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ESTIMATES FOR WEIGHTED EIGENVALUES
OF FOURTH-ORDER ELLIPTIC OPERATOR
WITH VARIABLE COEFFICIENTS"

OIIHKH 3BA’KEHUX BJIACHUX 3HAYEHb
EJIIITUYHOI'O OITIEPATOPA YETBEPTOI'O ITIOPAJAKY
I3 SMIHHUMHU KOE®IINIEHTAMHA

We investigate the Dirichlet weighted eigenvalue problem for a fourth-order elliptic operator with variable
coefficients in a bounded domain in R™. We establish a sharp inequality for its eigenvalues. It yields an
estimate for the upper bound of the (k + 1)-th eigenvalue in terms of the first k eigenvalues. Moreover, we
also obtain estimates for some special cases of this problem. In particular, our results generalize the Wang — Xia
inequality (J. Funct. Anal. — 2007. — 245) for the clamped plate problem to a fourth-order elliptic operator with
variable coefficients.

Hocnimkeno 3anady Jlipixyie npo 3BaXkKeHi BIaCHi 3HAYEHHs JUISl EIIINITUYHOTO ONEPaTopa YETBEPTOTO MOPSIKY
i3 3MiHHUMH KoedilieHTaMu B oOMesxeHiit obnacti i3 R™. BcraHoBiIeHO TO4YHY HEpiBHICTB Ul ii BIACHHX
3Ha4YeHb, 3 K0T BUIUIMBAE OLIHKA JUlsl BEpXHBOI Mexi (k + 1)-ro BiacHOro 3HaueHHs yepes nepui k BIaCHUX
3HadeHb. TakoXk OTPUMAHO OL[HKM I Li€l 3a7a4i y JEsSKNX OKPEeMHX BHIAAKax. 30KpeMa, Halli pe3ylbTaTi
y3araipHIOIOTh HepiBHicTs Banra—Kci (J. Funct. Anal. — 2007. — 245) u1s 3aTHCHYTOI IUIaCTHHY Ha BUIIAJJOK
SJINTHYHOTO OIepaTopa YeTBEPTOro MOPSAKY i3 3MIHHUMH KoedilieHTaMu.

1. Introduction. As we know, there have been some remarkable results about estimates
for eigenvalues of elliptic operators with constant coefficients such as the Laplacian A,
the biharmonic operator A2 and so on. For the Dirichlet Laplacian problem, we refer
to [2, 3, 6, 8, 10, 18, 20] and the excellent survey [1] of Ashbaugh. Let us give a
brief survey on some results about the Dirichlet eigenvalue problem of the biharmonic
operator (also called the clamped plate problem):

A%y =\, in €,

S (1.1)

U‘BQ = 5

where (2 is a bounded domain in R™ with piecewise smooth boundary 0f2 and v denotes
the outward unit normal vector to 0€2. Let A, be the r-th eigenvalue of problem (1.1).
In their pioneering work [16], Payne, Polya and Weinberger proved

k
n+ 2)
Akt1 — Ak < Z (1.2)

In 1984, Hile and Yeh [11] generalized (1.2) to

n2k3/2 k —1/2 1/2

n—|—2 ZA i
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by using an improved method of Hile and Protter [8]. In 1990, Hook [9], Chen and Qian
[4] independently obtained

n2k2 k 1/2 k 12
< . A2
STESIED IS vy e L

In 2006, Cheng and Yang [5] established a universal inequality

k 12, k
1 8(n+2) 1 1/2
Aks1 < T ,.5:1 Ar 4 {nQ } T ,.Ezl [)\r(>\k+1 - )\7,)] .

This also gave an affirmative answer for a question introduced by Ashbaugh in [1]. In
2007, Wang and Xia [19] further derived a sharper inequality

k

> Mk —A)? <

r=1 T

S kst = A)Ar (1.3)

1

8(n+2) &
n2
for an n-dimensional complete minimal submanifold in a Euclidean space.

