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On properties of functions from
Lizorkin—Triebel-Morrey type spaces
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Abstract. In this paper, we introduce a new function spaces of
Lizorkin—Triebel-Morrey type and Sobolev type inequality prove is pro-
ved. Also, it is proved that the generalized derivatives of functions from
this spaces satisfies the generalized Holder condition.
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1. Introduction

In the paper we intoduce the Lizorkin—Triebel-Morrey-type space

Fp0.4.5(Gy) (1.1)

and by means of the method of integral representations we study both
differential and difference-differential properties of functions from this
space. Note that the spaces with parameters constructed on the basis of
Sobolev’s isotropic spaces, under some particular values of indices were
first studied in Morrey’s papers [6,7]. Further, these results were devel-
oped and generalized in the papers of V. P. Iin [4] A. S. Ross [15],
Yu. V. Netrusov [14], A. Mazzucato [5], V. Kokilashvili, A. Meskhi,
H. Rafeiro [4], V. S. Guliyev [2], Y. Sawano [17], E. Nakai [13] and [8-12]
etc.

Let G € R"; | € (0,00)", m; € N, ki € No; 1 < p,§ < o0
o(t) = (e1(t),...,en(t)), ©j(t) > 0(t > 0) be continuously-differeniable
functions, lim ¢;(t) =0, lim ¢;(t) = co. We denote the set of such

t—4-0 t—+00

vector-functions by A. For any x € R™ we assume

1 .
Gowy () =GN (v) =GN {y Hyy — gl < 5903'(75)’ (j=1,2, n)} :
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Definition 1.1. The normed linear space of functions f € L"¢(Q)
with the finite norm (m; >10; —k; >0 (i=1,...,n)) :

AR, LG

- 5™ (pi(t))DF f | des(t
= Mlhso 2 / [ (so(z( >(><)l)—'f> ] %) » 12)
= 0 P,
here
1£pp.56 = 1011, 006) = 512 (e lpepe)  (13)
t>0
5 (it / (AT (pi(2), G ()],
AP (0, G) )= { POV T2 2 ma el G
A (@ (0)f (@) = (=)™, o+ f)eBen 6= (0,..,0,1,0,...,0),
j=0

[o((f10)1* = 1 @s([#) . B € [0.1] and [t = min1 £} and to-i

a fixed positive number will be said the space with the parameters of the
form F! 0.0 (Go)-

The spaces Féﬂ,so,ﬁ (Gy) w;(t) = t79,8; =  coincides with the space
F£79a%(G) studied in [8], in the case f; = 0(j = 1,2,...,n) concides
with the space Fé’a (G). The spaces with such parameters with different
norms were studied in the papers [2,4,13,17].

In the case when for any ¢ > 0, there exists constant C' > 0 such that
l([t]1)] < C, then it holds the embedding

Lp#’ﬁ(G) — LP(G) F;ziﬁ,go,ﬁ (GQD) — F]ﬁ,& (th) )

i.e.

I/

P, BiG HfHFIZ)’g(Gv) < CHfHF;’g’M(G(p)- (1.4)
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Fruthermore, in the case when 1 <0 <r <s <o <ooand § <p <

then BPMB(G ) = FL o 5(Go) = FL, o 5(Gp) = B 5(Gy) , the

space B! 0.0 (Gp) was determined and studied in [16].

Definition 1.2. A, open set G C R" is said to satisfy condition
of flexible p—horn, if for some 6 € (0,1]",T € (0,00) for any z € G
there exists a

p((p(t),x) = (pl(sol(t)ax)v "‘7pn(90n(t)7x))7 0 <t< T

with the following properties:
1. for all j =1,...,n,p;(p;(t),x) is absolutely continuous on [0, T7;
'»(ij(t),x)‘ < 1 for almost ¢ € [0,T7;

2. pj(0,2) =02+ V(x,0) =z + 0<LtJ<T [p(p(t),z) + ()01 C G.

