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A NOTE ON SOLYMOSI’S SUM-PRODUCT ESTIMATE
FOR ORDERED FIELDS *

PO OLOIHKY IOJIMOLII THUITY CYMA-JIOBYTOK
JJI1 BIIOPAAKOBAHUX T10J11B

It is proved that Solymosi’s sum-product estimate max{|A + A|,|A - A} > |A|*/?/(log |A|)*/? holds for any finite set

A in an ordered field F.
Jlosezieno, mo ominka [lomimMomi Tumy cyma-no6ytok max{|A 4+ A|,|A - A} > |A|*/3/(log|A|)*/?

Oynb-K01 CKiHYeHHOI MHOXHMHH A y BropsiakoBaHomy momi F.

CIipaBe€jinBa s

For a set A of a given ring (R, +, -), define the sum-set and the product-set to be

A+A={a+d:a,d €A}

A-A={a-d:a,d € A}.

When R is a field and 0 ¢ A, we also apply similar definition for A/A.

Since Z and R do not have zero divisors and finite subrings, it is expected that the sum-set and
the product-set can not be relatively small simultaneously. Erdos and Szemerédi [2] conjectured that
for any finite set A C Z, the estimate (here < and >> are Vinogradov notation)

max {|A + A[,|A- A} > |A]*¢
holds, where ¢ — 0 when |A| — oco. And they proved that
max {|A+ A|,|A- A} > [A'T?

for some 6 > 0. Later Nathanson [6] showed that § > 1/31 and Ford [3] improved this bound to
d > 1/15. For finite sets of reals (also correct for finite sets of integers), bounds were given by Elekes
[1] (6 > 1/4), Solymosi [7] (§ > 3/11 — ¢) and Solymosi [8] (0 > 1/3 — ¢). The proofs in [1] and
[8] are quite beautiful. Geometry is taken use of in these two papers.

For sum-product estimates for the finite fields and the complex numbers, we refer the reader to
[4, 9, 10].

In this note, Solymosi’s bound is extended to finite sets of any ordered rings. The geometry proof
is transferred to a type of elementary linear algebra.

Definition. An ordered field (or ring) is a field (or ring, respectively) (F,+,-) with a total order
< such that for all a, b and c in F, the following two properties hold.:

(i) ifa < b, thena+c <b+c,
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(1) if 0 <aand 0 < b, then 0 < ab.

Examples of ordered fields include @, R, the field of fractions of R[z] with R an ordered ring,
computable numbers, superreal numbers, hyperreal numbers and so on. One can found details on
Wikipedia.

Theorem. Supose F' is an ordered field. Let A C F be any finite set with sufficiently large
cardinality. Then

A*
log |A|

A+ APP|A- Al >

From the theorem one can deduce the follow sum-product estimate.
Corollary. Supose F' is an ordered field. Let A C F be any finite set with sufficiently large

cardinality. Then

|A|4/3
max{|A+ A|,|A-A|} > 7
(log | AJ)

For a nontrivial ordered ring R, one can find a nonempty set P C R such that
(1) ifa,be P,thena+b € P and ab € P,
(i) for all » € R, exactly one of the following conditions holds:

r € P, r =0, —r e P.

P is called the positive elements of R and we say r is negative if —r € P. This can be viewed as
an alternative definition of an ordered ring. Now we fix an A C F' and begin to prove the theorem.
Without loss of generality, we suppose that all the elements in A are positive. (Either the set of
positive elements of A or the set of negative ones has cardinality no less than (|A| —1)/2 > |A| and
we can substitute it for original A.) Put Sy = {(a,b) € A x A:a/b= A} and 74/4(\) = [S)|.- A
trivial bound is 74,4 () < |A]. Define the energy by

Ey(A) = #{(a,b,c,d) € A*: ab = cd},

E.(A) = #{(a,b,c,d) € A*: a/b=c/d}, 0¢ A.
It can be asserted that F' (A) = E- (A). The energy inequality shows that
A*

A S Bx(A) = B4 = MC_ZA;A&/A@).

