normal was initiated. More precisely, the structu-
re of periodic soluble groups with this property has been described there. In the current paper,
we begin to study of the nonperiodic groups, whose subgroups of infinite special rank are tran-
sitively normal. The main result of this paper is the following

Theorem. Let G be a nonperiodic locally generalized radical group, whose subgroups of infi-
nite special rank are transitively normal. If G includes an ascendant locally nilpotent subgroup of
infinite special rank, then G is Abelian.

Corollary 1. Let G be a nonperiodic locally generalized radical group, whose subgroups of in-
[inite special rank are transitively normal. If G includes an ascendant Abelian subgroup of infinite
special rank, then G is Abelian.

We derive the corollaries of this theorem for some types of subgroups that are transitively
normal.

Recall that a subgroup H is said to be contranormal in a group G, if its normal closure H®
coincides with G.

A subgroup H of a group G is said to be polynormal in a group G, if, for each subgroup S includ-
ing H, the subgroup H is contranormal in H° [9].

It is not hard to see that every polynormal subgroup is transitively normal; so, we can obtain

Corollary 2. Let G be a nonperiodic locally generalized radical group, whose subgroups of infi-
nite special rank are polynormal. If G includes an ascendant locally nilpotent subgroup of infinite
special rank, then G is Abelian.

A subgroup H is said to be paranormal in a group G, if H is contranormal in the subgroup ( H,
H®) for all elements g of a group G [9].

Every paranormal subgroup of G is polynormal in G [9]; so we obtain

Corollary 3. Let G be a nonperiodic locally generalized radical group, whose subgroups of in-
finite special rank are paranormal. If G includes an ascendant locally nilpotent subgroup of infi-
nite special rank, then G is Abelian.

A subgroup H of a group G is called weakly normal in G, if the inclusion H® < N.(H) always
implies g € N(H) [10] < NG(H).

We note that every weakly normal subgroup is transitively normal; so we obtain

Corollary 4. Let G be a nonperiodic locally generalized radical group, whose subgroups of in-
finite special rank are weakly normal. If G includes an ascendant locally nilpotent subgroup of in-
[inite special rank, then G is Abelian.

A subgroup H of a group G is called weakly pronormal in G, if the subgroups H and H® are
conjugate in H~ 8~ for each element g of the group G [9].

We say that a subgroup H of a group G has the Frattini property, if, for every subgroups K, L
such that / < K and K is normal in L, we have L =N, (K)K.

4 ISSN 1025-6415. Dopov. Nac. akad. nauk Ukr. 2020. Ne 2



On the nonperiodic groups, whose subgroups of infinite special rank are transitively normal

We note that a subgroup H is weakly pronormal on G, if and only if H has the Frattini proper-
ty [9]. Clearly, every subgroup having the Frattini property is transitively normal; so we obtain

Corollary 3. Let G be a nonperiodic locally generalized radical group, whose subgroups of in-
finite special rank are weakly pronormal. If G includes an ascendant locally nilpotent subgroup of
infinite special rank, then G is Abelian.

A subgroup H of a group G is called pronormal in G, if the subgroups H and H® are conjugate
in ( H, H®) for each element g of the group G. Clearly, every pronormal subgroup is transitively
normal; so we obtain

Corollary 6. Let G be a nonperiodic locally generalized radical group, whose subgroups of infi-
nite special rank are pronormal. If G includes an ascendant locally nilpotent subgroup of infinite
special rank, then G is Abelian.
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HENIEPIO/IMYHI TPYIIN, B AKUX IIIATPYIIN
HECKIHYEHHOTO CIIEHIAJIbHOI'O PAHTY
€ TPAHSUTVBHO HOPMAJIbHUMU

ocmifkeno HenepioYHI JIOKATBHO y3aradbHEHI pafinKaibHI TPYIH, B SKUX MiATPYIMN HECKIHYEHHOTO CIie-
[iaJIbHOTO PAHTY € TPAH3UTUBHO HOPMaJIbHUMU. [l0Be/IeHO, IO SIKIIO Taka rpyna G MicTUTh y co6i BUCXIIHY JIO-
KaJIbHO HiJIBITOTEHTHY TATPYITy HECKIHYEHHOTO CIIEI[iaIbHOTO paHTy, To G abeseBa.

Kmouo6i cnoea: neckinuennuil cneyianivhull panz, pose’sasna epynd, nepioouuna pyna, 10KaivHo HibnomeHmuul
PAOUKAL, TOKALLHO HIIGNOMEHMHUT Pe3UOYAL, MPAHIUMUBHO HOPMATLbHI Ni0ZPYNL.
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HEIIEPUOANYECKUE I'PYIIIIDI,
Y KOTOPBIX ITIOATPYIIIIBI BECKOHEYHOTIO
CIIEIIMAJIBHOTI'O PAHTA TPAH3UTMBHO HOPMAJIbHBI

VceseoBanbl HellepHOAMYECKUE JIOKAJIbHO 0000IIEHHbIE PaJUKaJbHbIE TPYIIIbL, Y KOTOPBIX MOAIPYIIIbI Gec-
KOHEYHOI'O CIIeUaJbHOI'O paHTa TPaH3UTUBHO HOPMAJIbHbI. ﬂOKaSaHO, 4TO €CJIU B TaKYyIO IpyIiny G BXOIUT BOC-
XOZISAMIAsA JIOKAJIbHO HUJIBIIOTEHTHAS TTOATPYIIAa OECKOHEUHOTO ClIelMaIbHOrO paHra, To G abesesa.
Kniouesvie crosa: xoneunviii cneyuaiviolii panz, paspeuumas 2pynna, Nepuooudeckas. zpynnd, J0KAIbHO Hulb-
nomenmuvLil pAOUKaL, TOKAILHO HUTbNOMEHMHOLI Pe3UOY AL, MPAHIUMUBHO HOPMATLHBLE NOOZPYNNDL.
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