M
Theorem 1.1. Let 1 < p < 00,1 <0 <00, G = |JG and f €
A=1
FIlJH(G%D)' Then one can construct the sequence hs = hs(x) (s =1,2,...)
of infinitely differentiable finite in R™ functions such that

Jim |[f = hsllg ) = O- (1.5)
Proof. For obtaining equality (1.5) we estimate the norm || f —hs|| g A (Gy)"
p,

1f - hs”Fé’a(Gw) = lf = hsllp.c

AR T (018, G DE L) = BN dipit)
oLy [ (i) pi(t)

=1 0

The sequence hg(z) (s =1,2,...) is determined by the equalities

hs(z) = R(z, \t,A = Zm for(
here the averaging functions are determined as:

— /f(x—l—gz))‘(t)y)K)\(y)d%
o
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where K)(y) € Cg°(R™) (A=1,2,... M), suppK)(-) C [-1;1]

/KA

the functions 7y = na(x) (A =1,2,..., M) determine the expansion of a
unit it the domain G, i.e.

1) 0<m(z) <1in R

2) nx(z) =00on G\ Gy for all A\ =1,2,..., M;

M
3) 2om(x) =1on G

A
4) [Dnx(z)| < Cq, on R™ |a| = 0.
Obviously,

M
f(@) = ho(z) =Y m(@)(f() = frp ().
A

M
1FC) = hs Ol ) < > G - ENCIQM INers

1
M
< Z A(t) ))HFZl],g(Gé)v (1.7)

ICFC) = ForyOMre @) = 1UFC) = for iy (D)l

1

n R0 i), G )DE ) — FrON] de(t) |
"2 {0/ [ GO ] Pil0)

i=1
I (2it), Go) DELF() = forg <>]Hp
<01/HA (0. G DI = 1+ O 1 w)ldy
< suwp AT%%(t),Gé(t))Dfi[f(-)—f<-+w<t>y>]Hp (18)

The integral expansion in the right hand side of (1.8) is made ar-
bitraryily small at rather small ¢, as consequence of continuity of L,-
average functions belonging to the space Lp(G; (t)), ie.

07 (ilt), G DF () = S+ 0]

p
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< Cusup | DFIFO) — S+ Ow))|| |, <=
Y L0

For rather small € and ¢ from inequality (1.7), in the case 6 < p it follows
equality (1.5). O

We can show that for f € Fé’g(Gg,), 1<p,6<oole(0,00)",

T
gz’T:/
/]

J

(pj(t)™" Ltz_dt < 00,

1 (pi(t))' "

then there exists DV f € L,(G) and the following indentity is valid for it

n

D" f(z) = £ (@)

T

O//LEV) <(pz(/t)’ P(Z((I;)), a:)) fi(x+y,t)

Rn

+(—1) Enj

=1

(pj(t)) 1" Mdtdy, (1.9)

) ! i(t)

n
1=

£ @) =TT (st

j=1
w (Y pld).2)\
X/Q (@(T)’ 35(T) )f( +y)dy, (1.10)

where

1
0] < [ 167 () o + g6l
-1
We note that a support of the integral representation (1.9) is

z+ | [olelt),2) +o()01] C G.

0<t<T

At first we give an auxiliary lemma.
Let Q(-,y) and L; (-, y, z) € C§° (R"™), be such that
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Let T be a positive value, 0 < T' < 1 and assume

- b () v

and U C G, VCLp(t) then U +V C G.

Lemma 1.1 Let 1 < p < qg<r<oo, 0<nt<T < 1,v=
(V15 5vn), v; > 0 be entire (j = 1,2,...,n) ;6" (t)f € Lp,3(G) and
let

: i () VJ/QVQOy p(w()) )>f(x+y)dy, .11

i 2, ()" 3ep(t

n n ,
. ot
E} (x) _/Rz ) [T (est) = ailt) g (1.12)
0

] ei(t)

<.

T . )
() = /RZ H1 —1-v; ijg;dt (1.13)
n j

T
i & . vi—(1= /ij)(;_i) goi(t) 00
o O/ Lo iy F S

S O S A CIOI) A
Bt = [0 (G HEG2) s nar (o

1
w0 < € [ 157 (@i(0) @ + w2l
-1
Then for any T € U the following inequalities one valid

—(1-B;p) (L1
SUD 11, 2) < HfHWGH (1)) i ) (L-1)
7j=1

x [T (wilel) s . (1.15)
j=1

i ()l sma (.
S By, 1, ) < O [[ (o007 7 (it £
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x| AL TT s (el ™ (1.16)
j=1
;lelg HE%TH‘I»UM@(T) <G H(%(t))_li ;" (i(t)) P8
A H (¥ (€)™, (1.17)
here Uyey (T) = { : |a; — 75| < 245 (€) .7 =1,2,...,n} andp € A, Cy,

Cy -are the constants mdependent of p, &, m and T.