Elliptic operators with variable coefficients are also very important in analysis and
applications (see [7, 12]). However, there have been fewer references on estimates for
eigenvalues of elliptic operators with variable coefficients. To the author’s knowledge,
Hook [9], Qian and Chen [15], Sun [17] considered second order elliptic operators with

variable coefficients and obtained some inequalities of eigenvalues.
For simplicity, we use the following notations:

0 0?
=—, Djj=—.
8xi’ * 8:172(()"£EJ

In this paper, we are concerned about the Dirichlet weighted eigenvalue problem of

fourth-order elliptic operator Z ., Dij (aij(z)D;;) with variable coefficients a;;(x),
i,j=

which is described by

Z Djj(aij(x)Diju) = Apu, in Q,
=1

(1.4)
ou
ulon = .= 0,
Vlioq
where p is a positive continuous function (also called the density) on 2 and the functions
aij(x) = aji(gc) S CQ(Q) fori,j=1,...,n.
A prototype of fourth-order elliptic operator Z - D;; (aij(x)Dij) is the bihar-
i,j=
monic operator A2, Namely, if p(z) = 1 and a;;(z) = 1 for 4,5 = 1,...,n simulta-
neously, problem (1.4) becomes problem (1.1). Moreover, since the weight function p
denotes the density in applications, problem (1.4) have more applications. For exam-
ple, weighted estimates are intelligent in some filtering and identification problems (cf.
[13, 14]).
The goal of this paper is to obtain some estimates for eigenvalues of problem (1.4).
In Theorem 2.1, we establish a sharp inequality for its eigenvalues. Noticing that (2.1) is
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a quadratic inequality of A1, we give an estimate for the upper bound of the (k+1)-th
eigenvalue Ay in terms of the first k£ eigenvalues in Theorem 2.2. From these results,
we can find the influences of variable coefficients a;;(x) and the weight function p(z) on
estimates of eigenvalues of problem (1.4). Furthermore, we derive some brief estimates
for eigenvalues of some special cases in Corollaries 2.1 —2.3. Our results generalize and
extend some previous results for the clamped plate problem. In particular, inequality
(1.3) of Wang and Xia [19] is a corollary of Theorem 2.1.

2. Results and their proofs.

Theorem 2.1. Let A, be the r-th weighted eigenvalue of problem (1.4). Denote

by

o= (minIeﬁp(x)>71, T= (maxweﬁp(x))71
and
¢=max,q [30 IDian@)] .
Suppose that the functions a;;(x) satisfy:

0<¢<a(z)<m, i,j=1,...,n,

where & and n are two positive constants. Then we have

k

Z(Ak+1 - AT‘)Q <

r=1

8(n+2)o3n b

804(
n272¢ (Agr1 — Ar)A, + Z Ap1 — A 3/4, 2.1

272 n2-2¢3/4
r=1 n E

Proof. Denote by u, the r-th weighted orthonormal eigenfunction of problem (1.4)
corresponding to eigenvalues A, r = 1,2, ..., k. Namely u, satisfies

Z Dz] azg Dzjur) = ATPUT; in Qa

i,j=1
Ou
UT|BQ = ) - Oa
Vlea
/purus - §rs~
Q
Let ¢ = (z1,...,2,) be the Cartesian coordinate functions of R™. We define the

trial functions ¢,; by
©r :mluT—Zbisus, for r=1,...,k,and [ =1,...,n

where
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! !
brs = /pazluTus = by,

Q
Then, forr,s =1,...,k,and [ = 1,...,n, it is easy to check

porins =0

/p%zﬂflur = /P@?z-

Q Q

[O\

and

Hence the Rayleigh — Ritz inequality in variation method reads as

/Q ©Ori Zw,:l Dij(aij(x)Dijer)

fn Pe7)

Apyr <

Since

> Dij [ai;(2) Dij(ziu,)] =

ij=1

= z”: 0uDij (aij )D; ur Z 5]lD” a;;(x)D; ur Z 511D a”

3,7=1 1,5=1 3,7=1

n
+ Z 5lei(ai_] Dl]u’l Z xlDz] az] Dz]“w) =

7,5=1 1,7=1

= 2ZDzl azl -D ur + 2ZD azl )Dilur) +xlArpura
i=1

we have

n

¢r Y Dij(aij(@)Dijon) =

ij=1

D

= /@rl [2 Z Di(aq(x)Dyuy) + 2 Z D;(ai(x) Diur )+
& i—1

=1

k
+I1Arpur - Z bisAsPUs] =

s=1

Q i=1

Substituting (2.4) into (2.3), we obtain

ISSN 1027-3190. Vkp. mam. scypH., 2011,

/ IZ it (ai(z)Diuy) + D;(ay(z)Dyuy) | +AT/P<P21~
Q

2.2)

