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Abstract. In this paper, we investigate slice holomorphic functions
of several complex variables having bounded L-index in a direction, i.e.
we consider functions which are entire on every slice {z° +tb : t €
C} for every z° € C" and for a given direction b € C™\ {0}. For
this function class we prove some criteria of boundedness of L-index in
the direction describing local behavior of maximum modulus, minimum
modulus of the slice holomorphic function and providing estimates of
logarithmic derivative and distribution of zeros. Moreover, we obtain
analogs of known Hayman’s theorem and logarithmic criteria. They are
applicable in analytic theory of differential equations. We also investigate
value distribution of these functions and present existence theorem for
this function class. It indicates that bounded multiplicity of zeros for
slice holomorphic function F' : C" — C is the necessary and sufficient
condition for existence of a positive continuous function L : C" — Ry
such that F' has bounded L-index in the direction.
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1. Introduction

The paper is addendum to [1]. There was introduced a concept of L-
index boundedness in direction for slice entire functions of several complex
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variables. Also there was deduced some criteria of L-index boundedness
in direction. Here we present some applications of these criteria to ob-
tain more useful criteria of L- index boundedness in direction. Among
them are logarithmic criterion, analog of Hayman’s theorem and estimate
of minimum modulus. It should be note that the fist two criteria have
applications in analytic theory of differential equations. Also we con-
sider value distribution of function belonging to this function class and
prove existence theorem. It demonstrates extent of the class, i.e. slice
holomorphic functions of bounded L-index in direction.
The paper is devoted to the following problem.

Problem 1.1. Is it possible to deduce main facts of theory of entire
functions having bounded L-index in the direction b € C™\ {0} for func-
tions which are holomorphic on the slices {z° +tb : t € C} and are joint
continuous?

Let us introduce some notations from [1]. Let Ry = (0, +00), RY =
[0,400), 0 = (0,...,0), b= (b1,...,b,) € C"\ {0} be a given direciton,
L : C" — R4 be a continuous function, F' : C* — C an entire function.
The slice functions on a line {20 + tb: t € C} for fixed 20 € C we will
denote as g.o(t) = F (2 +tb) and l,0(t) = L(z" + tb).

Let ﬁg be a class of functions which are holomorphic on every slices
{z°+1tb : t € C} for each 2% € C" and let H}! be a class of functions from
ﬁﬁ which are joint continuous.

The notation Oy F'(z) stands for the derivative of the function g,(t)
at the point 0, i.e. for every p € N 9pF(z) = ggp)(O), where g,(t) =
F(z 4 tb) is entire function of complex variable t € C for given z € C".
In this research, we will often call this derivative as directional derivative
because if F' is entire function in C™ then the derivatives of the function
g-(t) matches with directional derivatives of the function F. Together
the hypothesis on joint continuity and the hypothesis on holomorphy in
one direction do not imply holomorphy in whole n-dimensional complex
space. We give some examples to demonstrate it. For n = 2 let f :
C — C be an entire function, g : C — C be a continuous function. Then
f(z1)g(22), f(z1)E£g(22), f(21-9(z2)) are functions which are holomorphic
in the direction (1, 0) and are joint continuous in C2. Moreover, if we have
performed an affine transformation

zZ1 = bzzi + blzé,
z9 = bgzi — blzé

then the appropriate new functions are also holomorphic in the direction
(b1, bo) and are joint continuous in C2, where by # 0, by # 0.
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A function F' € H} is said [1] to be of bounded L-index in the direction
b, if there exists mg € Z4 such that for all m € Z and each z € C"
inequality

o5 F () 0L (=) "

m!L™(z) — 0<k<mo K!LF(2)’ ’
is true. The least such integer number myg, obeying (1.1), is called the
L-index in the direction b of the function F' and is denoted by Ny (F, L).
If such my does not exist, then we put Ny(F, L) = oo, and the function
F' is called of unbounded L-index in the direction b in this case. If
L(z) = 1, then the function F' is said to be of bounded index in the
direction b and Ny (F') = Np,(F, 1) is called the index in the direction b.
Forn=1,b =1, L(z) = l(2), z € C inequality (1.1) defines a function
of bounded l-index with the l-index N(F,l) = Ny(F,1) [19,20], and if in
addition [(z) = 1, then we obtain a definition of index boundedness with
index N(F) = Ni(F,1) |21,22]. It is also worth to mention paper [31],
which introduces the concept of generalized index. It is quite close to the
bounded Il-index. Let Ny, (F, L, 2°) stands for the L-index in the direction
b of the function F at the point 2°, i.e., it is the least integer my, for
which inequality (1.1) is satisfied at this point z = 2°. By analogy, the
notation N(f,1,2°) is defined if n = 1, i.e. in the case of functions of one
variable.

Note that the positivity and continuity of the function L are weak
restrictions to deduce constructive results. Thus, we assume additional
restrictions by the function L.

Let us denote

Ab (1)
L(z +tb) n }
=9 S |t — | < .
Zé‘&n}iﬁc{uzwzb) =Bl TG T ), L + b))

By Qp we denote a class of positive continuous function L : C" — R,
satisfying the condition

(Vn >0): A\p(n) < +oo, (1.2)

Moreover, it is sufficient to require validity of (1.2) for one value n > 0.
For a positive continuous function I(t), ¢ € C, and n > 0 we define
A(n) = AP(n) in the cases when b = 1, n = 1, L = I. As in [26], let
Q = Q1 be a class of positive continuous functions I(t), t € C, obeying
the condition 0 < A(n) < +oo for all n > 0.
n
Besides, we denote by (a,c) = ) a;¢; the Hermitian scalar product

J=1
in C", where a, ¢ € C".
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2. Auxiliary propositions

Let L*(z) be a positive continuous function in C". We denote L =< L*,
if for some 61,605, 0 < 6; < 0 < 400, and for all z € C" the following
inequalities hold 01 L(z) < L*(z) < 02L(z).

Proposition 2.1. ([1]) Let L € Q}, L < L*. A function F € ﬁﬁ has
bounded L*-index in the direction b if and only if F' is of bounded L-index
i the direction b.

