A SHARP ANGLE INEQUALITIES FOR PAIRS
OF ELLIPTIC OPERATORS IN THE CASE
OF DOMAIN WITH A CONICAL POINT.
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A sharp angle inequality is used in a proof of solvability of a general nonlinear elliptic
problem with applying of topological methods. Our proof is founded at reducing to the
inequality in the case of a domain with a smooth boundary [2].

Denotations.

G is a bounded domain with the conical point in the origin of coordinates. 9G is a
smooth boundary everywhere without of the origin of coordinates.
pis a diamG.

Gr ={zeG: & <r < g5, r=|z|}

Qf is a domain with the smooth boundary wich contain Gy. Ng;g(A, B, Q) is a class of
linear elliptic with the constant A in €2 operators of order 2m with coefficients bounded

in the norm || - |co.x(q) by B. ¢ are functions of the unity partition: Y ¢7(z) =1
k=0
Ve e G, suppdr C Q; o < VN, x€ Gy.
Denote
|D*(ppr™)| < const - el (i1)

W(@G) is weighting space with norm

=

lullwe @y = / Z pr=20=1el)| Doy 2 da

G o<k

ol
W ,.(G) is a closure C§°(G) in the norm || - [y (.-

Lemma 1. For operators L € Ng;;\L(A, B,Qy),
My, € R3(1,Co, Qi) (where Cy is some constant) and functions ¢, € C°(Qy), u €

W2 (GYNW . (G) following inequality is true

Re/r“gbi(x)Lu-Mkudx >

Qp

> Re/L(¢kur§) - My (¢ppur?)dx—
Qg



—Cl||“||W,3m(9k)||“||W,3T2—1(Qk) (1)

Lemma 2. Let L € Ng;ﬁ(A,B,Qk). One can designate the constants Cy,Cy and
operator My, (x, D) € R3N1, Co, Q) [2] such that Yu € W2 () N I/?/Q (Q) the relation

Re/Lu-MkudaE >
Q

> él/ Z <2%)2a|_4m|Dau|2dx—ég/ (2%)_4771 |u|2dx (2)

Q, lal<2m Qu

15 valid.

Lemma 3. If u € W2™(G) then ¢pr>u € W2™(G).

Lemma 4. (Interpolating inequality.) For a fized k and for any function u from
WL(G) the inequality

2 2 2
Il < e + Ol o0, ®

where j < 1, e1 > 0 s fulfiled.
Those lemmas enable prove a theorem.

Theorem 1. Let L € NO’)‘(A, B, G). There exist such constants Cy, Cs, Cy depended

2m

of known parameter A, B, A\, m, G and such operator M = Y ¢%(x)My(z, D), My €
k=0

NQ;Q(LGW%,G) that
Vu € W, oo (G) NW2EM(G) the inequality

Re / v L(z, D)u - Mz, Dyudz >
G
> Collullfyzm gy = Csllullo . (o (4)

is valid.
The lemma 3 enables substitute (2) into (1)

Re/qﬁi(w)r”Lu-Mkudx >
Q

2|a|—4m "
cof S (8) s e
Q, lals2m

—C’5/<2ﬁk> |prr 2 u|>dz—

Qg



~Callullygzm—s o lullwzm (5)

Consider first addend of the right member of (5).

[ X (&) ot s -

Q, lals2m
p 2|a|—4m o
:/ > (5r) ¢ ¥ D+
Q, lal<2m

B<a; f+y=a
2|a|—4m o
> [ 5 (5) et
Q, lal<2m
2|a|—4m "
—4 Z <2ﬁk> |2 D%u|x
Q, lal<2m

> N - Z rm—2(2m—|a|)|Dau‘2dl,_

Gy lol<2m

— &9 Z Tﬂ—2(2m—|a|)|Dau‘2d£B -

Q, lal<2m
—C(e2) Z p2lal—dm Z =2 DPude >
O |a|<2m B<La; f+y=«

> N - ullfyem ) —
—€2- ’\u\’%t/gm(gk) -

_CG § : T2\a|—4m Z rn—2a+25+2a—4m|Dﬁu‘2dx >
Q, lal<2m B<a; B+y=a

> N lullfyem gy — €2 lullivem @,y — Crllulfyzm— g >
H r K—2 ( k)

> N- ||U||%/v2m(ak) — &3- ||u||%/v2m(szk) - C8||“|%/V®7 Q)
s s o g ()

Here Caushy inequality and the interpolating inequality were used. Due to this inequal-
ities we can estimate third addend of the right member of (5) by means of

— €4||U‘|%/‘/3m(9k) - C9||“”%/V2_4M(Qk)'



Now we can write down (5) as

Re / 3 (x)r" Lu - Myudr >
Qp

2 2 2
= Cuollullivem(a,y — esllullzm @,y — Cullulliyo | (q,)
To the left it is possible the substitution 2 at G. Sum with respect to k£ and substitute
Qi at Gp_1 NG N Gi4q to the right. Thereby we are getting (4).