Let t = [log|A|/log2], where the notation [z]| denote the smallest integer larger than or equal
to x. For 0 < j <'t, denote

Mj = {)\ S A/A 2 < TA/A()‘) < 2j+1}, mj = |M]|

It follows that

Eo(A) =3 134N <) 27 m;,
§=0

§=0 AeM;
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Hence

|14|4 2742 . 2J+2
A Al log[A] = o, (277 my} := 2 my. M

If mj = 1, then trivial bound gives

By (1), one has |A - A| -log|A| > |A|>. Combining the trivial bound |A + A|? > |A|?, the theorem
follows. Now we suppose that m; > 2. For p1, uz € M, we construct a map 7, ,, : Sy X Spuy —
— (A+A) x (A+ A):

Tur e (01,01, a2,b2) = (a1 + a2, b1 + ba).

Lemma 1. When (11 # 2, the map m,, ,., is an injection.

Proof. Suppose there exist (a1, b1, az, ba) and (a}, b}, a5, b5) in Sy, x S, such that

71—/!17112((‘1’[)17@27172) = 7TM17,U2(CL/17 Ilva/27b/2)'

Then we have the following linear equations:

aj + ag = a) + ab, (2)
by + by = b + b, 3)
ai /by = ay /by = p, “4)
as /by = ab /by = us. (%)

Substituting (4) and (5) into (2), we obtain
pab1 + pobe = pabl + pobs.
Then subtract p; times (3), we get
(2 — p1)ba = (2 — p1)ba.
Since 1 # g, it appears that by = bly,. Now from (2), (4) and (5), we conclude that
(a1,b1,a9,be) = (a), by, ah, ).

Lemma 1 is proved.

Lemma 2. [f ) < po < s < g, then

77#1,#2(*9#1 X S,uz) N 77#3,#4(SM3 X S/M) =a.
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Proof. Suppose on the contrary, there exist (a1, bi,a2,b2) € S, X S, and (a},b],ah, b)) €

€ Syuy % Sy, such that
T2 (ala by, az, b2) = 77#3,#4(a,1’ /13 CL/2, bl?)
Then we have the following linear equations:
/ /
a1+ as = ay + asg,

b1 + by = b} + b5,

ai/by = pa,
az/ba = pa,
ay /by = ps,
ay /by = pua.

Substituting (8)—(11) into (6), we obtain
p1b1 + pobe = pi3b] + piabh.
Combining (7), yields
(w2 — p1)bz = (p3 — p)by + (pta — p1)b.
Since p1 < p2 < p3 < pa, one deduces that
(n2 = p1)ba > (p2 — 1)y + (p2 — p1)bs,

i.e., by > b} + bly, which is a contradiction to (7) and the fact b; > 0.
Lemma 2 is proved.
Recall mj > 2. Write M := {A1, A2, ..., A, }, Wwhere A\ < Ag... < A,,. Then

my—1

U i N1 (S)\Z X S)\H_l) - (A—I-A) X (A+A)
=1

In view of Lemmas 1 and 2, one has
[T ies (S X Sa )| =[x ] - [Sh4 | > 2%
forl1 <i<my—1and
i (Sx X Sxp) N XA (S)\j X S)‘j+1) =0

for1 <i<j<my—1.Asaresult,

)
%)
®
©

(10)

(11)
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my—1
A+ A|2 > U TN At (SAi X S)\h+i)
i=1
my—1
- Z ‘W)\u)\mJﬂ (S)\i X S/\thi)} - (mJ - 1) .2%/ >my - 227, 12)
=1

Combining (1) and (12), gives
A[*
log [A|

|A+ APP|A- Al >

Remark. For the sum-division estimate, the log | A|-term in the denominator can be eliminated,
using the method from Li [5].
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