Theorem 2.1. ([1]) Let L € Q}. A function F € ﬁﬁ is of bounded
L-index in the direction b if and only if for each n > 0 there exist ng =
no(n) € Zy and Py = Pi(n) > 1 such that for every z € C" there exists
ko = kio(z) € Z+, 0<kop<mng, and

max{‘@ﬁoF(z +b)| |t < L’(7)} <P )aﬁOF(z)‘ . @21
z

Theorem 2.2 ([1]). Let D be an arbitrary bounded domain in C", b €

C™\ {0} be arbitrary direction. If L: C" — R, is continuous function,

F e H} and (Vp € N) OV F € H} and (V2 € D):  F(2°+tb) # 0, then

Np(F,L, D) < .

3. Estimate of maximum modulus by minimum modulus

Using Theorem 2.1, we will prove the next criterion of L-index bound-
edness in direction. Similar results was firstly deduced by G. H. Fricke [15]
for entire functions of bounded index. Further it was generalized for var-
ious classes of holomorphic functions [4, 25, 26|.

Theorem 3.1. Let L € Qp. A function F € ﬁﬁ has bounded L-index
in the direction b if and only if for any 1y > 0, 1o > 0 (11 < 12), there
exists P = Py(r1,72) > 1 such that for every 2° € C"

T2
L(z

max {|F(z° + tb)| : [t|= 0)} < Pymax {|F(z°+tb)|: [t|= " 1.

L(zo)
(3.1)

Proof. Our proof is based on the proof of appropriate theorem for entire
functions of bounded L-index in direction [6, 8].

Necessity. Let N, (F, L) < +00. On the contrary, suppose that there
exist number 1 and r9, 0 < r; < 79, such that for each P, > 1 there
exists z* = 2*(P,) € C" satisfying inequality
T2

* . . n
L(Z*)}>P*max{|F(z +1tb)|: |t|= }.

max {|F(z* + tb)| : [t| = e

~—
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By Theorem 2.1 there exist ng = ng(re) € Zy and Py = Py(ra) > 1
such that for all z* € C" and some ko = ko(t*,2*) € Zy, 0 < ko < ny,
the following inequality holds

max{‘BﬁOF(z* + tb)) Nt =ra/L < RO (32)

One should observe that for kg = 0 the proof of necessity is obvious,
because (3.2) implies max {|F(2* +tb)| : [t| =ra/L(z*)} < By|F(2*)] <
Pymax {|F(z* +tb)| : [t| =r1/L(z*)}.

Suppose that kg > 0 and

Pt (2 (P n 1 3.3
* = No! 71 0+T2—7‘1 + 1. ()

We choose tg € C such that |to| = r1/L(z*) and

|F(2* + tob)| = max {|F(z* + tb)| : |t| = r1/L(z*)} > 0,
and to; € C, |to;| = r2/L(2*), be such that
|00 F (=" + tojb)| = max{|0) F(=" + tb)| : [t| = r2/L(z")},
J € Z4. In the case |F(z* +tob)| = 0 by uniqueness theorem for all ¢t € C

one has F'(z* +tb) = 0. But it contradicts inequality (3). By Cauchy’s
inequality we deduce

L F (2%)]
4!
O F(2* +to;b) — B F(z*)| =

< (L(Z*))] [F(=* + tob)],j € Zy (3.4)
r1

to;

T F (2 4 tb) dt‘
0

< ‘a{fl (=" +to(j41)b) ‘ 76 (3.5)

From inequalities (3.4) and (3.5) it follows that

. L(z* ; j
O F (2 +tos)b)| > Z)ﬂyqumwNI%F@W}
ILJ+1( )

L +1'b)
7"2(7"1)]

(" + to]'b)‘ |F(2* + tob)],

T2
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j € Z. Hence, for kg > 1 we obtain

L(z%)
T2

0RO F (2" + tok,b)| >

(ko—1)!L*o (2*) LR ()
ro(ry)kot —(r

2)o
o! 1! LR ()| F( b
- s t
<(7”2)k°+(7"2)k°17“1 " 7"2 r1) ko > #IE( +tob)]

G |F(2* + toob)] "=
= )i |F(2* + tob)| TF T tob)] z; (1) . (3.6)

O~ R (2" + to(ko—1)b)|

|F(z*+tob)| > |F'(2" +toob)|

From (3) one has |F(z* + toob)|/|F(z* + tob)| > Pk. Besides, the follow-
ing inequality is true

ko—1 J ko no
i (7“2) <t (/)= (7"2) .
=0 ™ 7'2/7“1 -1 To — 11 \T1

Applying (3.3), we get

ko—1 n T
|F z —l—toob ' 2 n0!7"1 79 0 79 0
> P, 2yt () Ryri
[F(z*+tob)| Z:: re =71 \T1 "\ o

In view of (3.2) and (3.4), from (3.6) it follows that

LM (2%) ri T2\ r ™
ko (2% 4 top b) | > 2 P, — g 2 o
O’ F (=" o, ))> (rg)ko ( o (7”1> ) (L(Z*)>
ki * n n, k *
ST Ay o]

ko! 79 r9—11 \I'1 no' Py

no
Hence, P, < ng! <%> (

TQ,IT1> , and it contradicts (3.3).

Sufficiency. Choose any r; € (0,1) and 9 € (1,400). For given
20 € C" we develop the function F(z° + tb) in power series by powers t

S m Oy F(2%)
F(2"+tb)=> " by (z")t", bp(2")= e

m=0
in the disc {t : [t| < B/L(z")}. For r > 0 we define My(r,2° F) =
max{|F (20 + tb)| : [t| = r}, pp(r, 2%, F) = max{|b,(z°)|r™ : m > 0},
vp(r, 2% F) = max{|by, (29)[r™ : [by (20) 7™ = pp(r, 20, F)}.
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1
By Cauchy’s inequality pu(r, 2%, F) < My, (r, 2°, F). But for r = )
z
one has
0 0
/’Lb(’r?'z 7F)
My(ryr, 2, F) < b (20)|r™ T < (r, 20, F) r = ——
1 E [bm (2°)] i ( mEZO T

and, applying monotonicity of vy (r, 2, F) in r, we get

2r Vb(t) ZO’ F)

T
Ingu, (ror, 2°, F) —Inpy (1, 2°, F) :/ dt >vp(r, 2°, F) Inrs.
T

t
Hence, it follows that
0 1 0 0
I/b(T,Z 7F) < F(lnub(ryraz aF) _ln/J’b(r?Z 7F))
nro
<71 {In My, (ror, 2°, F) — In((1 — 1) My (717, 2°, F))}
179
=— In M, F) — In M, F .
In 79 + IDTQ{ n b(?“Q’l“,Z ) ) n b(’l"lT‘,Z ; ))} (3 7)

Let Np(F,L,z°) be the L-index in direction of the function F at
the point 20, i.e, Np(F,L,2°) is the least number mg, for which in-
equality (1.1) holds at the point z = 2%. Obviously that Ny, (F, L, 2°) <
vp(1/L(2°), 2 F) = vp(r, 2%, F). But inequality (3.1) can be rewritten
in the following form My, (ﬁ,z%F) < Pi(ry,7r2) My (ﬁ,z%F) :

Thus, from (3.7) one has Ny(F,L,2°) < — _nlem) g P g oy

Inrg Inrg
ery 20 € C", that is N(F,L) < —lngrll;;nl) + lnPlln(:;’TQ) Theorem 3.1 is

proved. ]

In view of proof of sufficiency in Theorem 3.1 the following lemma is
valid.

