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Analytic in an unit ball functions
of bounded L-index in joint variables
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Abstract. A concept of boundedness of the L-index in joint variables
(see in Bandura A. I., Bordulyak M. T., Skaskiv O. B. Sufficient condi-
tions of boundedness of L-index in joint variables, Mat. Stud. 45 (2016),
12-26. dx.doi.org/10.15330/ms.45.1.12-26) is generalized for analytic in
a ball function. It is proved criteria of boundedness of the L-index in
joint variables which describe local behavior of partial derivatives on a
skeleton of a polydisc.
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1. Introduction

A concept of entire function of bounded index appeared in a paper
of B. Lepson [23]. An entire function f is said to be of bounded index if
there exists an integer N > 0 that

(Vz € C)(Vn € {0,1,2,...}): !J‘(’Z'(Z)! Smax{f(j;!(z):()<j<N}.

The least such integer N is called the index of f.

Note that the functions from this class have interesting properties.
The concept is convenient to study the properties of entire solutions of
differential equations. In particular, if an entire solution has bounded
index then it immediately yields its growth estimates, an uniform in a
some sense distribution of its zeros, a certain regular behavior of the
solution etc.
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2 ANALYTIC IN AN UNIT BALL FUNCTIONS OF BOUNDED...

Afterwards, S. Shah [28] and W. Hayman [19] independently proved
that every entire function of bounded index is a function of exponential
type. Namely, its growth is at most the first order and normal type.

To study more general entire functions, A. D. Kuzyk and M. M. She-

remeta [21] introduced a boundedness of the [-index, replacing % on
%;zi\(zl) Lin (1.1), where I : Ry — Ry is a continuous function. It allows to

consider an arbitrary entire function f with bounded multiplicity of zeros.
Because for the function f there exists a positive continuous function [(z)
such that f is of bounded Il-index [14]. Besides, there are papers where
the definition of bounded [-index is generalizing for analytic function of
one variable [22,30].

In a multidimensional case a situation is more difficult and interesting.
Recently we with N. V. Petrechko [12, 13| proposed approach to consider
bounded L-index in joint variables for analytic in a polydisc functions,
where L(z) = (l1(2), ..., ln(2)), [; : C* — Ry is a positive continuous
functions, j € {1,...,n}. Although J. Gopala Krishna and S.M. Shah [20]
introduced an analytic in a domain (a nonempty connected open set)
2 c C" (n € N) function of bounded index for o = (a1,...,a,) € RY.
But analytic in a domain function of bounded index by Krishna and Shah
is an entire function. It follows from necessary condition of the l-index
boundedness for analytic in the unit disc function ( [29, Th.3.3,p.71|):
Jo l(t)dt — oo as 7 — 1 (we take I(t) = ay). Thus, there arises neces-
sity to introduce and to investigate bounded L-index in joint variables
for analytic in polydisc domain functions. Above-mentioned paper [12]
is devoted analytic in a polydisc functions. Besides a polydisc, other
example of polydisc domain in C" is a ball. There are two known mono-
graphs [26,32] about spaces of holomorphic functions in the unit ball of
C™ : Bergman spaces, Hardy spaces, Besov spaces, Lipschitz spaces, the
Bloch space, etc. It shows the relevance of research of properties of holo-
morphic function in the unit ball. In this paper we will introduce and
study analytic in a ball functions of bounded L-index in joint variables.

Of course, there are wide bibliography about entire functions of boun-
ded L-index in joint variables [9-11,15-18, 24, 25].

