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ABSTRACT. In this paper we define and study multivalued dynamical processes with
inverse time in Hausdorff topological spaces. Existence theorems for attractors of such
processes are proved, their topological properties are studied.

In the last years deep results on global attractors for mathematical physics evolution
equations [2.7.13] were extended to autonomous evolution equations without uniqueness
of solution [3.4] and differential-operator inclusions [5,6,10]. For want of it one essentially
used apparatus of multivalued semiflows which are multivalued analogs of one-parameter
operators semigroups. In [2] a theory of abstract processes and semiprocesses was de-
veloped and authors also gave the applications to nonautonomous evolution equations
in partial derivatives. In [8,9,11,12] this theory was generalized on multivalued case and
was applied to reaction-diffusion equation without uniqueness and nonautonomous evo-
lution inclusions. In [14] authors considered random dynamical processes. generated by
the evolution inclusions with random influence.

In this paper abstract results from [8,9] are extended to multivalued processes with
inverse time in a Hausdorff topological spaces.

Let X be a metric (with metric p) or to pological vector space, P(X) (B(X), K(X))
be the set of all nonempty (nonempty bounded, nonempty compact) subsets of the space
X, D C X be a Hausdorff topological space, L = £; x £, be some set. Ry = {(t.s) €
Rt > s}, R(r) = {t € Rlt > 7}.

DEFINITION 1. The map U : Ry x X — P(X) is called a multivalued dynamical process
(MDP) on X if:

a)U(s, s, ) = Ix is the identity map on X Vs € R;

bU(t,s,z) CU(t, 7, U(r,s,z))VEt> 12> 38, Ve € X.

MDP is called strict if U(¢,s,z) = U(t, 7, U(r,s,z)).

STATEMENT 1. Let {U,|oc € I} be an arbitrary family of MDP. Then the map Us :
Ry x X — P(X), defined by

Us(t,s,z) = U Us(t,s,z)

oEL

also is MDP.
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Let 0 = (01:03) € T = X; x X, and for any o, € T, consider the map Us,,, : Rgx X —
P(X), where Ug,,,(t.s,z) = U Ut :0)(t: 8, ).

T €D

DEFINITION 2. Let t € R, 0; € £;. The set A = A(t,02) C D Z;-uniformly (X: D)-
attracts the set B € 3(X) in the moment t for 5. if for any neighbourhood N(A) of the
set Ain D exists T = T'(t, 03, B) <t such, that

Us,e(t,5,B)ND C N(A) Ys<T.

This fact we will note
Us,o,(t,s,B)N D — A(t,02), s— —oo. (1)

If condition (1) takes place for any B € §(X), then the set A(¢,0,) is called S;-uniformly
(X: D)-attracting set in the moment ¢ for 0.
For B C X, 05 € £, and t € R let us define

73, (¢, 02, B) = ] Us,s,(t, 7, B),

<8

ws, (t,02, B) = () clp(73, (t, 03, B) N D),

s<t

where clp is closure in space D. The set wg, (t.05. B) is called ¥;-uniform w-limit set of
the set B C X in the moment t € R for 0, € I,.

LEMMA 1. The following statements are equivalent:
1)y € ws, (t,02, B);
2) there exists a directedness €, € Us, o, (t,Ta, B)N D such that {, — y in D as 7o — —o0.

THEOREM 1. Let us suppose that the following condition is true: for anyt € R. o5 € £,
and B € B(X) 3 A(t.02,B) € K(D)N B(X) such that

Uiy 03 Byies Aoy, BY. - 6 oo 2)
Then wg, (.04, B) # 0, wy, (t,02, B) = clpws, (t, 02, B) C A(t, 02, B) and, furthermore.
Us,o,(t, 8, B)N D = wg, (t,02,B), s — —c0 (3)

If. moreover. D is regular space, then wg, (t, 04, B) is minimal closed set, possessing prop-
erty (3).

DEFINITION 3. The family of MDP {U,|0c € £} is called ¥;-uniformly asymptotically
upper semicompact if for any t € R, 0, € X5, B € B(X) 3 T = T(t, 04, B) < t such that
7%, (t,02, B) € B(X) and any directedness {(a}, € € Us,os(t, Sa; B) N D, 84 = —o0, is
precompact in D.

LEMMA 2. Let for any B € B(X), 0, € 5, t € R exists T = T(t,02, B) < t such that
1Z, (t,02, B) € B(X). Then the family of MDP{U,|o € 2} is Ty-uniformly asymptotically
upper semicompact if and only if for any t € R, 0, € E,, B € B(X) 3 A(t,05,B) €
K(D) N B(X) such that condition (2) is true.

