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COMMON FIXED POINTS AND INVARIANT
APPROXIMATION OF R-SUBWEAKLY COMMUTING MAPS
IN CONVEX METRIC SPACES

CHIJIBHI HEPYXOMI TOYKHU TA IHBAPIAHTHE
HABJIMKEHHS R-CYBCJIIABKO KOMYTYIOUUX
BIJOBPAKEHD B OIIYKJIUX METPUYHUX ITPOCTOPAX

Sufficient conditions for the existence of a common fixed point of R-subweakly commuting mappings in the
framework of a convex metric space are derived. As applications, various best approximation results for this
class of mappings are obtained that generalize various results known in the literature.

BcTanoineHo mocTaTHI yMOBH iCHYBaHHS CHITbHOI HepyXoMoi Touku R-cy06caaOko KOMYTYIOUHX BiTOOpakeHb
Y paMKax OITyKJIOI'O METPUYHOTO IPOCTOpY. SIK 3aCTOCYBaHHS, OfSPIKAHO Pi3HI pe3ylbTaTH MO0 HalKpaImux
HaOJIMKeHB TSI 3TaJIAHOTO KIIacy BiIoOpaXkeHb, sIKi y3arajJbHIOKTh iHIII BiJIOMI 3 JIiTepaTypu pe3yJibTaTH.

1. Introduction and preliminaries. Applying fixed point theorems, many interesting
and useful results have been proved in approximation theory (see, e.g., [1, 2, 7, 9—
11] and the references cited therein). This paper deals with the common fixed points
of R-subweakly commuting mappings in the framework of convex metric spaces. We
also establish results on invariant approximation for this class of mappings. The results
proved in the paper generalize and extend some of the results of [1, 2,4, 7,9, 11, 13].

To begin with, we recall some definitions and known facts to be used in the sequel.

For a metric space (X,d), a continuous mapping W: X x X x [0,1] — X is said
to be a convex structure on X if for all z,y € X and A € [0, 1], we have

d(u, W(z,y,A)) < Ad(u, z) + (1 = N)d(u, y)

for all u € X. A metric space (X, d) with a convex structure is called a convex metric
space [12].

A subset M of a convex metric space (X, d) is said to be a convex set [12] if
W(z,y,\) € M forall x,y € M and A € [0,1]. A set M is said to be p-starshaped
[3] where p € M, provided W (z,p,A) € M for all x € M and A € [0,1], i. e., if the
segment [p,x] = {W(z,p,A): 0 < A < 1} joining p to = is contained in M for all
x € M. M is said to be starshaped if it is p-starshaped for some p € M.

Clearly, each convex set M is starshaped but converse is not true.

A convex metric space (X, d) is said to satisfy Property (I) [3] if for all x,y,q € X
and A € [0, 1],

dW(z,q,\), W(y,q,\)) < Ad(x,y).

A normed linear space X and each of its convex subsets are simple examples of
convex metric spaces with W given by W (z,y,\) = Az + (1 — A\)y for z,y € X and
0 < A < 1. There are many convex metric spaces which are not normed linear spaces
(see [3, 12]). Property (I) is always satisfied in a normed linear space.
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For a non-empty subset K of a metric space (X,d) and z € X, an element y € K
is said to be a best approximant to x or a best K-approximant to x if d(z,y) =
=d(z,K) =inf{d(x,k): k € K}. The set of all such y € K is denoted by Pk (z).

For a convex subset K of a convex metric space (X, d), a mapping g: K — X is
said to be affine if for all z,y € K, g(W (z,y,\)) = W(gz, gy, A) for all X € [0,1].

g is said to be affine with respect to p € K if g(W(z,p,\)) = W(gx, gp, A) for
all z € K and X € [0, 1].