Note that there exists other approach to consider bounded index in C™
— so-called functions of bounded L-index in direction (see [1-7]), where
L :C" — R, is a positive continuous function.
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2. Main definitions and notations

We need standard notations. Denote Ry = [0, +00), 0 = (0,...,0) €

R, 1 =(1,...,1) € R?, 1; = (0,...,0, _1_ ,0,...,0) € R,
j—th place

R = (ri,...,rn) € R}, 2 = (21,...,2n) € C", |2] = ,/Z;”:l |22
For A = (a1,...,an) € R", B = (b1,...,by,) € R" we will use for-
mal notations without violation of the existence of these expressions
AB = (aiby,- -+ ,anby), A/B = (a1/b1,...,an/by), AB = alilagQ ealn,
|A|ll = a1 + --- + an, and the notation A < B means that a; < bj,
j € {1,...,n}; the relation A < B is defined similarly. For K =
(k1,...,kn) € Z denote K! = ki!- ... k,!. Addition, scalar multi-
plication, and conjugation are defined on C" componentwise. For z € C"
and w € C™ we define

(z,w) = 21W1 + -+ + 2, Wp,

where wy, is the complex conjugate of wy. The polydisc {z € C" : |z —
z;)] <rj, j=1,...,n} is denoted by D"(2%, R), its skeleton {z € C" :
|z — z§]| =r;, j = 1,...,n} is denoted by T"(z°, R), and the closed
polydisc {z € C": |z; — Z?\ <r;, j=1,...,n} is denoted by D"[2°, R],
D" =D"(0,1),D = {z € C: |z| < 1}. Theopen ball {z € C": |z—2°| <
r} is denoted by B"(z°, r), its boundary is a sphere S*(20,7) = {z € C" :
|z — 2% = r}, the closed ball {z € C" : |z — 2% < r} is denoted by
B"[20, 7], B =B"(0,1),D=B' = {2z C: |z| < 1}.

For K = (ky,...,k,) € Z" and the partial derivatives of an analytic
in B" function F'(z) = F(z1,..., 2z,) we use the notation

AKXl Qkrt+kn ¢

FUE(

‘ R P I
Let L(z) = (li(2),...,ln(2)), where ;(2) : B® — Ry is a continuous
function such that
(V2 €B"): () > B/(1— o), je{lon},  (21)

where 3 > /n is a some constant.

S. N. Strochyk, M. M. Sheremeta, V. O. Kushnir [29,30] imposed a
similar condition for a function [ : D — Ry and [ : G — Ry, where G is
arbitrary domain in C.

Remark 2.1. Note that if R € R%, |[R| < B, 2° € B" and



4 ANALYTIC IN AN UNIT BALL FUNCTIONS OF BOUNDED...

z € D"[2°, R/L(z")] then z € B™. Indeed, we have

n 7,,2 0 n 7“2- o
> ey <\ o 2 1)
7j=1

j=1"13

2] < |2 = 2%+ 12°] <

(112

n 1— 0
8 Szt < L g o 2y,

B

=1

An analytic function F': B" — C is said to be of bounded L-index (in
joint variables), if there exists ng € Zy such that for all z € B™ and for
all J € Z%

) (2 () (4
WSMX{MZ KeZt, HKHSHO}- (2.2)

The least such integer ng is called the L-index in joint variables of the
function F and is denoted by N (F,L,B") (see [9]- [16]).

By Q(B™) we denote the class of functions L, which satisfy (2.1) and
the following condition

(VReRL IR < B, je{l,...,n}): 0<A;(R) < A j(R) < oo, (2.3)

where
Mj(R) = it inf{lij((;o)) .z e D" [ZO,R/L(ZO)]}, (2.4)
Ao j(R) = Etelgn sup {lij((;o)) 1z e D" [zo, R/L(ZO)} } . (2.5)

A(R) = (AMa(R),..., M n(R)), Aa(R) = (A21(R),..., Aan(R)).

It is not difficult to verify that the class Q(B") can be defined as
following: for every j€{1,...,n}

su lJ(Z) 2 — W "k n 0
z,we%n{zj<w>" bk S e ey S }}< (’ |
2.6

i. e. conditions (2.3) and (2.6) are equivalent.