DEFINITION 4. The set Og,(t,03) is called I;-uniform global (X, D)-attractor of the
family MDP {U,|o € £} in the moment ¢t for o, € I, if:
1) O, (t,02) is ;-uniformly (X, D)-attracting set;

2) 621 (tr02) 5 UElﬂz(ta 8, E')E: (8, 0‘2)) v (ta 3) € Rq, 04 € By;
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3) for any closed in D Xj-uniformly (X, D)-attracting set ¥ in the moment ¢ € R for
o, € ., @xl(t,ﬂrg) & ¥.

THEOREM 2. Let X be a complete metric space (or topological vector space). in which each
compact is anywhere undense set, and the family of MDP {U,|oc € £} is I;-uniformly
asymptotically upper semicompact. Then the following statements hold:

1. If the space D is regular and for any (t,8) € Ry, 02 € Xy graph of the map D >
z = Usg,o,(t.5.2) N D € P(D) is closed in D x D. then there ezists Xy-uniform global
(X: D)-attractor Og, (t.02).

Os,(t,02) = |J ws (t,02.B) # X
BeB(X)

and it is Lindelof in D and locally compact space in sum topology 7o on X :

2. If B, s topological connected space and the map ¥y x X 3 (01,2) = U0, (8, 7,2) N
D € P(D) is upper semicontinuous and has connected values ¥V (t,7) € Ry, 05 € I,
Og, (t.02) C Bi(t,02), where By(t,0,) is connected in X, and |J Bi(1,02) € B(X). then

T<t
V (t.02) € R x ¥y attractor Og, (¢, 02) is connected set.

COROLLARY. If in Theorem 2 for any (t,02) € R x £y 3 A(t.02) € K(D)NB(X). which
s Ly -uniformly attracting set, then Og, (¢, 02) is compact in D.

STATEMENT 2. Let £, be a compact metric space and for (t.7) € Ryq. 05 € L,y the
map £y X D 3 (01,2) = Upo,(t,7,2) N D € P(D) s closed. Then the map D 3 z —
Us,o.(t.7.2) N D € P(D) is closed too.

Now let us suppose. that one-parameter group T'(h) : £ +— X, h € R is defined, where
2 =3 x By, T(h) = (T1(h), IT5(h)), Ti(h) : By — Z;, ¢ =1,2,and V (¢,8) € Ry, z € X,
h € R the following property

Uo'lag (ts 8, J’:) C UTl{h}d'lT;r(h}a'g(t - h& 38— h'1 ﬂ':) (4)
is fulfilled.
LEMMA 3. Under conditions, given above, the following equality holds
Usior(t,8,2) = Ut (h)or Ta(h)or (t — Ry 8 — h,z)
Moreover, let the condition
T(hYXCX VhER (5)
be held.

DEFINITION 5. Let conditions (4),(5) be held. The family of sets {Og, (02) }s.ex, is called
the family of ¥;-uniform global (X; D)-attractors of MDP {U,|o € £}, if:

1. Og,(02) is E;-uniformly (X; D)-attracting set ¥ o, € £, in the moment ¢ = 0;

2. For arbitrary (t,s) € Ry, 02 € Z3 O, (T2(t)o2) C Us,0.(t, s, O, (T2(s)02));

3. For any 0, € ¥, Og,(02) is minimal ¥;-uniformly (X; D)-attracting set.

THEOREM 3. Let conditions (4),(5) be he ld, the space X 1is ﬁ‘om Theorem 2 and ¥ B €
B(X), 02 € B, 3 A(0,,B) € K(D) N B(X) such that

UEW’: (01 s, B) ND— A(JZ-J B)s § — —00 (6]

Then the following statements hold:
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1. If the space D is regular and ¥ 7 < 0, 02 € Lo graph of the map X 3 2 —
Usiou (0,7, 2)N D € P(D) is closed in D x D, then there exists the family {Og, {02) }rres,
of Ly-uniform global attractors and ¥ o4 € 2

Os,(02)= |J wn(0eBy={) | wn(tos.BY#X

CBepix) te R Bedx)

This set is Lindelof tn D and locally compact in the sum topology Tg on X

2. If L, is melric compact connected space and ¥V r < 0, 02 € Ly the map £y x X 3
(1.2} = Upou (0. 7.2) VD € P(D} is upper semdcontinuous, has connected valves and

Oz, (Th(r)os} C Biloa) Vr <0,

where By{og) ¥V 0y € By is connected and bounded set in X . then Og, {r2) is connected set
v oy & Eg.

REMARK. Ifin condition (6) the sets A{cy, B) do not depend on B € S{ X}, then Oy, (03}
is compact i D.
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