Lemma 3.1. Let L € Q}, F € ﬁﬁ If there exist numbers r1 and 79,
0<r <1<ry, and Py > 1 such that for every 2° € B" inequality (3.1)
holds then the function F is of bounded L-index in the direction b.

We can relax sufficient conditions of Lemma 3.1, replacing the condi-
tion0<r <1 <res <400 by 0<r <ry<-4oo.

Proposition 3.1. Let L € Qf, F € ﬁﬁ If there exist r1 and ro, 0 <
r1 < 1y < 400, and Py > 1 such that for all 2° € C" inequality (3.1)
holds, then the function has F bounded L-index in the direction b.
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Proof. Our proof uses the idea of A. D. Kuzyk and M. M. Sheremeta [20].
They proposed the method to investigate of [-index boundedness of entire
solutions of linear differential equations.

Inequality (3.1) for 0 < r; < ro < +o0 implies

2r9 r1+179
FEO+tb)|: |t =
max{\ (2" +tb)| : |t] r1+r22L(z0)}
2r1 ri+nrg
< Pimax{|F(Z° +tb)|: |t| = .
=1 {‘ ( )= 1 r1+r22L(zo)}

Defining L*(z) = 2LEz) e obtain

r1+7r2
max 4 |F (=2 4 b)) : |f] = — 212
(Tl + T'Q)L*(ZO)
27’1

< Pymax{ |F(2° +tb)| : |t| = },

<P { [P0+ )]s =
where 0 < 7412%742 <1l 7"12%7'2 < +o00. This means that F' has bounded
L*-index in the direction b. And by Proposition 2.1 the function F' has
bounded L-index in the direction b. O

The following theorem gives estimate of maximum modulus by min-
imum modulus. It was firstly obtained by G. H. Fricke [15] for entire
functions of bounded index.

Theorem 3.2. Let L € Qp. If the function F' € ﬁﬁ is of bounded L-
index in the direction b then for each R > 0 there exist Po(R) > 1 and
n(R) € (0, R) such that for every z° € C" and some r = r(z°) € [n(R), R]
the inequality holds

max{|F(z°+tb)| : [t|=7/L(z")} < Pymin{|F(z°+tb)] : |t|:r/L(zOz}. |
3.8

Proof. Our proof is based on the proof of appropriate theorem for entire
functions of bounded L-index in direction [6].
Let Np(F,L) =N < +oo and R > 0. Put
R ijl N

1
Ry=1 =— R;=—"—7r; i==-Ri(j=1,2,...,N).
0 »To S(R—Fl)’ 9 AN Tj—la T ] j(] 5 4y 5 )

Let 2% € C" and Ny = Ny, (2%, L, F) be the L-index in the direction b of
the function F at the point 2, i.e., Ny (2%, L, F) is the least number my,
for which inequality (1.1) holds for z = 2. The maximum in right-hand
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side (1.1) is attained at mg. But 0 < Ny < N. For given 2 € C" the
function F(z° 4+ tb) can be developed in power series by powers t

OmF(29)
m!

F(2"4+tb)=>" b ()™, b (2°) =
m=0

ZO om ZU
Put a;,(2Y) = ‘2”7;((20))| = Lnl!’L]:L((ZO))‘.

any (2°) > am(2%) = Roanm(2°) is true. Then there exists the least num-
ber ng € {0,1,..., No} such that for all m€Z, an,(2°) > am(2°) Ryg—nq-
Thus, an,(2°) > an, (2°) Rng—n and a;(2%) < an, (2°)Rn,—; for j < no,
because if a;j,(2°) > an,(2°)Rn,—j, for some jo < ng then aj,(z°) >
am(2°)Rn,—j, for all m € Z, but it contradicts the choice of ng. From
inequalities aj(2°) < an,(2°)Bn,—j (j < mo) and an(2°) < an,(z°)

For every m € Z, the inequality

(m > ng) for t € S,0 and [t| = 120)7"No _no We deduce
|F<z° +th)| =
= Jbng (22087 + > b (220" > [y (ZO)[E]" = D [b (2°)][¢]™

m#ng m#ng

=, (% TNo —ng Z (2 TNo—no:a"O(zo)r;\L;z)—no - Z aj(zo)rg\fo—no
m##0 7j<no

- Z am(zo)r%()—noZaNO(ZO)RNO_nOT%%—TLO Z aNO RNO Jr‘g\fo no

m>ng Jj<no

- Z Ny (20)7&?\}0—710 ERON (ZO)RNo—TLOTX[%—nO — NoaN, (ZO)RNo—no-H

m>ngo
1 n
0y,..no+1 _ 0 0 N
_aNo(Z )1"]\% n01 T No—no aNo z ) (RNO —ng NO ng 4NRN0 —noT No—ng
T No—n, 1
]Ti/(()) noq _ ;No Ono) > aNo (RNO TLOTNO no ZRNo—nor%%fno
1 1
4RNO nOTNo n0> 2 ( )RNO nOT‘NO —ng” (39)
Besides, for t € C we have
o
|F(2° +tb)| < Z b O™ = am ()R g
m=0
+oo 0 0
an, (2°) an (2°) _ 8 0
< 0 mo = 0 < = = . (3.10
- aNO(Z ) Z TNO*HO 1 _ rNano — 1 o ]./8 7CLN0(Z ) ( )

m=0
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From (3.9) and (3.10) it follows

8
max {|F(z" +1b)| : |t] = rag—no/L(z")} < Zan(2")

16 1 —no . 0 No—n
" F th)| : [t] = =22
< g min { PG ) e = TR}
16 1 0
< = e —TN m1n{|F z —|—tb)| Nt = rng—no/L(2 )},
ie., (3.8) holds with Py(R) = —0 _ n(R) L ond
ie., (3. olds wi = —, = ry = and r =
2 7RN7"% g N 8RN
TNo—ng- 1heorem is proved. O

Below we will prove the sufficint conditions which are symmetric to
necessary conditions from Theorem 3.2

Theorem 3.3. Let L € Q}, F' € ﬁg If there exist R > 0, P, > 1
and n € (0,R) such that for all 2° € C" and some r = r(2°) € [n, R]
inequality (3.8) is valid, then the function F' has bounded L-index in the
direction b.