Suppose (X, d) is a metric space, M a nonempty subset of X, and S, T, f, g are
self mappings of M. T is said to be an (f, g)-contraction if there exists k£ € [0, 1)
such that d(Tz,Ty) < kd(fz,gy), ((f,g)-nonexpansive if d(Tz,Ty) < d(fz,gy))
for all x;y € M. If f = g then T is said to be an f-contraction (f-nonexpansive).
A point z € M is a common fixed (coincidence) point of S and 7" if x = Sx = Tx
(Sx = Tx). The pair (S,T) is said to be (a) commuting on M if STx = TSz
for all x € M (b) R-weakly commuting [8] on M if there exists a real number
R > 0 such that d(T'Sx,STz) < Rd(Tz,Sz) for all z € M (c) compatible [5] if
lim d(T'Sxy,, STx,) = 0 whenever (x,,) is a sequence such that lim Tz,, = lim Sz,, =
=t for some ¢t in M (d) weakly compatible [6] if they commute at their coincidence
points, i.e., if STx = T'Sx whenever Sx = T'z.

Suppose (X, d) is a convex metric space, M is starshaped with respect to ¢, where
q a fixed point of S, and is both T- and S- invariant. 7' and S are called (e) R-
subcommuting [10] on M if for all z € M, there exists a real number R > 0 such that
d(TSxz,STx) < (R/A)dist (Sz, W (Tz,q,)), A € (0,1] (f) R-subweakly commut-
ing [9] on M if for all x € M and X € [0, 1], there exists a real number R > 0 such
that d(T'Sx, STx) < Rdist (Sz, W (T'z,q, \)).

Clearly Compatible maps are weakly compatible but the converse need not be true
(see [6]). Commuting mappings are R-subweakly commuting, but the converse may not
be true (see [9]). It is well known that R-subweakly commuting maps are R-weakly
commuting and R-weakly commuting are compatible but not conversely (see [5, 9]).
R-subcommuting and R-subweakly commuting maps are weakly compatible but their
converses do not hold (see [9—11]).

Throughout, we shall write M for closure of the set M, F(S) for the set of fixed
points of a mapping S, F'(S,T') (C(S,T)) for the set of fixed points (coincidence points)
of mappings S and 7.

2. Main results. The following four lemmas will be used in proving results of this
paper.

Lemma A [11]. Let M be a closed subset of a metric space (X,d), and let T, S
be R-weakly commuting self mappings of M such that T(M) C S(M). Suppose there
exists k € [0,1) such that

d(Tz,Ty) < kmax {d(Sz, Sy),d(Sxz, Tx),d(Sy, Ty), =[d(Sz, Ty) + d(Sy,Tx)}} ,

1
2
for all x,y € M. If T(M) is complete and T is continuous, then M N F(T) N F(S) is
a singleton.

Lemma B [10]. Let M be a closed subset of a metric space (X,d), and let S,T
be R-weakly commuting self mappings of M such that T(M) C S(M). Suppose T is
an S-contraction. If T(M) is complete and T is continuous, then F(T) N F(S) is a

singleton.
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Lemma C [1]. Let (X,d) be a convex metric space, M C X and x¢ € X. Then
P]V[(l‘o) c OM N M.

Lemma D [5]. Let A, B,S and T be self mappings of a complete metric space
(X,d). Suppose that S, T are continuous, the pairs (A, S) and (B,T) are compatible
pairs, and that A(X) C T(X) and B(X) C S(X). If there exists r € (0,1) such that

d(Az, By) < r max {d(Sw, Ty),d(Az, Sx),d(By, Ty), %[d(Aw, Ty) + d(Sz, By)]} ,

for all x,y € X, then there is a unique point z in X such that Az = Bz =Sz =Tz =
=z.

For continuous self mappings on closed subsets of convex metric spaces, we have
the following result.

Theorem 1. Let M be a closed subset of a convex metric space (X,d) with
Property (1) and let T, S be continuous self mappings on M such that T(M) C S(M).
Suppose S is affine, p € F(S), M is starshaped with respect to p, and T'(M) is compact.
If T and S are R-subweakly commuting and satisfy

00, Ty) < e { (S5 ). dis (S, W (T p V). st (S, (T V),

ﬁmwww%WmewwWwﬂ,

Jorall z,y € M, A € [0,1), then M N F(T)NF(S) # Q.