Example 2.1. The function F(z) = exp{m} has bounded L-

index in joint variables with L(z) = ((1_‘Z1|)12(1_‘Z|), (1—|z|)(11—\22|)2) and
N(F,L,B") = 0.
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3. Local behavior of derivatives of function of bounded
L-index in joint variables

The following theorem is basic in theory of functions of bounded in-
dex. It was necessary to prove more efficient criteria of index boundedness
which describe a behavior of maximum modulus on a disc or a behavior
of logarithmic derivative (see [1,6,22,29]).

Theorem 3.1. Let L € Q(B"™). An analytic in B"™ function F has
bounded L-index in joint variables if and only if for each R € R,
|R| < B, there exist ng € Zy, po > 0 such that for every 2° € B"
there exists K° € 2, ||K°|| < ng, and

(K) (4
- {m K < mo, =€ D" [z°7R/L<ZO”}

[FU) ()]

KO () (3.1)

< po

Proof. Let F be an analytic function of bounded L-index in joint vari-
ables with N = N(F,L,B") < oo. For every R € R"}, |R| < 3, we put

¢ =q(R) = 2(N + DRI T (R) Y Oz (R) V] + 1
j=1

where [z] is the entire part of the real number z, i.e. it is a floor function.
For p € {0,...,q} and 2° € B" we denote

(K)
Sp(z",R) = max{g'LK((Z)‘ |K|| < N,zeD" [20, Pl }},

) qL(z")
00 _ ’F (K) (Z)| < n 0 pR
S,(",R) = ma { RIER K| < N,zeD" |z reolls
Using (2.4) and D" {zo qﬁ’é{g)} c b [zo, L(IEO)]’ we have
0 |F5)(2)| LF(20) nl,0 PR
= K| <N, D
S,(2Y, R) max{ LK (2) LE(20) K| z e gL (20)
nIN(20) R
< G*(,0 J : n|,0 P
S, (27, R) max {jlll Z;V(Z) zeD [z ) qL(zO)]
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and, using (2.5), we obtain

. FE) ()| LK (2 n R
Sp(zo,R) = max { |K!LK((2))LK((ZO)) |K[|<N,z €D {ZO’ qIZJ)(ZO)]}

P (5 R
max {M(M(R»K K| <N,z e D" [207 qII,)(zO)} }

< S(z° R) f[(/\z,j(R))N~ (3.2)

Let KP) € Z7 with |[K(®)|| < N and 2(P) € D" [20, qf(ljo)] be such that

|FEP) ()]

*xr 0
Sp (2 ) = S onnR® (o) (8:3)

Since by the maximum principle z(P) € T"(20, 2 i ), we have z(P) £ 20,

qL(2%)

We choose %p) = z? + %(z](-p) — z;)) Then for every j € {1,...,n} we
have

=) _ 0 Pl w_ o _P=1 prj
\P) _ = Pl _ 9 = 3.4
-] = e g - (3.4)

p—1 1
’%p) . ZJ(P)’ _ Z? + . (ZJ(P) . Z;)) . ZJ(P)‘ _ E‘Zg . Z](P)’
1 pr; T

pali(z0) ~ qlj(z0)

From (3.4) we obtain 2(P) € D" [20, q((gi%} and

) FED) (5(0)
RC PO S
K®ILE® (20)

From (3.3) it follows that

|FED) (@) — | FED) (7))
K@ILK® (;0)

0 < S5(*R)~ Sp (', R) <

1 Ld )
- K(P)'LK“’)(zO)/o @'F(K PEY 1 =)t

<
T KWMILE®P (20

1 n
/o S 12 - | [FEC ) 04200 - 200))
j=1

X
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1
( |LK(P>(ZO)

Z ‘Z %ﬁp | ‘F(K(P>+1j)(2'(p) + t*(z(p) _ }j(P)))‘ , (3.6)