Proof. Directly this proposition was unknown for entire functions of
bounded index, i.e. for functions of one variable. Firstly, it was ob-
tained for entire functions of bounded L-index in direction in [10,11]. In
view of Proposition 3.1 it is sufficient to show that there exists P; such
that for all 20 € C”

max {|F(z" + tb)| : |t| = (R +1)/L(z%)}
<P max{|F(zO +tb)|: |t| = R/L(zo)} . (3.11)

Suppose that there exist R >0, P, > 1 and n € (O, R) such that for all
2% € C" and some r = r(2°) € [n, R| one has

max{|F(z+tb)| : [t|=7/L(z")} < Pomin {|F(2° + tb)| : [t|=r/L(z")} .
Denote L* = max { L(2° +tb) : [t| < 2R+ 2)/L(z°)}, po = R/L(2"),
pr = po + kn/L*, k € Z;. We have

0 _R__R__2R+2 R+l
L* ~L* =~ L(z% = L(z% L(z%°

Then there exists n* € N, independent of z° such that

<R+1< <2R—|—2
PRI ST LE)




164 SOME CRITERIA OF BOUNDEDNESS OF L-INDEX...

for some p = p(z") < n*, because L € Q- Indeed,

(i ) / (2) = Sy

2 L(z° +tb 2 2 2
_BR+2 w:mg R+ SR+
L(z%) L(zY) n

Therefore, n* = [%)\b(ﬂz%— 2)} , where [a] is integer part of number
a € R. Let |F(z° 4+ t1*b)| = max{|F(z° +tb)| : t € ¢}, ¢ = {t € C:
|t| = pr}, and ¢} be an intersection point of the segment [0,¢;*] with the
circle ¢y_1. Then for every r > n and for each k < n* the inequality
holds [t7* —t;| = 7& < . Thus, for some r = r(z° +t;b) € [, R]
we deduce

Ui

Ab(2R + 2).

i
L(z0+;b)

|F(2° +t;"b)| < max {|F(2° +tb)| : [t — ;| = r/L(z" + t;b)}
< Pymin {|F(2° +tb)| : [t — t}| = r/L(z° + t;b)}
< P min {|F(z0 +tb)| : |t — 5| = r/L(z° + tib), |t — to| < Pe—1}
< Pymax{|F(2° +tb)|: t € cx_1}.

Hence,

max{|F(zO +tb)|: |t| = (R+ 1)/L(zo)}
< max{|F(z° +tb)|: t € ¢,} < Pymax{|F(:° +tb)|: t € c,_1}
< ... < (P)Pmax{|F(z° +tb)| : t € ¢}
< (P)" max {|F(z0 +tb)|: |t] = R/L(zo)} .

We obtained (3.11) with P; = (P;)"". Theorem 3.3 is proved. O

4. Estimate of directional logarithmic derivative

In this section we deduce analog of logarithmic criterion for function
from the class 7—7% The one-dimensional analog of the criterion is efficient
to investigate boundedness of I-index of infinite products [12,28,30]. As
necessary conditions the criterion was obtained by G. H. Fricke [14,15]
for entire functions of bounded index.

Below we prove the criterion of L-index boundedness in direction,
which describes behavior of directional logarithmic derivative and distri-
bution of zeros. We need additional denotations.

Denote

G (F):=GR(F):= |J {z+tb:t|<r/L(2)}, (4.1)
z: F(2)=0
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where a are zeros of the function F(z° + tb) for given 2° € C".
By n(r,2°, 1/F) :Z|a2|gr 1 we denote counting function of zeros ay.

Theorem 4.1. Let F € ﬁg, L € Qp. If the function F' has bounded
L-index in the direction b, then

1) for each r > 0 there exists P = P(r) > 0 such that for every
z € C"\GP(F)

OpF'(2) ,
’ Ty | S PLG) (4.2)

2) for any r > 0 there exists n(r) € Zy such that for all 2° € C" such
that F(2° +tb) # 0 one has

n (L(’;O) 0 ;) < 7). (4.3)

Proof. Out proof is based on the proof of appropriate proposition for
entire functions of bounded L-index in direction [6,8].

Firstly, we will show that the condition “F(z) is of bounded L-index
in the direction” implies that for every z° € C"\GP(F) (r > 0) and for
each @* = 20 + ab one has

r[bl

"S> S )

(4.4)

|z

On the contrary, suppose that there exist 20 € C*"\GP(F) and a@* = 2° +
- b| r|b| r|b|

Ob such that 20— ay| < —— <
aib such that |25 =] < 57073 07 = 30G0) < (=0

ﬁ. But for AP the following estimates hold L(a*) < Ap (r) L(2°). Then

. Hence, |a})| <

~ b . r . .
20 — @k = |b| - |a}| < 2Z|(‘d|k)’ ie., [a)] < L) This contradicts
20 € C\GP(F).
Put in Theorem 3.2 R = — . Then there exist P, >1andn €
2)p (1)

(0, R) such that for every 20 = 20 € C" and for some r* € [n, R] inequality
(3.8) holds with r* instead r. Therefore, by Cauchy’s inequality

10uF(2°)] < ijo) max {\F(ZO Y b) |t = r*/L(zO)}

min{|F(z° + tb)| : [t| = r*/L(°)}. (4.5)
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In view of (4.4) for every point 20 + tob € C*"\GP(F) the following
0 .
set {z +1b: 1 < gpcten
F(2° +tb). Therefore, applying the maximum modulus principle to 1/F
as a function of variable ¢, we have

|F(2%)] > min {|F(2° + tb)| : [t| = r*/L(z°)} (4.6)