We introduce &lz’;,\l(A, B, G) as a class of a linear elliptic operators with the constant of
ellipticity A and with coefficients having the derivatives of the order d (d < [) bounded
by B-r~%. Thereto the derivatives of the order [ are Holder continuous with the constant
A and bounded by B - r~!=*. Let

wolwiey = [ Y caple)r™ 28 Doy Doy, (6)
G lael1B8I<!

where c,3(x) are real infinity differentiable functions of following construction

0 ok %
~ —(k—204+|a|+|B
Caﬁ(x) = anﬁ (SL’ . _> Ty (k lof+181) — chﬁ(x)7
k=0 P k=0

where 7, = ; /TQk. Here ¢,p are real infinity differentiable functions satisfying to the

conditions

q lallBl<i

012”7:"‘%4/5(9/) < Z Cap(z ) D*uDBudx’ <

S 013”&”%/[/21(9/)7
where ' = %Qk; Cop have finite support and VQ” C R™\ €
/ > éap(a’)D*aDPudz’ > 0.
a» lalilBI<l
It can shou that c,p satisfy to the conditions
Crallullfyr o) < [wulwie) < Cisllullwy (o)

Lemma 5. N N .
For operators L € X, (A, B,Q), M e R, (1,Cs,Q) and functions

b € C(), u € W2mH(Q) N ﬁ/m—2m—2l(ﬂk) the relation

Re[Luv(biMku]W}i(Qk) >> R@/ Z Cozﬁ(x)'r'a‘—'—'ﬁ'_mDaL(x,D)((f)krgu)*
g, lalBl<l



*DﬁMk (1‘, D)(¢k7’%u)d$ — Cl6|‘u|’W’i+2m(Qk) HUHW,itZQm_I(Qk) (7)

s valid.
Lemma 6. Let L G &;:,L(A B, Q). There exist such constants C1,C5 > 0 and

operator My (x, D) € NQm(l C%, Q) that
Vu € Wi THQ,) N T/V2 (Q) following inequality is fulfiled.

p >|a|+|ﬁ|—2l

Re/ Z cﬁﬁ(x) <2—k D® LuDP Myudx >

p 2|a|—4m—21

> C’{/ Z (2—k> |Du|?dx —

p —4m—2l
o [(5) " i (8)

Qg

Theorem 2. Let L € ﬁlz’;(A, B, G). There exist such real infinity differentiable func-
tions cqop (|al,|B] < 1) satisfying to the condition

Cuallulliyr ey < lwulwie) < Cusllullivy o).

the positive constants K1, Ko, Cl depending of known parameter only and such operator

= > Ogbz( YMy(xz, D), My(z,D) € ﬁé’:l(l,C'é,G) that for any function u €

W,me(G’) N WK om—o1(G) the inequality
RelLu, i) > Kilulyomen gy — Kolllde g )

s valid. ;
On the lemma 3 ¢pr2u € W2+ (Q). Therefore

Re[Lu, 7 Myulw: ) >

p 2|a|—4m—21

> 017/ Z 2_k |Da(¢kz7“%u)|2dx_

|| <2m+1
_018/(2—k> |ppr2u|*de —
Qp
_019H’LLHW3m+l(Qk)HuHWlf:n;-l—l(Qk) (10)

Consider the first addend of the right member of (10). We shall be use interpolating
inequality and inequality |a +b| > |a|?> — 4|a| - |b].

2|a|—4m—2l

/ 2. 2% D (¢pr 2 u)Pda =

|| <2m+1



p 2|a| —4m—21 o
£ Ha
=/ > (%) [ $r® D% —
Qs || <2m+1

- Z s D° (¢1r2 ) D ul?da >

y<a; y+é=a

> N - Oy Z r“_2(2m+l_|a‘)\Dau|2daz—
G || <2m+1

_(;21/ S pRlal-amez 50 {r%_|a‘+|7||D7u|}*
Qs |a|<2m+1 y<a;y+Hi=a
«{rz|D%|} dx >

Z N . OQOHu”%’VSmJ"Z(Gk) _

_SGHUH%/[/SWH(QM — C22HUH$/V3TQ+FI(QU > N-CZOHUH?/ngH(Gk) _

_87HUH?/V£”L+I(QI€) -

~Caallulde (11)

We apply Caushy inequality and inequality (3) to third addend of the right member of
(10). Thereby we get

Re[Lu, ¥ Myulw: (0,) >
= N‘C20||U||€ng+l(Gk) - €8||u||€vsm+l(gk) - 024”“”%4/3747”7%(9“ (12)

from (10). In the left member we substitute 2 at G and in the right member substitute
Qk at Gp_1 UG UGgyq. Summing with respect to k gives (9).
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