X

where 0 < t* < 1,20 4 t*(2(®) — Z)) ¢ D(2 quf(]j()))- For z €
D™(z ’ﬁ) and J € Z7, ||J|| < N + 1 we have

[F ()]

D)L (-
£ (2)|L7 (=) < (A2(R))JmaX{K!LK(z) K] §N}

JILY (20)L7(2)

[T (BN (A ()~ max {E&KEQ HKHSN}

Jj=1

< H()\zj(R))NH()\l,j(R))_NS;(ZOaR)-

IN

From (3.6) and (3.5) we obtain

0 < 55" R) =85 1(z° R) < [ (R)H (0 (R) ™

.
—

3 S*(zo, R) &
NV O (R) N ST P 1y

S*(2° R 1
< E B w DlR] < 2850 R).

H Aoj(R
IIMJ

This inequality implies S;(zo, R) < 25’;_1(20, R), and in view of inequa-
lity (3.2) we have

’.R) < 2H(>‘1J(R))_N 1(2% R)
<2 [ (R) N (A2 (RN S, -1 (2% R)
j=1

Therefore,

(K)
Hlau({’F(Z)| ||K|| < N,z e D" [zo, qu ]} =S5,(°, R)

KILK(z)
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A (R) ™ oy (R)V S, (% R) < ...

IN
’:]:

(A (R) ™Y (A2 (R)) V)80 (2", R)

IN
;:1:&'

1

<.
Il

(Mg (R) ™ (g (R))N)

I
:]:

1
X max{ 'LK HK||<N} (3.7)

From (3.7) we obtain inequality (3.1) with

po = (2 H(Al,j(R))_N(Az,j(R))N)q
j=1
and some K° with ||K°|| < N. The necessity of condition (3.1) is proved.
Now we prove the sufficiency. Suppose that for every R € R, |R| <
B, there exist ng € Zy, po > 1 such that for all zp € B™ and some
K €77, |K°| < no, the inequality (3.1) holds.
We write Cauchy’s formula as following Vz° € B" Vk € NS ezt

FUHS)(0) / FIO)

S T (2min R — »0)S+1
i) Jon(eo, 5, ) G )

Therefore, applying (3.1), we have
F(E+S)(,0 1 F)
FESIE0)_ /( UG

| = n _ ,0|S+1
S! (27) zO7L(I:O)) |z — 29

LS+1
/. o O

’L(ZO))

|FED(20)]
/ "(# 1)

Klpo TTj—; A% (R)LSHEAL(20)
x : 5 |dz|
(QW)nKO!RSJrlLK (ZO)
Klpo [Tj—; A% (R)LSHE(20)

KOIRSLE®(20)

IN

IN

= |FED (0

This implies

’F(KJrS)(ZO)‘ _ H?:l )\S?j(R)pOK!S! ‘F(KO)(ZO)’
(K + S)ILSTE(20) = (K + 9)'R* KO!LKO(ZO)'

(3.8)
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Obviously, that

KIS! 51! ! -1
(K+8)! (ki +1)-...-(k1+s1) (kn+1) oo (kp+sn)

We choose r; € (1,8/y/n], j € {1,...,n}. Then |R| = /377 r7 < 6.

nAPO(R .
Hence, % — 0 as ||S|| = +oo. Thus, there exists sp such that

for all S € Z" with [|S]| > so the inequality holds

PKISTL, N5(R) _
(K + 9IRS —

0
[FUH) (0 [FUO) (0

RT8)LFF5(20) S ROLaY 50)" This means that for

Inequality (3.8) yields 0
every j € 2%

[FU)(=0)] [EUO(20)]
2 < max{ s
JIL (20) K'LK(29)

IIK | < so +no}

where sg and ng are independent of zy3. Therefore, the analytic in B"
function F' has bounded L-index in joint variables with N(F,L,B") <
So + ng. O]