P
From inequalities (4.5) and (4.6) it follows (4.2) with P = ==y

Now we will prove that for a function F' of bounded L-index in the
direction b there exists Py > 0 such that for every 2z € C" (F(2°+tb) #
0), r € (0,1]

n(r/L(z°), 2°,1/F) min{yF(z0+tb)| |t = r/L(zO)}

< Py max{|F(zO +tb)|: |t] = 1/L(z0)}. (4.7)

} does not contain zeros of the function

Applying Cauchy’s inequality and Theorem 3.1 for all ¢ on the circle

|t| = ——, we have

L(29)
8bF(z°+tb)) <

L(zY)

L(2%)

max{|p(z0 L) |0—t|=

)

<

o)

Spl(l’:—i_l)L(zo) max{|F(ZO+tb)‘ : |t| = L(i’o)} . (48)

If F(2° +tb) # 0 on the circle {¢ € C: [¢| =r/L(z°)}, then

r o 1 1 O F (20 + tb)
(s 5) =l | v

2 F(20 +tb)
Itl= ;03
max{\abF(zo +1tb)| : [t] = T/L(zo)} .
min {|F(20 + tb)| : [t| =r/L(z°)} L(z°)°
From (4.8) and (4.9) we deduce
n (r/L(2°),2°, 1/F) min {|F(z° + tb)| : |t| = r/L(z°)}
max {|8bF(zo +tb)|: |t| = T‘/L(ZO)}

max{|F(z0 b)) : |t =

4

(4.9)

=L
< L(l s masc {10 (2 + 1b)] 1] = 1/L(:)}
< Pi(L,r+1)/(r)max {|F(2° + tb)| : |t| = 1/L(z")} .
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Pi(1 1
Thus, we obtained (4.7) with P3 = M If the function F(2%+tb)

has zeros on the circle {t € C : |t| = r;‘L(zO)}, then inequality (4.7) is
obvious.

Set R = 1 in Theorem 3.2. Then there exist P» = P»(1) > 1 and
n € (0,1) such that for every 20 € C" and some 7* = r*(2°,t9) € [n, 1]

T,*

0 Cl — : 0 e T
max{|F(z +tb)| : |t| = L(zo)} §P2m1n{|F(z +tb)| : t’_L(zO)} .
Next, by Theorem 3.1 there exists P; > 1 such that for all 2° € B"

max {|F( (2° —|—tb)| |t = l/L(zO)}
< Pi(1,n)max {|F(z° +tb)| : |t| =n/L(z°)}
< Pi(1,n) max {|F(z° +tb)| : [t| = r*/L(z°)}
Pi(1,n)Pomin {|F(z° +tb)| : [t| = r*/L(z°)} .

Taking into account (4.7), we obtain

n (r*/L(zO), 2% 1/F) min{|F(z0 +tb)| : |t| = r*/L(zO)}
< P3Pi(1,n)Pymin {|F(2° + tb)| : [t| = r*/L(z")},

ie,n <#:0),20, %) < Pi(1,n)PyPs. Hence,

Pi(1,m)P(1)Pi(1,r + 1)‘

n (L(ZO),,ZO, ;) < Py=Pi(1,7)P,Ps =
If r € (0,7], then property (4.3) is proved.
Let r > n and L* = max {L 27 +1tb): |t] = ﬁ} . Using properties
n we have L* < A\p(r)L(2°). Put p = W,
cover every set K = {2 +tb : |t| < R} by a finite number m = m(r)
of closed sets K; = {2 +tb : |t — t;| < p}, where t; € K. Since
W < & < m every set K ; contains at least [P4] zeros of
the function F(z°+tb). Therefore, n (ﬁ, 20, 1/F) <n(r) =[Py m(r)
and property (4.3) is proved. O

R = ﬁ We can

By n.o(r, F) = np(r, 2%, 1/F) = Z|a2|9 1 we denote counting func-
tion of zeros af for the slice function F(z° +tb) in the disc {t € C: |¢| <
r}. If for given 2% € C" and for all t € C F(2° + tb) = 0, then we put
n.o(r) = —1. Denote n(r) = sup,ccn nz(r/L(2)).
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Theorem 4.2. Let L € QF, F € ﬁﬁ If the following conditions are
satisfied

1) there exists r1 > 0 such that n(r1) € [—1; 00);

2) there exist ro €> 0, P > 0 such that 2ry - n(r1) < ri/Ap(r1) and
for all z € C"\G,,(F) inequality (4.2) is true;

then the function F' has bounded L-index in the direction b.

Proof. Analog of the proposition was firstly deduced for entire functions
of bounded L-index in direction [10,11]. Suppose that conditions 1) and
2) are true.

At first, we consider the case n(r1) € {—1;0}. Then in the best case
the function F' can only identically equals zero on the complex line z*+tb
for some z* € C", i.e., F(z*+tb) = 0. For all points lying on such complex
lines inequality (3.8) is obvious.

Let 2° € C"\ G,,. For any points ¢; and ts such that Iti| = LEZO),
j € {1,2}, one has

0 t
nF@4%m)</2
F(ZO —|—t1b) -

abF(ZO + tb)

dt
F(29 + tb) ]

t2 0 0 7T7°2
<P [ L +tb)|dt| < Py (rs) L(z°)

< P
: Ly = ee )

we also use that L € Q). Hence,
b

T2

L(z)

where Py = exp {mrg PA2 (r2)} . Therefore, by Theorem 3.3 the function
F has bounded L-index in the direction b.

Let r1 > 0 be a such that n(ry) € [1;00) and 2n(ri)re < r1/Ap(r1).
Put ¢ = 5o —n(r1) > 0. Clearly, ro=71/(2(n(r1)+¢)Ab(r1)).

max {\F<z0+tb) e = L(=0)

}SPgmin{]F(zo+tb)| Dt = Tl}?

Under condition 1) each set K = {zo—i-tb ] < ﬁ} has no more

n(r1) zeros of the function F, where F(2° + tb) # 0.