Proof. For each n, define T,,: M — M by T,o = W(Tx,p,\,), © € M where
(M) is a sequence in (0, 1) such that A,, — 1. Since M is starshaped with respect to p,
S is affine with respect to p and T (M) C S(M), we have

T, (x) =W (Txz,p, \n) = W(Tx,Sp, ) € S(M)
and so T,,(M) C S(M) for each n. Consider
d(T, Sz, STyx) = dW(TSx,p, \n), SW(Txz,p, \n))
= d(W(TSz,p,\n), W(STz,Sp, \,)), S is affine

= d(W(TSz,p,\p), W (STxz,p,\,)), p€ F(S)

IN

A d(T Sz, STx), Property (I)

IN

A Rdist(Sx, W(Tz,p, \)),
for each n since A, € (0,1), we obtain
d(T, Sz, ST, x) < A\,Rdist (Sx, W(Tx,p, \)) < Ay RA(Sz, Tx)
for all x € M. This shows that T;, and .S are \,, R-weakly commuting for each n. Also

d(Thx, Tny) = d(W(Tx,p,A\n), W(Ty,p, A\n))
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< A\pd(Tx,Ty), Property (I)

< A, max {d(Sw, Sy), dist(Sz, W(Tz,p, \)),dist(Sy, W (Ty,p, \)),

1
i[dist(Sm, W(Ty,p, \)) + dist(Sy, W(Tz, p, /\))]},
for each n since A, € (0,1), we obtain

d(Thx, Thy) < Ay max{d(Sx, Sy), dist(Sz, W(Tx,p, \n)), dist(Sy, W(Ty, p, An)),

%[dist(Sﬂf, W(Ty,p,\n)) + dist(Sy, W(Tz, p, /\n))]}

IN

Ap max {d(S:c, Sy),d(Sz, Trx),d(Sy, Thy),

%[d(Sx, Tny) + d(Sy, Tnx)] }

for all z,y € M. Now by Lemma A, there exists some z,, € M such that F(7T,) N
N F(S) = {z,} for each n. The compactness of T(M) implies the existence of a
subsequence (x,,) of (x,) such that x,,, — y € M. By the continuity of 7" and S, we
have y € F(T) N F(S). Hence M N F(T) N F(S) # O.

Corollary 1.1 ([11], Theorem 2.2). Let M be a closed subset of a normed linear
space X, and let T, S be continuous self mappings on M such that T(M) C S(M).
Suppose S is linear, p € F(S), M is starshaped with respect to p, and T (M) is compact.

If' T and S are R-subweakly commuting and satisfy

1Tz — Tyl < max{ |Sz — Syl , dist(Sx, [Tz, p), dist(Sy, [Ty, p]),

%[dist(Sa:, [Ty, p]) + dist(Sy, [Tz, p])] }7

SJorall x,y € M, then M N F(T)NF(S) # .

Corollary 1.2. Let M be a closed subset of a normed linear space X and let T, S
be continuous self mappings on M such that T(M) C S(M). Suppose S is linear,
p € F(S), M is starshaped with respect to p, and T (M) is compact. If T and S are
commuting and satisfy

[Tz — Ty < max { Sz — Syl|, dist(Sz, [Tz, p)), dist(Sy, [Ty, pl),
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%[dist(Sx, [Ty, p]) + dist(Sy, [Tx,pm }»

Jorall z,y € M, then M NF(T)NF(S) # Q.

Using Lemma B, we prove the following theorem.

Theorem 2. Let M be a closed subset of a convex metric space (X,d) with
Property (1), and let T, S be continuous self mappings on M such that T(M) C S(M).
Suppose S is affine, p € F(S), M is starshaped with respect to p, and T(M) is
compact. If T, S are R-subweakly commuting and T is S-nonexpansive on M, then
MNOF(T)NF(S)+#0O.