Theorem 3.2. Let L € Q(B"). In order that an analytic in B"™ function
F be of bounded L-index in joint variables it is necessary that for every
ReRY, R < B, 3ng € Zy Ip>1V2" € B® 3K € 77, ||K°|| < no,
and

max {|FK) ()] 2 € D" [0, B/LEY] ) < PO (39)

and it is sufficient that for every R € R, |R| < 3, Ing € Z4 Ip > 1
vz € B" vj € {1,...,n} 3K} = (0,...,0, Kk} ,0,...,0) such that

j-th place
k? < ng and

max{]F(K?)(z)\ czeD” [ZO,R/L(ZO)]} < p\F(KJQ)(zO)\. (3.10)

Proof. Proof of Theorem 3.1 implies that the inequality (3.1) is true for
some K°. Therefore, we have

(K%) (0 (K?)
po [FEOE0) ax{’F (2)]

KO LE°(20) KRy 2 [ZO’R/L(ZO)]}
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= maXx { |F(KO)(Z)| L+ (ZO) czeD” [ZO, R/L(ZO)] }

KOl LE°(:0)LE°(2)

1P @) T Qe (R) ™™
KO LR (0)

12 € D" [2% R/L(2°)] } :

This inequality implies

po [Tj—1 (A2, (R))" | F(E®) (20))

K0! LK(20)
(K (4
> max {M 1z €D [2% R/L(2°)] } : (3.11)

From (3.11) we obtain inequality (3.9) with p = po [T}_; (A2,;(R))". The
necessity of condition (3.9) is proved.

Now we prove the sufficiency of (3.10). Suppose that for every R €
R", |R| < B, 3ng € Zy,p > 1 such that Vzy € B" and some K9 € YA
with k? < ng the inequality (3.10) holds.

We write Cauchy’s formula as following Vz° € B" VS € Z7

F(Kf}-i—S)(ZO) 1

FED(2)

———dz.
S! (2mi)™ /]I‘n(ZO’R/L(ZO)) (z — ZO)S+1 :

This yields

|dz]

[FUSTHE0) 1 / [FY)(z))

S! - (27‘(‘)” n(20,R/L(29)) |Z — ZO|S+1

LS+1(ZO)
RS+1

max{|F5)(2)] : = € D" [2°, R/L(z°)] }

IN

1
(2m)™
X / 1d2]

(20, R/L(:0))

o S ZO
= max{|[F¥(2)]: z e D [zo,R/L(zo)]}w

RS

Now we put R = (%, ce %) and use (3.10)

|F(K§)+S)(ZO)| LS(ZO)
S! - (6/\/5)”5”

S ZO 0
mwmﬂ(zo)y (3.12)

max{]F(K?)(z)\ czeD” [ZO7R/L(ZO)]}
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n p
We choose S € Z} such that ||S|| > s, where G/ < 1 Therefore,

(3.12) implies that for all j € {1,...,n} and k? <ng
0 0 7
|F(K].+S)(ZO)| _ D S!KJQ! |F(KJ')(ZO)\ < |F(Kj)(20)|
3 < 0 0 — 1 K? ’
LI5S 0K +9)! T (8/ym) 1 S+ EPNLAS (20 K91 ™ L (20) K !

Consequently, N (F,L,B") < ngy + so. O

Remark 3.1. Inequality (3.9) is necessary and sufficient condition of
boundedness of l-index for functions of one variable [22,29,31]. But it
is unknown whether this condition is sufficient condition of boundedness
of L-index in joint variables. Our restrictions (3.10) are corresponding
multidimensional sufficient conditions.

Lemma 3.1. Let L, Ly € Q(B") and for every z € B" Li(z) < La(2).
If analytic in B™ function F has bounded Li-index in joint variables
then F' is of bounded Lga-index in joint variables and N(F,Lg,B™) <
nN(F,Ly,B").