Under condition 2) there exists P > 0 such that ’a%i()z )\ < PL(z) for

every z € C"\G,,, i.e., for all z € K, lying outside the sets

0 0 T2
tb: |t — _
{z + [t —a}| < L(z0+a2b)}’

where a) € K are zeros of the slice function F(2°+tb) # 0. By definition
Ab we obtain
L(2%)/Ap(r1) < L(2° + alb).
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Then \a‘;f(mz()z )\ < PL(z) for every point z € C", lying outside union of the
sets

0_J.0 PR raAp(ry) |
Ck‘{ b=l < T 2<n<n>+c>L<z0>}'

The total sum of diameters of the sets cg does not exceed the value
rin(ry)

CCECIR L( oy Hence, there exists a set ¢ {zo +tb : |t :ﬁ} )

rymin{l,c}

where n(r)te) = <7 <T1, such that, for all z € &
OpF(z
H;)gpuggp%wwg%gp%wgufy

For any points 2; = 29+ t;b and z9 = 20 + t9b with ¢° one has

F(2' + b t2

F ZO + t1b

‘ O F (20 + tb)
< PXy(r1) L(z 0)

F(2° + tb)
<7ry P(T‘Q))\b (7‘1)

'Ir

~— | —

ian

e

Therefore,

0 = T : 0 = "
max{|F(z +1tb)|: |t| = el } §P2m1n{|F(z +tb)|: |t| = L(zo)}’
(4.10)
where Py = exp {1 P(r2)Ap (r1)}. If F(2" 4+ tb) = 0, then inequality

(4.10) is obvious. By Theorem 3.3 the function F(z) has bounded L-
index in the direction b. Theorem 4.2 is proved. ]

5. Analog of Hayman’s Theorem

Below we formulate and prove criterion which is analog of Hayman’s
Theorem [18|.

Theorem 5.1. Let L € Q}. A function F € ﬁﬁ 1s of bounded L-index
in the direction b if and only if there exist p € Zy and C > 0 such that
for every z € C™ one has

P k(s
’a£p+i(z))| < C'max {’azii)” :0<k< p} . (5.1)
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Proof. The proof use ideas from the proof for entire functions of bounded
L-index in direction [6,8]. Also there are known analogs of Hayman’s
theorem for other classes of analytic functions [4,9].

Necessity. If Np(F,L) < 400, then by definition of boundedness
of L-index in direction we obtain (5.1) with p = Np(F,L) and C =

Sufficiency. Let inequality (5.1) be fulfilled, 2° € C* and K =
{t € C: [t|<1L(2")} . Since L € Q}, for every t € K from (5.1) it follows

0P R (20 + tb))| _ (L +1b) PP R (20 4 b))
LPHI(20) L(z9) LPH1(20 + ¢tb)

<O FC DI 1ot 1Brc o)

LpH1(20 +tb) — o<k<p | LF(z0 +tb
< C(L))"" max { (L(fo(i)tb)>k mﬁi(;((;)tb 0=k }
< 0w max { BEE LD 10 < < ) < By
(5.2)
where B = C(p(1))2*! and g,0 (t):max{w 0<k<p}.

Let us denote ’yl:{t eC:|t| = 4L(1z0)},’yg = {t eC:|t| = ﬁ}
Choose arbitrarily two points ¢; € 71, t2 € 72 and connect them by a
piecewise analytic curve v = (t = t(s),0 < s < T') such that g,o(t) # 0
for t € v. We construct the curve v such that its length |y| does not

exceed m.

The function g,o(t(s)) is continuous on [0,7]. Without loss of gen-
erality we may assume that the function ¢ = #(s) is analytic on [0, T].
Otherwise, one can consider each interval of analyticity of this function
separately and repeat the corresponding considerations, which are given
below on [0,T]. First, we show that the function g.o(t(s)) is continu-
ously differentiable on [0, 7] except possibly a finite set of points. For

k k
arbitrary k1, k2,0 < k1 < ko < p, either ‘8‘)112&10(2558)[’)' = |ab2i(x@20(;§s>b)‘
0L F (0+t(s)b)| _ |0F2 F(20+t(s)b)|

ot the equality is true for a finite set of

Lkl(zo) - LkQ(ZO)

points s € [0, T]. Then we can split the segment [0, 7| onto a finite num-

— [pFEHED)| (o
LF(20)

some k, 0 < k < p. It means that the function g,o(¢(s)) is continuously

ber of segments such that on each of them g,0(t(s)) =
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differentiable with exception, perhaps, of a finite sets of points. Taking
into account (5.2), we obtain

sz()cg(s)) . max{;; (yal’iF(zz(;t)(S)b)’) 0<k Sp}

< max {|a,’;+1F(z0 FH(s)b)|[E(s)]/LF(20) 1 0 < k < p}
= L) ¢(s)] max{\a{;HF(zO FH(s)b)|/LFI(0) s 0< k< p}
< Bg.o(t(s))[t'(s)|L(z°).

Hence, we have

g:o(ta)|_| [ dgan(t(5)) ) [ 1¢(s))ds = BL(:"
gwo(t)| /0 g-0(t(s)) ‘SBL( )/0 [#/(s)|ds=BL(2")|y| <4.5B.

In

If we choose a point to € 2, such that

|F(2° + tob)| = max {|F(2° + tb)| : [t| = 2/L(z")},

then we obtain

max{|F(zO+tb)| |t = L(2zo) } <g,0(t2) <g.o(t1) exp{9B/2}. (5.3)

Applying Cauchy’s inequality and using that t; € ~; we obtain for
all j € {1,...,p}

) AL ms | [FC+00) el = o
<L) {2 +10) = to] = 7}

g.0(t1) < pl(4)P max{|F(20 +1b) [t —to| = 2ng0) } :

Therefore, from (5.3) it follows that
|F(2° + tob)| = max {|F(z" + tb)| : [t| = B/L(z")}
< gulta) < goltr) exp {982} < exp {052
x max {|F(z° + tb)| : |t| = 1/(2L(z°))} .