Proof. Proceeding as in Theorem 1, we have

d(T, Sz, STyx) < A Rdist (Sz, W(Tz,p, \)) < ApRA(Sx, T),x)
for all z € M. This shows that 7}, and S are A\, R-weakly commuting for each n. Also

d(Tpx, Thy) = d(W (Tx,p, An), W(Ty,p, A\n)) < A\pd(Tx, Ty) < A\pd(Sz, Sy).

Thus each T, is S-contraction. Since T'(M) is compact, by Lemma B, there exists some
Zn € M such that F(T,,) N F(S) = {z,} for each n. Since (T'(z,)) is a sequence in
T (M), there exists a subsequence (T'(xy,,)) with T'(z,,) — xo € T(M). Since x,, =
=T, xn, = W(Txp,,p, An;) — To, the continuity of T" and S imply xg € F(T,5).
Hence the result.

Corollary 2.1. Let M be a closed subset of a normed linear space X, and let T, S
be continuous self mappings on M such that T(M) C S(M). Suppose S is linear,
p € F(S), M is starshaped with respect p, and T (M) is compact. If T and S are
R-subweakly commuting and T is S-nonexpansive on M, then M N F(T)NF(S) # Q.

Remark 1. Theorems 1, 2 and their Corollaries 1.1, 1.2, and 2.1 generalize and
extend the corresponding results of [1, 4, 9, and 11].

For a real number R > 0, let Dﬁ’s(xo) = Ppr(zo) N G]\R/[’S(CE()), where GARjS(a:O) =
={zx € M: d(Sz,z9) < (2R + 1)dist(zg, M)}.

Applying Lemma C and Theorem 1, we prove the following theorem.

Theorem 3. Let T and S be self mappings of a convex metric space (X, d) with
Property (1), xg € F(T,S) and M be a subset of X such that T(OM N M) C M.
Suppose S is affine on Dﬁs(xo), p € F(9), Dﬁs(xo) is closed and starshaped with
respect to p, T(DAR;I’S(LC())) is compact, and S(Dﬁ’s(mo)) = Dﬁs(xo). IfT, S are
R-subweakly commuting on Dﬁs(xo) and satisfy

d(Sz, Sxyp), if y=xo,
d(Tz,Ty) < o
Q(myy)a Zf Yy € D]w’ (fE(]),

where

Q(z,y) = max {d(SL Sy), dist(Sx, W(Tz,p, ), dist(Sy, W(Ty, p, \)),

%[dis‘c(s:lc7 W (Ty,p, ) + dist(Sy, W (Tz, p, \))] }7
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SJorall x € fo‘g(mo) U{zo}, and X € [0,1), then Pp(xo) N F(T) N F(S) # Q.

Proof. Let = € ijs(:co). Then by Lemma C, x € OM N M and so Tx € M
as T(OM N M) C M. Since d(Tz,x¢) = d(Tx,Tzo) < d(Sz,Sxo) = d(Sz,x0) =
= dist(xg, M), we obtain Tz € Pys(xg). From the R-subweak commutativity of 7" and
S it follows that

d(STz,xo) = d(STx,Txo)
< d(STz,TSz) + d(TSz,Txo)
< Rd(Tw,Sz) + d(S%z, Sx)
< R[d(Tx, Txo) + d(Txo, Sz)] + d(S?*z, Sz0)
< R|dist(zo, M) + dist(zg, M)] + dist(zo, M)
< (2R 4+ 1)dist(xg, M).

This implies that Tz € Gﬁ’s(xo). Consequently, Tz € D]@’S(a:o) and so
T(D5(z0)) € DS (20) = S(DE® (). Now, Theorem 1 guarantees that Py (20)0
NF(T)NF(S) # .