Proof. Applying sequentially the Minkowsky generalized inequality for
any T € U

1 - / 1R O

< I (5 (1) 772 &) (t) dt. (1.18)

From the Holder inequality (¢ < r) we have

n

J=1

.m\H
~u~

IR (-t (1.19)
Now estimate the norm ||R; (-, t)Hr,Uw(g)(f)'

Let x be a characteristic function of the set S (L;). Again applying
the Holder inequality for representing the function in the form (1.14) in

the case 1 <p<r<oo,s<ras(f=1-1+1) we get
11
p T
IR )y < / N N L
Uyie)(@ = 2€Upe) (@ (t)
1
X sup / \fi (z +y,t)|P dz y) dy | . (1.20)
yeVv t)

Uy(e)(®)

It is assumed that |L;(z,y, 2)| < |Li(z)| and Lil/2 € C§°(R™).
For any = € U we have

R[ it nP (gjgt)) dy
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< / (e 4y, 0P dy < / iy, )Py

(U+V)o) (@) G (@)
< ()" @)@ 11 [T . a2
ForyeV
[ erporas [ n@oPe
Uy(e)(@) U+V)y, @+y) (@)

< () [eon e ans]|, TT o (e

e([th) < ¥([t)h)). (1.22)
~‘ L S s n |
TN o T

From inequalities (1.20)—(1.23) it follows that

IR D@ < | B - | i) 07 (ute fHW (1))
T (o 0 7 GO T
x H(SOJ( H(¢J (16 )) (1.24)
j=1 j=1

and by the inequality (1.19) we have
IRl < G| i) 5 )], i)

ﬁ]p

»Q\»—t
*H'—‘

S

n n
H o (t +ﬁ]p H (¥ ([4]1)
7j=1 7j=1

From inequalities (1.18) for (r = ¢) and for any T € U reduce to the

estimation

CIORECON] wm)ﬁww

sup 23], 1, 0 <Co |

O]
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Corollary 1. From inequalities (1.15)—(1.17) we get the following
mnequality:

||E||q,w,,31;U S Hprﬁp,ﬁ;Gﬂ (125)

v =ligmi( .
1B 007 < H pi(t)) 9, (%(t))prw, (1.26)
[R2 | H(cm(t i G7 (g (¢ fH o (1.27)

2. Main results

We prove two theorems on the properties of functions form the space

Fly s (G

p,0,0,8

Theorem 2.1. Let the domain G C R" satisfy the condition of flexible
p-horn [12], 1 < p < q < o0, v = (v1,1,..,14), v; > 0 be entire
j=12..,n 1<6 <6 <oo; An < 0o (i = 1,2,...,n) and let
fe F7 ,gaﬁ(GSO)' It holds the imbedding

D" F:tiﬂmo,ﬁ(G‘P) = Lq,wﬁl(G)

for f € F! 0.0, (Gy) in the domain G there exist the generalized
derwatwes D”f and the following inequalities are valid for it.

1D* fll,.: < Cr (FD) flpg:c

o P ) £O deo |
A i , 2.1
ey e ] o 1)
0,08
1Dl < Collfls, oyr p< <00, (2.2)

In particular, if
[ ami @)
ATO_/H ]p #dt<o®,(’l/:1,2,,n),
0

then DY f (x) is continuous in the domain G, and

suIG) DY f(z)| < C1 (Fo()[| fllpe.8;6
Te
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n - 6 i
+ AL /[6 (2i(8): Got) f] doilt) (2.3)
=1

(s ()" @i(t)
.8

0 < T <min{l,tp}, C1, Ca, are the constants independt of f, C1 inde-
pendent of T.