By Proposition 3.1 we conclude that the function F' has bounded L-index
in the direction b € C". Theorem 5.1 is proved. O
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Using Theorem 5.1 we prove the following

Theorem 5.2. Let L € Qp. A function F € ’;qﬁ has bounded L-index
in the direction b if and only if there exist numbers C € (0,+00) and
N € N such that for all z € C™

OFF(z OFF(z
Z |k:'Lk (2) Z |k:'Lk (2) (54)
k=N+1

Proof. Proof of this theorem is similar to proof of its analogs for entire
functions of bounded L-index in direction [3] and for entire functions of

bounded I-index [25].
Let 0 < 6 < 1. If the function F' is of bounded L-index in the direction
b, then by Lemma 2.1 F' is also of bounded L*-index in the direction b,
where L*(z) = 6L(z). Denote N* = Ny, (F, L,) and N = Ny (F, L). Thus,

ke k
max{wzogng*}:max{Wekzogng*}

k\L*k(2) K\Lk(2)
. OFF(2)]
>N LGN o < g < e
>0 maX{k!L’,‘f(z) O_k_N}
g IO _ e 14F ()
T IL(2) J1L (2)

for all 7 > 0 and

= () OhF(2)] N
—2 = o . 0< k< N* J
P> D) =M ) S RENT 2. ¢
j=N*+1 ]*N*—i—l
4 0L F (2)] . 4 O F(2)|
= —— < k< <
1—9max{k:!Lk(z) OsksN —1—9Z KILF(z)

i.e. we obtain (5.4) with N = N* and C' = 3~
Now we prove the sufficiency. From (5.4) we obtain

10N (2))| 2 |OFF(2) |OFF (2)
< 2. < CZ

|7 N+1 - LILE(2) 17k
(N + DILN+L(z) BN E!LF(z) EILF(z)
N+1 0L F ()|
< —2— = :0<k<N,.
="c " { KILEZ) ==
Applying Theorem 5.1, we obtain the desired conclusion. O

Using Theorems 2.2 and 5.1 we obtain this corollary.



A. BANDURA, O. SKASKIV 173

Corollary 5.1. Let L € Qf, F € Hi, (Vp € N) OpF € HE, G be a
bounded domain in C™ such that Vz € G F(z 4+ tb) # 0. The function F
has bounded L-indez in the direction b if and only if there exist p € Z
and C > 0 such that for all z € C" \ G the inequality (5.1) holds.

6. Functions having bounded value L-distribution
in direction

An entire function f(z) (z € C) is said ot be of bounded value dis-
tribution [16, 18, 24|, if there exist p > 0, R > 0 such that the equation
f(2) = w has at least p roots in any disc of radius R.

One of the remarkable properties generating big interest to functions
of bounded index is the following fact proved by W. Hayman [18]: an
entire function has bounded value distribution if and only if it deriva-
tive has bounded index. Leter, there was introduced a concept of entire
function of bounded value I-distribution [19], and this property was gen-
eralized for entire functions of bounded I-index [27]. For entire bivariate
functions of bounded index in joint variables similar results are partially
obtained in [23].

Definition 6.1. Function F € ﬁg is said to be of bounded value L-
distribution in a direction b if for all p € N Yw € C Vzy € C" such
that F(z + tb) # w, the inequality holds n(ﬁ,zo,ﬁ) < p, ie.
the equation F(z" + tb) = w has at most p solutions in the disc {t :
It] < ﬁ} In other words, the function F(z° + tb) is p-valent in

ft: 1 < ok

The corresponding Sheremeta result [27] we will generalize for the
functions from the class H{', which have bounded value L-distribution in
direction b.

Proposition 6.1. Let L € Qp. An entire function F € 7—7@ s a function
of bounded value L-distribution in the direction b if and only if the direc-
tional deriative OpF € Hy. has bounded L-index in the same direction

b.

Proof. This is similar to the proof of the corresponding proposition for
analytic functions in the unit ball [2].

Suppose that I is of bounded value L-distribution in direction b, i.e.
for all 20 € C™ such that F(z° + tb) # const the function F(z° + tb) is
p-valent in every disc {t : [t| < ﬁ}

To prove the proposition we need the following proposition from [26,
p. 48, Theorem 2.8].
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Theorem 6.1 ([26]). Let Dy = {t : |t —to] < R}, 0 < R < oo. If
analytic in Dy function f is p-valent in Dy, then for j > p

£ (t0)]
4!

£ (to)]

R < (Af)PP max{ o

RF 1§kgp}, (6.1)

where A = 2 #\/ 8™,

By Theorem 6.1 inequality (6.1) holds with R = ﬁ for the function
F(2° +tb), as a function of single variable ¢ € C for every fixed 2" € C".
Then it is easy to deduce that for every m € N the following equality
g%) (t) = OV F (2" + tb) holds. Take j = p+1 and ¢y = 0 in Theorem 6.1.
From (6.1) it follows

’aﬁ—HF(ZO) ‘akF(zO)‘

2 b .
<p+1>!Lp+1<zO>§(A(p+1))pmax{k!Lk(z())' 1@9};»
syl O F(0)]

() S P DHARH 1))2pmax{‘L°k(Zo) C1<k gp}
xmax{; 1<k<p}
AFE) | iy [P
WSL( ) - (p+ 1)!A% (p + 1)*P max e
|6p8bF zo)‘
Osk-l=p-1j= LP(z)
o P ()

< (p+ 1)!A%(p + 1) max 0<k—-1<p-1

Lk—1<20)

Now we need analog of Hayman’s Theorem proved above. Thus, for oy F'

inequality (5.1) holds with p — 1 instead p and with C' = (p+ 1)!A%P(p +

1)?P. In Theorem 6.1 the constant A > max 7%2(86“2 )P(1— %)J does not
J>p

depend from 2°, because the parameter p is independent of z". Hence,
the quantity C' = (p + 1)!4%P(p + 1)?? does not depend of z". Therefore
by Theorem 5.1 the function dp F has bounded L-index in the direction
b.

Conversely, let Oy F be a function of bounded L-index in the direction
b. By Theorem 5.1 there exist p € Z, and C > 1 such that for every
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z € C" the following inequality holds

+1 k
RIFC] { hF(2)]

L) Ty 1<k<p}. (6.2)

Let us consider a disc Ko = {t eC:t < ﬁ}, Lecn.

One should observe that if L € Q¢, 2 € C" then for all » > 0 the

r

inequality [t| < ooy and definition of class @} yield
L(2°)/Ap(r) < L(2° 4+ tb) < Ap(r)L(2"). (6.3)

Now from (6.2) and (6.3) for z = 20 + tb, t € K one has

0P F(20 + tb))| |0EF(2° + tb)] 1
(0 + DI(Chp (D) L(z0))p+1 = ™M { ! (Chp (1) L(20))F

0 p+1-k
X(L(Z—i—tb))) :1§k§p}<0

Cp (1)L (2 ~p+l
- |OFF (20 + tb)| 1 1
12k k! (Chp (1) L(20))F ik
|OFF (20 + tb)| 1
< : < . .
: max{ B (Ow@IE)E L ShEP (64)

To prove the proposition we need such a statement from [26, p. 44, The-
orem 2.7].