Corollary 3.1 ([11], Theorem 2.5). Let T and S be self mappings of a normed linear
space X, xg € F(T,S) and M be a subset of X such that T(OMNM) C M. Suppose S
is linear on D]Z’S(xo), p € F(S), DJIE[’S(QJO) is closed and starshaped with respect to p,
T(Df}s(xo)) is compact, and S(Dﬁ,’s(xo)) = Dﬁ’s(zo). If T and S are R-subweakly
commuting on Dﬁ’s(:co) and satisfy

||SI—Sy||7 Zf Y = Zo,

[Tz —Ty| <
. R,S
Q(I7y)a Zf yGDM (Iﬂo),

where

Q(x,y) = max { Sz — Syl|, dist(Sz, [T, p]), dist(Sy, [Ty, p]),

%[dist(Sa:, [Ty, p]) + dist(Sy, [T%pm },

for all x € D% (x0) U {}, then Pas(x0) N F(T) N F(S) # 0.

Corollary 3.2 ([7], Theorem 2.3). Let T and S be self mappings of a convex met-
ric space (X, d) with Property (I), xo € F(T,S) and M be a subset of X such that
TOM NM) C M and p € F(S) N M. Suppose T and S are R-subweakly com-
muting on Dﬁ’s(mo), T is S-nonexpansive on Dﬁ’s(mo) U{zo} and S is affine on
Dﬁ’s(xo). IfDARiI’S(a:O) is closed and starshaped with respect to p, T(Dﬁ’s(xo)) is
compact, S(Dﬁs(xo)) = Dﬁ’s(xo), and T is continuous, then Py (zo) NF(T)NF(S)
is nonempty.
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Theorem 4. Let T and S be self mappings of a convex metric space (X,d)
with Property (1), xo € F(T,S) and M be a subset of X such that T(OM N M) C
C S(M) C M. Suppose S is affine on Dﬁ[’s(xo), p € F(9), Dﬁjs(xo) is closed and
starshaped with respect to p, T(Df}s(xo)) is compact, and S(ijs(xg))ﬁDﬁ’S(xO) =
= S(DIIEI’S(:EO)) C D%S(‘To). If T and S are R-subweakly commuting and continuous

R,S ;
on Dy;” (z0) and satisfy

d(Sz, Szy), if y=uwxo,
d(Tz,Ty) < s
Q(z,y), if y€ Dy (2o),

where

Q(z,y) = max {d(S% Sy), dist(Sx, W(Tz,p, \)), dist(Sy, W(Ty, p, \)),

%[dist(sfﬂ, W (Ty,p, N)) + dist(Sy, W (Tz,p, \))] }

for all x € D5 (20) U{axo}, and X € [0,1), then Pyy(zo) N F(T) N F(S) # 0.

Proof. Let z € Dﬁ’s(xo). Then as in Theorem 3, Tx € Dﬁ,’s(mo), ie.,
T(D5(z0)) € DS (20). Also, d(W (z, 20, k), 20) < kd(z, 20) + (1 — k)d(xo, 20) =
= kd(z,xq9) < dist(xg, M) for all k € (0,1). Then by Lemma C, x € OM N
N M and so T(DL%(x0)) € T(OM N M) C S(M) and so we can choose y € M
such that Tz = Sy. Since Sy = Tx € Py(xo), it follows that y € G (o).
Consequently, (D% (20)) € S(GE:5(x0)) € Par(xo). Therefore, T(D157 () C
C S(Gﬁ,’s(xo)) N DJI\Z’S(:EO) = S(DJI\Z’S(IO)) C Dﬁ’s(xo). So, Theorem 1 guarantees
that Pys(xo) N F(T) N F(S) # O.