0

Proof. Under the conditions of our theorem, there exist generalized de-
rivatives D f . Indeed, if A} < oo, {i =1,2,...,n}, and then for f €
F! (Gy) — Féﬁ(G@) there exist generalized derivatives D¥ f € L,(G)

p,0,0,8
and for almost each point z € G the integral representations (1.9) and

(1.10) are valid.
Based on the Minkowski inequality we have

v v) ([ i
10" fllye < || 7500, + 1B, (2.4)
By means of inequality (1.15) for U = G, t =T we get

IRV § (e el | (TN O T
, i

j=1
< CLF(D)[fllp.e.p:6- (2.5)

and by the inequality (1.18) for U = G, M; = K-(V) n="T we get

%)

1Bl < Coldil (st~ a7 (eutn 1| 26)
From inequalities (2.4)—(2.6), on condition 1 < # < oo and p < 0 we
get inequlity (2.1). By means of inequalities (1.25) and (1.26) we get
inequality (2.2).
Let A%, < oo (i = 1,2,...,n) and we show that D" f is continuous
on G. Based on inequality (2.1) for ¢ = co,p < 6 we have

SN I S
’ i=1

g / {W((s:l(( >)>)l ()} e

(|
2ill)

D,

For T'— 0 HD” - fé’Z)T)‘ = 0. Since f&)T) is continuous on G,

the convergence in L (G) coincides in this case with uniform one, and
consequentey DY f(z) is continuous on G. The theorem is proved. O
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Let v be n-dimensional vector.

Theorem 2.2. Let the conditions of theorem 2.1 be fulfilled. Then for
Al < 00 (i =1,2,...,n) the derivative D¥ f satisfies on G the generalized
Holder condition, more exactly,

1A (G D fllyq < CllflR, - IR (M@ T (27)

here C -is a constant independent of f, M and T.
In particular, A%,y < oo, (i =1,2,...,n), then

Swp|A (7, G) DF (@) < CWfllsy, - [0l o DI (29)

Here h(17], ¢, T) = max {7, Af,, AL |

(hO (h/’ )y Ps ) maX{M A|y| 0’ A|Z'7|,T,O}) :

Proof. According to the definition of the domain satisfying the flexible
horn condition (lemma 8.6 in [1] ) there exists the domain

Gy CGw=pr(x),p>0,r(x)=d(z,0G), Q).

Assume that, |y| < w, then for any = € G, the segment connecting the
point z, x + « is contained in G. Then for all points of this segment the
indentities (1.9) and (1.10) with the same kernels are valid. After some
tharnsformations, from (1.9) and (1.10) we have

A (1, G) D f (@) < T (ps(e)) "
Jj=1

/|f (z+9)| ’Q(V) (y v p(p(t )) )>Q(V) <¢y p(«ﬁ(t%w))‘dydz

e(t) " 3ep(t () 3p(T)
o]
- N ICICED)
> 0// w (G "o )1 v
1= Rn
a —1-v; (p;(t)
X jf_[l@oJ(t)) o | v
T
(v) Y p(ga(t,l‘)) s ) 1-v; 90;(75)
[ Gl )HI(W” oil0)
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1

x/|f(w+y+v,t7)|dvdydt
0

=k ($77)+Z(E2 (x77)+E3 (1},’7)), (29)
=1

where 0 < 7' < min {1,7p}. Assume that |y| < T. Consequently, |y| <
min (w,T). If x € G\ Gy, then

A(y,G)D"f (z) = 0.
From inequality (2.9) we get

1A (7 G) DY flly e < 1B )llg.6.

+Z(HE1 Do + 122 Al ) (2.10)
E (z,7) Sﬁ /dC//!foeﬁy)\
g=1 R Rn

)

Assuming e, + G, C G from inequality (2.10) , by means of the
inequality (1.15), we get

1E (g, < CrIV I fllpg,8- (2.11)

Based on inequality (1.16), for U = G, n = || we have

182 (g, < oy | [ o oy | (@12)
and based on inequality (1.17) for U = G, n = |y| we get

125 (g, < G |ALya] @) a7 euttn f]| o @13)

By means of inequalities (2.10)—(2.13) provided p < 6 we get inequal-
ity (2.7). Now assume that |y| > min (w,T). Then we get

1A (7, @) D fllgo < 21D fllg6 < CWT) D" fllgq b (] @ T -

Estimating || D" f||, o by means of the inequality (2.1), we again get
inequality (2.7). O
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