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The problem of the construction of asymptotic expansions for solutions of such spec-

tral problems stands in the homogenization theory [1–4] for about 10 years—since such
expansions were constructed at first for the Sturm-Liouville problem [5]. But the method
proposed worked only for the case of a simple spectrum of the corresponding homoge-
nized problem. At the time when the main trouble for boundary-value problems with
rapidly oscillating coefficients was a construction of a boundary layer near the boundary
the main trouble of the corresponding spectral problems was multiplicity of the spec-
trum. The only progress in this direction was an approach of [6] in which the author
overcame the both obstacles by imposing certain symmetry relations on the domain
and on the coefficients of the equation. It is important to notice that all the troubles
are arising namely in the process of formal construction of expansions and not in there
justification. The methods of the justification are worked out well (see [4], [6]).

In the paper I solve the problem of a multiple spectrum without any artificial con-
ditions imposed and obtain whole asymptotic expansions for eigenvalues and eigen-
functions of the general smooth boundary-value problem for an elliptic operator with
non-uniformly oscillating coefficients (whose homogenization is made in [7]). I assume
that the boundary layers (the functions N2

p,α in sequel) are constructed.

In what follows we denote Di = ∂/∂ξi; 〈f〉 =
∫
(0;1)d f(ξ)dξ; Dα = ∂|α|/∂x
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the summation from 1 to d; d ≥ 1 is the dimension of our space.
In a bounded domain Ω ⊂ Rd, d ≥ 1, consider the problem

− ∂

∂xi

(
Aij

(
x,

x

ε

) ∂

∂xj
uε(x)

)
+ A

(
x,

x

ε

)
uε(x)

= λερ
(
x,

x

ε

)
uε(x), x ∈ Ω, (1)

Bεuε = 0, (2)

where A, ρ, Aij , 1 ≤ i ≤ d, 1 ≤ j ≤ d, are 1-periodic with respect to ξ = x/ε and for
all x, ξ, η ∈ Rd

ρ(x, ξ) > 0, A(x, ξ) > 0, Aij(x, ξ)ηiηj ≥ κ|η|2,
Aij(x, ξ) = Aji(x, ξ) for all 1 ≤ i ≤ d, 1 ≤ j ≤ d,



where κ > 0 does not depend on x, ξ, η; Bε is a boundary condition operator (Dirichlet,
Neumann and 1-periodic boundary conditions mixed); 0 < ε ¿ 1; all the elements of
the problem are infinitely smooth (in the case of 1-periodic boundary condition with
respect to xl+1, . . . , xd, 0 ≤ l < d, we suppose that Ω ⊂ Rl × (0; 1)d−l; {x ∈ Ω : xi =
0}+ei = {x ∈ Ω : xi = 1}, l < i ≤ d; not Ω but Ω+{0}l×Zd−l has a smooth boundary;
other boundary conditions are adapted).

Let us suppose that for each sequence Λ = (λ0, λ1, . . . ) we have constructed such
functions Np,α(x, ξ), 0 ≤ |α| ≤ p, on Ω× ε−1Ω that the formal substitutions
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transform the input problem (1), (2) into the sequence of problems

p∑
n=0

Lp−nvn(x) = 0, x ∈ Ω, (3)

p∑
n=0

Bp−nvn = 0; p ≥ 0, (4)

where differential operators Lp and boundary condition operators Bp, p ≥ 0, do not
depend on ε. The structure of the functions Np,α is the following: Np,α = N1

p,α + N2
p,α,

where N1
p,α are the 1-periodic components, N2

p,α are the boundary layer functions.
The functions N1

p,α(x, ξ) are defined on Ω×Rd and are 1-periodic with respect to ξ.
They are determined by the equation (1) only and determine the operators Lp by the
formulae
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ĥp,α(x) = 〈hp,α(x, ·)〉 , p > 0, |α| ≤ p, x ∈ Ω;

Lp =
∑

|α|≤p+2

ĥp+2,α(x)Dα, p ≥ 0.

Note that Lp = L̇p−λp 〈B〉 where operator L̇p does not depend on λk, k ≥ p; p ≥ 0.



Proposition 1. All the operators Lp, p ≥ 0, are self-adjoint.

This fact was not proved for p ≥ 1; the self-adjointness of L0 is proved in [7].