Corollary 4.1 ([11], Theorem 2.6). Let T and S be self mappings of a normed linear
space, xog € F(T,S) and M be a subset of X such that T(OM N M) C S(M) C M.
Suppose S is linear on DJJ\Z’S(:CO), p € F(5), Dﬁ‘s(mo) is closed and starshaped with
respect to p, T(DE5 (10)) is compact, and S(GE® (20))ND 5 (20) = S(DE5 (20)) €
C Dﬁ’s(ﬂco). If T and S are R-subweakly commuting and continuous on D]}@’S(xo) and

satisfy
||S.I‘—Sy||, Zf Y = o,

[Tz —Ty| <
. R,S
Q(x7y)? Z.f yeDM (ZEO))

where

Qz,y) = maX{ Sz — Syl|, dist(S, [Tz, pl), dist(Sy, [Ty, pl),

1
5 [dist(Sz, [Ty, p]) + dist(Sy, [T, pl)] }
Jorall x € Dﬁ’s(xo) U {xo}, then Py(xo) NF(T)NF(S) # O.
Corollary 4.2 ([7], Theorem 2.4). Let T' and S be self mappings of a convex metric
space (X, d) with Property (), o € F(T,S) and M be a subset of X such that
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TOMNM)C S(M) C M andp € F(S)N M. Suppose T and S are R-subweakly
commuting on Dﬁ’s(sco), T is S-nonexpansive on Dﬁ’s(:co) U{zo} and S is affine
on DJISI’S(IO). IfDJIEI’S(xO) is closed and starshaped with respect to, T(DJI\Z"S(J:O)) is
compact, S(M) N DI\R;[’S(Q:O) C S(Dﬁs(xo)) C DAR;I’S(xO), and T is continuous, then
Pyr(xo) N F(T) N F(S) is nonempty.

Remark 2. Theorems 3 and 4 remain valid when Dﬁ‘s(mo) = Puy(xg). If
S(Pur(xo)) C Pa(xo), then Pys(zo) C fo’s(xo) and so D]IE[’S(xO) = Pp(zp). Con-
sequently, Theorem 3 contains the following result as a special case.

Theorem 5 ([2], Theorem 6). Let T' and S be self mappings of a convex metric
space (X,d) with Property (1), o € F(T,S) and M be a subset of X such that
T(OM) C M. Suppose T' is S-nonexpansive on Ppr(xo) U {xo}, S is affine and con-
tinuous on Ppr(xo) and STx = TSz for all x in Py (o). If Pa(xo) is nonempty,
compact and starshaped with respect to p, p € F(S), and if S(Py(20)) = Pu(o),
then Pyr(xo) N F(T) N F(S) is nonempty.

As an application of Lemma D, we obtain the following theorem.

Theorem 6. Let M be a nonempty subset of a convex metric space (X,d) with
Property (1) and T, f and g be continuous self maps of M. Suppose that M is starshaped
with respect to q, f and g are affine with ¢ € F(f) N F(g), T(M) C f(M) N g(M),
and T(M) is compact. If the pairs (T, f) and (T, g) are R-subweakly commuting and
satisfy

d(Txz,Ty) < max {d(fw, gy), dist(fz, W(Tz,q,\)), dist(gy, W(Ty,q, \)),

% [dist(fx, W(Ty,q,\)) + dist(gy, W(Tz,q, )\))] },

Jorall x,y € M, and X € [0,1), then F(T) N F(f) N F(g) is nonempty.

Proof. For each n, define T,,: M — M by T, x = W(Tz,q,\,), v € D where
(An) 1s a sequence in (0, 1) such that A,, — 1. Since M is starshaped with respect to ¢,
f and g are affine with respect to ¢ and T (M) C f(M) N g(M), we have

d(Tnfz, fTox) = dW (T fz,q, ), fW(Tz, ¢, An))
— d(W(Tfx,q, M), W(fTx, fq, A\n)), [ is affine
= dW(Tfx,q, ), W(fTx,q,\n)),q € F(f)
< Md(T fx, fTx), Property (I)

< M Rdist(fax, W(Tx,q,\))
for each n since A\, € (0,1), we obtain
ATy fa, fThx) < Ay Rdist (fo, W(T'w,q, A\n)) < AnRd(fz, T,x)

for all x € M. This shows that T;, and f are \,R-weakly commuting for each n,
similarly 7, and g are \,, R-weakly commuting for each n. Also
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d(Tyhx, Thy) = dW(Tx,q, M), W(Ty,q, \n))