2.3)

D”ur)—i—

2.4)
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(Aks1 — Ay) / pol <

Q

n

S 2/xlurz |: 2l azl( )D ur) +D (azl zlur :| +Zbrs Crsy (25)
Q

i=1

where

n

{Du (aq(x)Dyuy) + D; (au(x)Duur)} =—d .

i=1

clrS :—2/uS
Q

Using integration by parts, we deduce

A, = /mlus Z Dz] a;;(x ]ur) =

3,7=1

_ /u {2i [D (ai(z)Dsus) + D; (ail(x)DiluS):| N Aspxlus} _

= _Cir + Asbf"s'

It yields
.= (A — AL, (2.6)

TS

At the same time, we have

2/xlu,«

|:Dil (ai(z)Diuy) + D; (ail(x)Dilur):| =
Q =1

n

- f2/uTZDi {ail(:c)Dil (xlur)] - Z/xzuTiDi (ai(z)Diuy) =

Q i=1 Q i=1

=1

n
—2/ [UTZDZ ag(x)Dyuy) + up Dy (au(x) Dyuy) + urall(x)Dllur:| = Wi,
Q
.7)

where

Wy = 2/ lz aq(z)|Diur|? + 2ay(x)| Dy )® + Dy (a”(:v))uTDlurl .

Q i=1

Substituting (2.6) and (2.7) into (2.5), we arrive at

k
(Ag+1 —Ar) /P%%z < wp + Z(Ar — Ag)(BL,)2

Q s=1
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Using (2.2), we have

_Q(AkJrl - AT)Q/QOTI-DZUT =
Q
k
- Ak+1 /f@rl < Dlur - \/ﬁzdfnsus> S
s=1

A A 1 k ’
< 6, (Apyt — A, / pity 4+ / (plu,. SN :dism) =
r a \/ﬁ s=1

Q

k

A A, 1
R S L Rl N | HETED ST FCE)
Q Q

s=1

where the constants J,. form a decreasing sequence of positive numbers. At the same
time, using integration by parts again, we get

k k
_Q/WDWT = —2/xluTDlur +2) bhdl = /uf +2) bl (29)
Q s=1

Q Q s=1

where
d., = / usDyu, = —d.,.
Q
Substituting (2.9) into (2.8) and taking sum on r from 1 to k, we obtain

k k
S =40 [ 42 3 (A = A, <
r=1 Q r,s=1
k k 1
< 3 6 (A1 — A)P(A, - A) = > 5 (e = A)(d)*
r,s=1 rs=1 "

i

k n
236, (Arpr — A2 /Zail(xﬂDiuT\Q—|—2/au(x)|Dlu,.|2—|—
Q =1 Q

r=1

1
/Dz ay (z))u, Dy, +Z (Agt1 — )/;|Dlur\2~ (2.10)

r
r=1 Q

Because {0, }22 is is a decreasing sequence, one can get

k k
Z 5T(Ak+1 - AT)Q(AT - AS)(blrs)2 < - Z 6T(Ak+1 - Ar)(AT - AS)Q(blrs)Q-
r,s=1 r,s=1

(2.11)
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Using (2.11) and

k
2 Z (M — A2yl = —2 37 (s — A)(A, — AbE L,

r,s=1 r,s=1

we can eliminate the unwanted terms in both sides of (2.10) and obtain the following
general inequality:

k
S - A [ <

r=1 Q

r=1

k n
<2) 6 (Apar — A)? /Za” )| Diur? + 2/au(x)|DluT|2—|—
i=1 Q

1
+/D (ay(z))u, Dyu, +Z (Apg1 — )/;|Dlur\2~ (2.12)
Q

Q

Taking sum on [ from 1 to n in (2.12), we have

k
n > (A=A [k <

r=1 Q

<236, (Apss — A,)? /Zad ) Dy ? +2/Zazz ) Dy >+

r=1 i,l=1 Q

+
S~

n k n

1 1 ,
lgl Dy(ay(x))urDyuy | + ;_1 E(Ak+l —A)) /; 1571 | Dyur|”. (2.13)
_ - 5 Pz

Now we need to calculate and estimate some terms in (2.13). It is easy to find that