Theorem 6.2 ( [26, p.44, Theorem 2.7]). Let Dy = {t € C: |t —to| <
R}, 0 < R < 400, and f(t) is an analytic function in Dq. If for all
t € Dg

A FARIO] ANFIOIN
()" Gt e (5) g ver a0

then f(t) is p-valent in {t € C : |t —tp] < %}, i.e., f(t) attains
every value at more p times.

From inequality (6.4) it follows inequality (6.5) with R = W
and tg = 0. By Theorem 6.2 the function F(z" + tb) is p-valent in the
; . p — 2
disc {te C: [t| < m},p_m,
Let t; be an arbitrary point in Ko and K; = {t € C: |t — ;| <
m}. Since by definition of class Q) L(2% + ¢;b) < Ap(1)L(2Y),
one has K; = {t € C: [t — ;] <

W} C K;. We will repeat
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the similar considerations for the set {t eC:lt—tj| < m} .Asa

consequence, we deduce that F'(z" +tb) is p-valent in K 7. But K; C K7,
then F(2° + tb) is p-valent in K.

Finally, we note that every closed disc of radius R, can be covered
by a finite number m, of closed discs of radius p, < R. with the centers
in the disc. Moreover, m, < Bi(R./ps)?, where B, > 0 is an absolute
constant. Hence, Ky can be covered finite number m of discs K, where
m < 625B*(p + 1)C?(A\p(1))?/4. Since the function F(2° + tb) in Kj is
p-valent, it is mp-valent in Kj.

In view of arbitrariness of z°, the statement is proved. O

7. Existence theorem for functions of bounded L-index in
direction

For the one-dimensional case, some time ago mathematicians were
interested in the following two problems: the problem of the existence of
an entire function of bounded I-index for a given [, and the problem of
the existence of a function [ for a given entire function f such that f is
of bounded Il-index [12,13,17,29]. It is clear that similar problems can be
posed for the multidimensional case [5,7].

We note that the solution of the first problem for the one-dimensional
case is given by a canonical product. The solution of the first problem in
the multidimensional case also exists in the class of canonical products
with “planar” zeros.

In particular, the following proposition is true.

We consider the function F(z" + tb) where 20 € C" is fixed. If
F(2° + tb) # 0, then we denote by pp(z° + alb) the multiplicity of the
zero a of the function F(z° + tb). If F(2° 4 tb) = 0 for some 2% € C",
then we put pp(2° + tb) = —1.

Theorem 7.1. In order that for a function F € ’gﬁ there exist a positive
continuous function L(z) such that F(z) is of bounded L-index in the
direction b it is necessary and sufficient that Ip € Z, ¥2° € C" Vk
pu(2° +apb) <p.

Proof. Necessity. To simplify the notation we denote everywhere in the
proof pg = pp(2° + alg ). One can prove the necessity using the defini-
tion of bounded L-index in direction. Indeed, assume on the contrary
that Vp € Z; 320 3k p) > p. It means that 8€2F(zo +aYb) # 0 and
8{)F(20 +alb) =0 for all j € {1,...,p} — 1}. Therefore, the L-index in
the direction b at the point 2° + agb is not less than pg >p

Ny (F, L, 2° + adb) > p.
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If p — +o0, then we obtain that Ny (F, L, ZO—I—agb) — +o00. But this con-
tradicts the boundedness of L-index in the direction b of the function F.

Sufficiency. If F(z° + tb) = 0 for some 2 € C", then inequality
(1.1) is obvious.

Let p be the least integer such that Vz° € C* F(2° +tb) # 0, and Yk
pi(2°) < p. For any point z € C" we choose 2z’ € C" and ¢y € C so that
z = 29 + tob and the point z° lies on the hyperplane (z,m) = 1, where
(b,m) = 1 (actually it is sufficient that (b,m) # 0, i.e. the hyperplane
is not parallel to b). Therefore, tg = (z,m) — 1, 2° = z — ((2,m) — 1)b.
We put K ={t € C: max{0,R—1} <|t| < R+ 1} for all R > 0 and

my(2°, R) = min max
VK 0<5<p

|8f)F(zo + agb)| }
s! ’

Since F is a slice entire function, there exists ¢ = ¢(z%, R) > 0 such

that
|00 F(2° + tb)| - m1(2°, R)

s0! - 2
for some sp = s(al) € {0,...,p} and for all t € KrN{t € C: |t —a)| <
e(R,2°)} and for all k. We denote GO = ageKR{t €C: [t—ad| <e},
ma(2°, R) = min{|F (" +tb)|: [t| < R+ 1,t ¢ GY},

mi (Ra ZO)

Q(R,2°) = min { 5

,mg(R,zO),l}.

We take R = |to|. Then at least one of the numbers |F(z" + tob)],

0
‘&bF(zO +tob)|, ..., w is not less than Q(R, 2%) (respectively,
for to € G2 WE’OF(;M and for t ¢ G. |F (2" +tob)|).
01
Hence,

{ 0] F(2° + tob)]
max -

5l :0<y Sp} > Q(R, 2°). (7.1)

On the other hand, for |[tog| = R and j > p + 1 Cauchy’s inequality is
valid

j 0 0
|8%F(z.+tob)| < 1 / |F(z +Tb)\|d7_|

J! 27 |7 — o+t
|7-,t0|:]_

< max{|F(2° +7b)|: |7| < R+ 1}. (7.2)
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We

choose a positive continuous function L(z) such that

F(2° + tb)]: < 1
L(Zo-f—tob)ZmaX{maXﬂ (2 + )| ’T|_R+ }1}

Q(R,2°) ’
From (7.1) and (7.2) with |tg] = R and j > p + 1 we obtain

|6 F(20+tob)]| .
T 0b). __ LIE +tb)

max {7|8§F(Zo+tob)‘ :0<k < p} T Q(R,Z2)L7P(2" + tb)

kILk(29+tob)
x max{|F(z° +tb)|: |7| < R+ 1} < LPT179(:° 4 tb) < 1.

Since z = 2% 4 tyb, we have

’c‘)i,F(z)’ 0!

—_— — 1 0<k<
NG = RIF(z) OSRSP

In view of arbitrariness of z the function F' has bounded L-index in the
direction b. O
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