Proof. Let N(F,Li,B"™) = ng. Using (2.2) we deduce

[FD ()] _ Li(2) [FY(2)]
JILY(2)  Lij(z) JIL{(2)

L) fIF9)
= max § o+ K €T [|K < no

L3 (z) {K!L{((z) +

L{() o SR [FRO0)
< 1 : s KeZ, |K|| <
= L) aX{Lf(z) KILE (2) + Il < no

Ly(z [FUO(2)|
—2 . KeZ”, |K|l < )

= R (Lz Z> aX{K!Léf(z) € 2%, Kl < mo

Since Li(z) < La(z) it means that for all ||.J|| > nng

|FU)(2)] |[FE ()]
L - . Ke7" K|l < .
JLI(z) = T KILE(2) + 1K < mo

Thus, F' has bounded Ls-index in joint variables and N(F,Lg,B") <
nN(F,Ly,B"). O

Denote L(z) = (I1(2),...,l,(2)). The notation L =< L means that
there exist @1 = (61;,...,01,) € R}, Oy = (Oa,...,02,) € R} such
that Vz € B" 0y j1;(2) <1j(z) < 0l(2) for each j € {1,...,n}.
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Theorem 3.3. Let L € Q(B"), L < L, 8|01] > /n. An analytic in B"
function F has bounded L-index in joint variables if and only if it has
bounded L-index.

Proof. 1t is easy to prove that if L € Q(B") and L < L then L € Q(B™).

Let N(F,INJ,IB%”) = ng < 4+o0o. Then by Theorem 3.1 for every R =
(71,...,7) € R™, |R| < j3, there exists p > 1 such that for each z° € B"
and some K° with || K°|| < 7, the inequality (3.1) holds with L and R
instead of L and R. Hence

pIFEOIE) 5 of IFUDEY) B FER)

o LEO(z0) K% ©F'LKY(20) = KOl@K°LK"(:0)
‘FK ~ n|.0 /T
2 <
- @Ko K,LK K| < o, 2 € D" [, B/L(2)]
Of [F™)(2)| - w0 o5
= oK maX{K'!LK(Z) K| < 7,2 €D [z ,@1R/L(z)}
L minggkj<n {01}

KO
62

[FE)(2)] - n[0 o BT
X maX{I(!LK(Z) . HKH §n07Z€D |:Z ,@1R/L(Z):| .
In view of Theorem 3.1 we obtain that function F' has bounded L-index
in joint variables. O

Theorem 3.4. Let L € Q(B"™). An analytic in B™ function F has
bounded L-index in joint variables if and only if there exist R € R},
with |R| < B, ng € Zy, po > 1 such that for each 2° € B" and for some
K% e 71 with | K°|| < ng the inequality (3.1) holds.

Proof. The necessity of this theorem follows from the necessity of The-
orem 3.1. We prove the sufficiency. The proof of Theorem 3.1 with
R= (%, o %) implies that N (F,L,B") < 4oc.

Let L*(z) = ROL( ) RO = (f""’f) In general case from validity
of (3.1) for F, L and R=(ry,...,r,) with |R| < 3, R # R", we obtain

-_ { [FUO(2)
KI(L(0)F
(

_ FEEL e < D" [0, Ry/(RoL(2)/R
= maxd e I ) <oz € B [ Rof (oL R

K| < ng,z e D [zO,RO/L*(zO)]}
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nIIK||/2|F(K) (2)]

< max KL (2) | K| < ng,zeD™ [2°, R/L(2")]
po nPFUDEO)) o5/ /m) g | FU(0))
— KOl LE°(20) REK° K0! (RoL(z)/R)K°
1K1 | F(E?) (20
< no/2 (B/\/ﬁ) )
O, RET KON(LA(2)K°
i. e. (3.1) holds for F, L* and Ry = (%,,%) As above we apply

Theorem 3.1 to the function F'(z) and L*(z) = RyL(z)/R. This implies
that F' is of bounded L*-index in joint variables. Therefore, by Theorem
3.3 the function F' has bounded L-index in joint variables. O
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