Remark. Proposition 1 is also true for boundary-value (not spectrum) problems irre-
spective of Ω and Bε. So the volume of calculations when computing the operators Lp,
p ≥ 1, decreases twice.

The functions N2
p,α(x, ξ) tend to zero exponentially when moving from the boundary,

they satisfy the equations
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These functions determine the operators Bp and are constructed only for a few domains
and boundary conditions. Always N2

0,0 = 0.
The homogenized problem is the problem for p = 0 from the system (3), (4). Namely

the system (3), (4) was not solved in the case of a multiple spectrum of the homogenized
problem. The next result shows some symmetry in this system and opens a way to its
solving.

Lemma. Let the functions v0, . . . , vk and ṽ0, . . . , ṽk satisfy equations (3) for p < k and
boundary conditions (4) for p ≤ k with some fixed λ0, . . . , λk−1 ∈ R and k ≥ 1. Then

∫

Ω
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)
ṽ0dx =
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)
v0dx. (5)

Denotation. Let Hλ0,...,λk
be the set of such functions v0 that the part of the system

(3), (4) for p ≤ k has a solution with these λ0, . . . , λk ∈ R, k ≥ 0.

All these sets are finite-dimensional subspaces of C∞(Ω). In particular, Hλ0\{0} is
the set of all the eigenfunctions corresponding to the eigenvalue λ0 of the homogenized
problem. Always

Hλ0,...,λk
⊂ Hλ0,...,λk−1 ⊂ · · · ⊂ Hλ0 ⊂ C∞(Ω).

In accordance with Lemma (for k + 1 instead of k) the expression
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v0, ṽ0) = λ0
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determines a self-adjoint operator Pλ0,...,λk
in Hλ0,...,λk

, here the scalar product

(u, v) =
∫

Ω

(L̇0u)vdx (6)

is equivalent to the standard one in Sobolev space W 1
2 (Ω).



Proposition 2. Let Hλ0,...,λk
6= {0} for some λ0, . . . , λk ∈ R,

k ≥ 0. Then the general solution of the part of the system (3), (4) for p ≤ k we get
in the form: vm ∈ v∗m + Hλ0,...,λk−m

, 0 ≤ m ≤ k, where v∗0 = 0 and v∗m is determining
algorithmically by already chosen v0, . . . , vm−1 for 1 ≤ m ≤ k.

Proceeding to the next problem from (3), (4) (for p = k + 1) we get a decomposition
Hλ0,...,λk

=
⊕

λk+1∈Sλ0,...,λk
Hλ0,...,λk+1 , where Sλ0,...,λk

is a spectrum, Hλ0,...,λk+1 is a
subspace of the eigenfunctions of Pλ0,...,λk

corresponding to the eigenvalue λk+1.

As a result we obtain a sequence of sequences Λ(1) ≤ Λ(2) ≤ . . . in correspondence
with the sequence λ0

(1) ≤ λ0
(2) ≤ . . . of eigenvalues of the homogenized problem (they

are taken with an account of a multiplicity) and get the corresponding decomposition
{u ∈ W 1

2 (Ω) : B0u = 0} =
⊕+∞

n=1 Hsn , where s1 = 1, Λ(s) = Λ(sn) and Hs = Hsn for
sn ≤ s < sn+1, sn+1 = sn + dim Hsn

, n ≥ 1, and Hs =
⋂+∞

k=0 Hλ0
(s),...,λk

(s) , s ≥ 1.
Let the eigenvalues of the input problem (1), (2) be enumerated too (with an account

of a multiplicity): λ
(1)
ε ≤ λ

(2)
ε ≤ . . . The justification procedure (see it in [6] for different

problems) gives the next result.

Theorem. For every s ≥ 1 we have

λ(s)
ε ≈

+∞∑
p=0

εpλ(s)
p , ε → 0.

For each r ≥ 0 and for the functions v0, . . . , vr satisfying the part of the system (3),
(4) for p ≤ r with λ0

(s), . . . , λ
(s)
r we have
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Dαvn‖ = O(εr), ε → 0,

here uε is a linear combination of the eigenfunctions of the problem (1), (2) correspond-
ing to the eigenvalues λ

(t)
ε for sn ≤ t < sn+1 (where sn ≤ s < sn+1); the norm is

corresponding to the introduced scalar product.
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