< Apd(Tx, Ty)

IN

An, max {d(ffc, gy), dist(fx, W(Tz,q, ), dist(gy, W(Ty,q, \)),

1
5 ldist(fz, W(Ty, ¢, A)) + dist(gy, W(Tw, g, A))]}
for each n since A,, € (0,1), we obtain

d(Thz,Thy) < Apmax {d(mgy), dist(fx, W(Tz,q, \n)), dist(gy, W(Ty, q, \n)),

%[dist(fx, W(Ty,q,\n)) + dist(gy, W(T'z, g, /\n))]}

IN

Ap max {d(fﬂ?, gy), d(fx, Tnx)a d(gy, T, )7

[d(fx, Thy) + d(gy, Tnx)}}

|~

for all x,y € M. Now by Lemma D, for each n > 1, there exists some x,, € M such
that z, = fx, = gx, = Thx, = W(Tz,q, \,). The compactness of T'(M) implies
the existence of a subsequence (z,,) of (z,) such that Tz,, — y € T(M). Now
T, = fon, = gTn, = Tn,Tn, = W(Txy,,q, \n,) — y and also y € f(M) N g(M) by
T(M) C f(M)n g(M). 1t follows from the continuity of 7', f and g that T'z,,, — Ty,
fxn, = fy and gx,, — gy respectively. So, we get y = Ty = fy = gy. Hence
F(T) N F(f) N Flg) # 0.

Corollary 6.1 ([13], Theorem 1). Let M be a nonempty subset of a normed linear
space X and T, f and g be continuous self maps of M. Suppose that M is starshaped

with respect to q, [ and g are affine with q € F(f) N F(g), T(M) C f(M) N g(M),
and T (M) is compact. If the pairs (T, f) and (T, g) are R-subweakly commuting and

satisfy

T2 — Tyl < max { Ifo — gyl , dist(fx, [Tz, q]),dist(gy, [Ty, q]),

1. .
5 [dist(fz, [Ty, q]) + dist(gy, [T, q])] }
Jorall x,y € M, then F(T) N F(f) N F(g) is nonempty.
Theorem 7. Let M be a nonempty subset of a convex metric space (X,d) with

Property (1) and T, f and g be self maps of M. Suppose that M is starshaped with
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respect to q, f and g are affine, T(M) C f(M) N g(M), and T(M) is compact. If
the pairs (T, f) and (T, g) are R-subweakly commuting, T is (f, g)-nonexpansive, and
either T or f or g is continuous, then F(T) N F(f) N F(g) is nonempty.

Proof. Proceeding as in Theorem 6, we see that for each n, there exists x,, € M such
that z,, = fx, = gx, = Thx, = W(Tz,q, \,). The compactness of T'(M) implies
the existence of a subsequence (z,,) of (z,) such that Tz,, — y € T(M). Now
T, = fon, = gTn, = Ty, Tn, = W(Txy,,q, \n,) — y and also y € f(M) N g(M) by
T(M) C f(M)ng(M). Hence there exists u € M such that y = fu = gu. Consider

d(Tu, Txy,) < d(fu,gzn,) = d(y, gz,,) — 0,

therefore T'x,,, = Tu = y i.e. y = Tu = fu = gu. As R-subweak commutativity of
(T, f) and (T, g) imply weak compatibility, fy = fTu =T fu =Ty =Tgu = gTu =
= gy. It follows from the continuity of either T" or f or g that T'z,,, = Ty or fx,, = fy
or gr,, — gy. Hence y =Ty = fy = gy.

Corollary 7.1 ([13], Theorem 2). Let M be a nonempty subset of a normed linear
space X and T, f and g be self maps of M. Suppose that M is starshaped with respect

to q, f and g are affine, T(M) C f(M) N g(M), and T(M) is compact. If the pairs
(T, f) and (T, g) are R-subweakly commuting, T is (f, g)-nonexpansive, and either T
or f or g is continuous, then F(T) N F(f) N F(g) is nonempty.
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