O<T=T/pu3§/u$§0/pu%=0. (2.14)
Q Q Q
Combining
/ur Z D;j(aijDijuy) = Ar/pu% = A,
Q =1 Q
and

n
/ ur Y DijlaiDijuy) =
Q  Bi=l

/Z ai;| Diju,|? >5/ Z | Dijur|® = f/lAur\2

3,j=1 1,j=1
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we have

/|Au,ﬂ|2 < ETIA,.
Q

Hence it yields
1/2

/ZIDluTF:/leP < /ui/\AW <olZeVANR 2a5)
Q =1 Q Q Q

where V denotes the gradient operator. At the same time, since

n

> Di(au(x))urDyuy <
=1
1/2

< ur| [ZIDz(au(ﬂf))Q] [ZIDWTIQ] < Clurl[Vur],
=1 =1

we have

zn:Dl(all(x))u,.DluT < ¢ | |Jup||Vur| <¢ s \Vu,|2 <
/% / [+

< (oA, (2.16)
Substituting (2.14), (2.15) and (2.16) into (2.13), we obtain
k
1
nTZ (Aps1 — A)? < o'/2e71/2 {Tz_:l E(AkJrl — An)oAY? +
k
+2 300, (Aess = A2 0+ DAY + G090 } e
r=1
Then, putting
1/2
2 Z (A1 — Ap)o A2 [(n+ 2)nAL 2 + ((0€) VANV
k
S Yo Ak — A
- 2[(n+ 2AY? + (o) 1/1A ]
in (2.17), we have
k 1/2
nr Z(Akﬂ — AT)Q] <
r=1
k 1/2
< 20671/? {2 Z(Ak+1 — A)AL? {(n +2)nAl/2? + C(U§)1/4Ai/4} } .
r=1

Therefore, (2.1) holds.
Theorem 2.1 is proved.
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Inequality (2.1) is sharp. It implies an estimate for the upper bound of Ay 1. In fact,
(2.1) is a quadratic inequality of Ay ;. Solving it, we can obtain an upper bound of
Aj 41 in terms of the first £ eigenvalues.

Theorem 2.2. Under the assumptions of Theorem 2.1, we have

1+ E) ZA +FZA3/4

Akt < -

— |(1+2E) ZA2+2FZA7/4

all

(1+E)- ZA + P ZA?’/‘*]

}1/2

r=1 r=1
where .
_ 4(n+2)on _ 4doi(g
E = W and F = W

From (2.1), we can find the influences of variable coefficients a,;(z) and the weight
function p(z) on estimates of eigenvalues of problem (1.4). Besides the lower and upper

bounds of a;;(z), estimate (2.1) depends on ¢ = max, g [Z;:l |Dl(a”(x))|2}1/2
Namely if A(z) = (ai;(x))nxn denotes the (n x n)-matrix with components a;;(z), it
depends on the diagonal elements of the matrix A(z). In particular, when a;;(z) are all
constants for [ = 1,...,n, it holds ( = 0. Therefore, for this special case, we have the
following corollaries.

Corollary 2.1. Under the assumptions of Theorem 2.1, if ay(x) are all constants
forl=1,... ,n, we have

k

Z(Ak+1 —A)? <

r=1

8(n +2)o?n u

nZrg (Aps1 = Ap)A,. (2.18)

r=1
Remark 2.1. 1t is not difficult to find that inequality (1.3) in [19] is a corollary of
Theorem 2.2.

Since (2.18) is also a quadratic inequality of Ax11, we can get an estimate for the
upper bound of Ay in terms of the first & eigenvalues.
Corollary 2.2. Under the assumptions of Corollary 2.1, we have

Ak+1§|:1+4(717;—22;-77] ZA { AT a9

& & 1/2
8(n+2)o?n] 1 1 2
_[1+ e }kz EZ T)} . (2.19)
Then, using (2.19) and the Cauchy — Schwarz inequality
k

iA%}f(ZAr)Q,

r=1

we can get a weaker but more explicit inequality.
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11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

Corollary 2.3. Under the assumptions of Corollary 2.1, we have

k
8(n+2)o3n] 1
A1 < |1+ ————| =) A,
k+1 S { + 2728 k; r
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